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1 Introduction and main result
In this paper, we are concerned with the existence of Aubry-Mather sets and quasi-
periodic solutions to the following second order differential equation with superlinear

asymmetric nonlinearities and nonlinear damping term:

x +axt? - Bx3 +f(x)q(x’) + Y (x) = p(t), (1.1)

where x* = max{#4x, 0}, « and B are strictly positive real numbers. We assume the func-
tions £, g, and v belong to the class C!(R) and p(t) € C°(S!) is a 27 -periodic continuous
function, where S! = R/27Z.

In the last two decades, there has been an increasing interest in obtaining sufficient con-
ditions for the existence of Aubry-Mather sets and quasi-periodic solutions due to such
solutions providing a rather complete qualitative description of the dynamics, for different
classes of nonlinear second order differential equations independent of a damping term,
or with a damping term. We refer to [1-17], and references therein. For example, in [10],

Liu and Wang have studied the following nonlinear Liénard equations:

&+ f)x + nPx+ Y (x) = p(t), (1.2)
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where f(x) and ¥ (x) are C? smooth in x, p € C?(S!) is a 27 -periodic function and # is
a positive integer. They obtained the existence of Aubry-Mather sets and quasi-periodic
solutions based on the well-known Aubry-Mather theorem for reversible systems due to
Chow and Pei [8], who gave some sufficient conditions for the existence of Aubry-Mather
sets for some planar reversible maps with a linear damping term as well.

However, to the best of our knowledge, the existence of Aubry-Mather sets and quasi-
periodic solutions, when the damping term comprises a nonlinear function of ', have
been relatively little researched. In [7], Capietto et al. considered the equation with semi-

linear asymmetric term and a nonlinear damping term of the form
& +axt = Bx + Y (x) + h(t,x,x) = p(t), 1.3)

where v/, p belong to the class C*(R) and & € C?(R3). Moreover, p and / are 27 -periodic in
the time variable. Under some symmetry assumptions on v, p and /4, the differential equa-
tion (1.3) has a reversible structure. By an Aubry-Mather theorem for reversible mapping,
due to Chow and Pei [8], one obtained the existence of Aubry-Mather sets and quasi-

periodic solutions of (1.3) in the resonant case

1 1 2

WAV B
where # is a positive integer.

In this paper, replacing the semilinear asymmetric term ax* — Sx~ in (1.3) by a super-
linear asymmetric term ax*® — Bx~2, and as h(t,x',x) = f(x)g(x) + ¥ (x) in (1.3), we will
investigate the existence of Aubry-Mather sets and quasi-periodic solutions for (1.1). This
equation models the motion of a particle subject to an asymmetric restoring force (see e.g.
[11]) and a damping force. In the present paper, we also assume that the system (1.1) is a
reversible system. By proposing a new estimate approach and borrowing a new analytical
trick from the recent papers [16, 18, 19] by the present author, we will show that under
some reasonable assumptions, (1.1) has quasi-periodic solutions in generalized sense, that
is, the Poincaré map of (1.1) has Aubry-Mather sets. Especially, the smoothness assump-
tion on functions f, g, ¥ only belong to C*(R) and p(¢) only belongs to C°(S!). The results
of this paper are new and they complement previously known results.

In what follows, we tacitly assume that

(Hi) f(x),q(®), ¥ (x) € CH(R), p(2) € C°(SY);
(Hy) f(=x) = =f(x), ¥ (=x) = = (x), p(-2) = —p(2t);

(H3) there exists a constant p > 0, such that
o' ()| <u, VreR;

(Ha) limyy— 100 SUP |’%| < +00, where y € (0,1);
(Hs) there exists a constant o € (0, %), such that

xq(x)

x(T

lim sup < +00, where o further satisfies 20 + y < 1.

|x|—+00
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Remark 1.1 By (Hs)and the rule of L'Hospital, we have

|lim Y'(x)=0 and lim M =0.

[¥|—>+00 X

Remark 1.2 Hypothesis (H,) implies there exists a > 0 such that
lof ()| <a(l+|x"), [fx)| <a(l+|x"), forallxeR.
Remark 1.3 From (Hs), it is easy to see that there exists b > 0 such that
|xq' (x)| < b(1 + |x|7), lgx)| <b(1+1x|7), forallxeR.
The main result of this work is the following.

Theorem 1.1 Suppose (Hy)-(Hs) and ¥'(0) = f'(0) = ¢'(0) = 0 hold. Then there exists
Ao >0, such that for any A € (Lo, +00), (1.1) possesses a solution z,(t) = (x,(£), %} (t)) of
Mather type with rotation number X, that is,
(i) if r = .- is rational, and (n, m) = 1, the solutions zi(t) =z (t+2mi),0<i<m-—1,are
mutually unlinked periodic solutions of period 2w m;
(ii) if A is irrational, the solution z,(t) is either a usual quasi-periodic solution or a
generalized one.

Remark 1.4 A solution is called generalized quasi-periodic if the closed set
M, = {z:(2mi),i € Z})
is a Denjoy minimal set.

Remark 1.5 In this work, we remark that our estimate methods of the Poincaré map as-
sociated to the planar system equivalent to (1.1) are different from those used in [7] and
[10] to some degree.

Remark 1.6 Theorem 1.1 in [16] can be regarded as a direct generalization in the present
paper when f(x) = 0.

5
Example 1.1 The conclusions of Theorem 1.1 hold if we let f(x) = "—’54 e CI(R), q(x) =
Ll

+x3

x5 arctanx € C'(R), ¥ (x) = arctanx® € C1(R), and Vp(t) € C°(S!), and we take the constants
,u:2,a:%,y:%,a: %,b:2in(H1)—(H5).

The rest of paper is organized as follows. In Section 2, we introduce the action-angle
variables to transform the system (1.1) into a perturbation of an integrable system, and then
give some growth estimates on the corresponding action and angle variables functions. In
Section 3, we give some crucial estimates by some lemmas which say that the Poincaré
mapping of the new system is close to the so-called twist map around infinity. Then the
Aubry-Mather theorem for reversible systems developed by Chow and Pei [8] guarantees
the existence of Aubry-Mather sets and quasi-periodic solutions for (1.1).
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2 Action-angle variables and some properties
In this section, we will transform (1.1) into another system expressed in action-angle vari-
ables.

Let x' = y. Then (1.1) is equivalent to the following system:

x =y, ¥y = ~f(x)q(y) - ax™? + B3 — Y (x) + p(e). (2.1)

From assumption (H;), we know that (2.1) is reversible under the involution (x,y) —
(=x,y). For the definition of reversible system and further properties of reversible system,
see Appendix A of [13].

In order to make an action-angle transformation, we consider the auxiliary system
+3 -3
x' =y, ¥y =—ax™ + Bx (2.2)

with the Hamiltonian

1
H(x,y) = Eyz + %x” + gx‘d‘.
Clearly, H > 0 on R? except at the only equilibrium point (x, y) = (0, 0) where H = 0.
Let (C(¢£), S(t)) be the solution of (2.2) satisfying the initial condition (C(0), S(0)) = (1,0)
and let T > 0 be its minimal period. From (2.2), we can find that C(¢) and S(¢) satisfy the
following properties.

Lemma 2.1
(i) C'(6)=5@), () = -aC*(1)* + BC-()%;
(ii) 2S@)* +aC* ) + BC- () =
(i) C(=2) = C(¢), S(=t) = =S(¢);
(iv) 1C(6)] < max{L, Y5} := Coo, IS()] = /5 1= Seo

The action and angle variables are now defined by the mapping W : R* x S! — R?\ {0},
(%,y) = W(I,0) being defined by the formula

11 0 2 2 (60
x:AmC(—), y:A?IﬁS(—), (2.3)
1) 1)
where w = T” A= —‘” are constants. By some simple calculations, it is easy to see that
x _ x 9x _ Y 3)/ 2y 9y _ —axt +ﬁx
DA e 0 S TR TR e 0 St We claim that W is a symplectic diffeomor-

phism from R* x S! onto R?\{0}. Indeed, the Jacobian determinant of W is 1, so W is mea-
sure preserving. Moreover, since (C(t), S(¢)) is a solution of (2.2) and has T as its minimal
period, one concludes that W is one to one and onto. This finishes the claim.

Under W, the system (2.1) is transformed into

6=0,6,1), 1=d,06,I), (2.4)
where
®1(6,0,1) = %A%aﬁ . x(9,1)(f(x(0,1))q(y(9é§)) + ¥ (x(0,1)) —p(t)),
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y(6, D(f (x(0,1))g(y(6, D) + ¥ (x(0,1)) - p(£))

w)\%l%

CDZ(t;G;I) ==

According to our symmetry assumptions and the definition of reversible system, we note
that system (2.4) and its Poincaré map are reversible in 6 with respect to the involution
0,1) — (-6,1).

We observe that the relation between (2.4) and (2.1) is that if 8(¢) = 6(£;6¢, 1), I(t) =
1(¢;00,1,) are the solution of (2.4) with the initial value condition 6(0) = 6y, 1(0) = Iy, then

6(¢; 6o, I
x(t560,10) = %(6(8 60, Io), 1(£:60,10)) = A3 13 (5 eo,IO)C(M)
w
and
6(¢; 60, I
¥(t:60,I0) = (6560, 10),1(t:60,10)) = A3 13 (5 90,10)5(%)

are the solutions of (2.1) with initial data x(0) = x(0; 6y, Io), ¥(0) = ¥(0; 0y, Io).

For the sake of convenience, in later discussions we will replace 6(¢; 6, 1y), I(t;00,10),
x(0(t;60,10), 1(t; 60, 10)), y(0(t; 00, 10), 1(t; 00, 1o)) by 0, I, x, y, respectively.

Now we will provide some information on the growth behavior of I(¢;0y,lp) and
0(¢;600,1p) in the following two lemmas.

Lemma 2.2 The limit

lim I(t6,,1y) = +00

Ip—+00
holds uniformly on t € [0,27].
Proof From (H3)-(Hs) and (2.3), there exist constants r; > 0, r; > 0, such that

W ®)a(y) + ¥ (x) - p(t)

a))\%l%

1(t)| = <nl(t)+r, I+0.

Then, by the Gronwall inequality, we have

r r
ey - 72(1 —eP™) <I(t) < N + r—z(ezﬂ’1 -1) (2.5)
1 1

for all t € [0,27].
So, by (2.5), I(t; 0y, 1p) — +00 as Iy — +oo uniformly for ¢ € [0,27]. O

Lemma 2.3 There exist constants ky > k; >0 and I > 0, such that for any Iy > 1, we have
(i) klp < I(t; 90,1()) < kz]o,fO}”V 6o € R and Vt € [0,27].
(ii) 6'(¢60,1) >0, for V6 € R and Vt € [0,2n].

Proof (i) By the inequality (2.5), we can easily find constants k, > k; >0 and I > 0, such
that

kilp < 1(t) < kol

for any Ip > I and Vvt € [0,27].
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(ii) From Remark 1.1, we know lim 400 ‘”x =0, then for every ¢ > 0, there exists M =
M(g) > 0, such that

¥ ()] < el

if |x| > M and V¢ € [0, 27 ]. Hence, from Remark 1.2 and Remark 1.3, we have

do
dt

x(f (*)g() + ¥ (%) — p(9))
31

lf (¥)gO)|  lxy )| + |p(E)x]
31 31

ablx|(1+ a1 )L+ %) x® + poclx]

31 31
_ (poo + ab)i 5Cy abk cLyy 3 CooS%,
2 20

313 317 313

1
al3 +

>
SEE

1
oal3 —

%
>
Wi

1
oal3 —

>
i

%
W= W= W=

%
SEE
]

?.H

W
>

20+43+y 1+J/ o 2 2
abh™ 5 C' S, A3C5e
2-20-y 1 ’

313 313

where po = maxsep2,] |p(t)|. Thus, in view of 0 <0 < l O<y<l,and 20 +y <1,
Lemma 2.2, and (i), there exists I; > 0 such that > 0 if Io > 1.
In the case |x| < M, we may assume that f, = max|x|5M f®)], Yoo = maxyy<m | (x)], then

by Remark 1.3, we get

do 1)\%0{1% .\ x(f(x)g(y) + ¥ (x) — p(2))
dt 3 31
- lA%aI% _ Mfooq(y) _ (1//00 +poo)M
=3 31 31
Lo MBS (bt Yoo+ oM
=3 3[1-20 37

So,by0<o < , (2.3), and Lemma 2.2, there exists a constant I > 0, such that >0 if
Iy > 12.
If we take I = max{l, l>}, then I, > I implies % > 0. O

3 Twist property and proof of Theorem 1.1
In this section, we will prove the existence of Aubry-Mather sets and quasi-periodic solu-
tions of (1.1) via the Aubry-Mather theory for reversible systems developed by Chow and
Pei [8].

In order to fit into the framework of Aubry-Mather theory for reversible systems, we
only need to show that the Poincaré map P has the monotone twist property around in-
finity, i.e. w <0iflh > 1.

In the following, we will investigate the behavior of w

when I, > 1 by some
lemmas.

Similarly, for the sake of convenience in later discussions we write x, y, 0, I instead of
x2(6(t;60,10),1(t; 00, 10)), y(0(t; 60, 10), 1(£; 00, 10)), 6(t;60,10), I(¢; 00, 1), respectively.

Lemma 3.1 The following limits exist uniformly on t € [0,27]:
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3
Q) xwx)_)o;xw()_)();““" — 0, as Iy — +00;

Al

I I3
(i) 2% 5 o, yx‘” —0; X ‘0 ) 50, as Iy — +0o.
I3 I3 I3

Proof From Remark 1.1, we note that lim_ 100 ¥/(x) = 0 and limy_, ;00 @ =0. So, given
any ¢ > 0, there is a positive number M = M(¢) > 0, such that |x| > M imply

VAOIEE:
and
| ()| < elx|

for Vt € [0,27].
Let Kj(e) = maxyy<ur | ¥ (x)], Ka(e) = maxy<pr ¥ ()]
(i) According to (2.3) and Lemma 2.1(iv), one has

X (x) MKl(e) ex? MKl(e) e()J)%
i 1% - 3 I3
MK;(s) €3
S i( ) + —2)
I3 I3
S (x) M3K1(8) ext _ M*Ki(e) s(u)%c
I3 I3 1% T3 I3
3
M) o a3,
— 4 o0
I3
Y| MEe) e M) e(M)3C2,
+ — +
I3 I3 & I3
MK (e) | £C2 )3
T3 I3

Then, by using Lemma 2.3(i), given I > 0, choose I so that I, > I, provided

I(t)% >max{

MKl(é‘) . MBKl(S) . M2I<2(8)‘ 1}
8 ) 8 ) 8 ’ )

we have
3 2.0/
xr (x x> (x x“YP'(x
W‘f ) 8+)\.%8; W‘L( ) <8+A%C§08; W4( )‘<8+A%C§O&
I3 I3 I3

Since ¢ > 0 is arbitrary the proof of (i) is complete.
(ii) By (2.3), (H3), Lemma 2.1(iv), and ¥'(0) = 0, it follows that

(%)

2
K ADES. K, ACLS,
< [yl i(g) N 8|y|4|x| < (AD) e 1(e) L oS
I3 I3 I3 I3
- 23S Ki(e)  ACauSwt
+ ;
- I3 I3

|yw
I
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/ 2 2

)| ol DS _ prisn
I3 I3 I3 I3

yzw/(x) (0)’ Py’ (%) Y 2|xy’ (x)l
I3 I3 w3 T |xll3

so we have

U@ | _ P @)l _ (D32 ASiu _AShm

15 1T Bonic, ~anic., 13cy, T Bc.

Consequently, by using Lemma 2.3(i), given I > 0, choose I so that I > I, provided

2 2
238K A3Sn [(ASZ i\’
I(t)% >max{ 1(8);le ;( w“) ;1},

e e Cxot
we have
’ 2.1/
{Wix) (L4 ACuSu)e: yxw4(x) e |2 1/f4(x) e
I3 I3 I3
Since ¢ > 0 is arbitrary, (ii) is proved. O

Lemma 3.2 Thefollowing limits hold um’formly overt e [0,2m]:

(i) WO _ o, 1006 _, o, VD2 o gop s yoo;
3 1§ 13
4
(i) MOF'® _, o, q(y)x4f &) _, 0; 2 q(y‘);f/(x) — 0; ZOYL 6 45 ) — +oo.
3 3 I3 3

Proof (i) By Remark 1.2, Remark 1.3, (2.3), and Lemma 2.1(iv), we know that

‘yq ()xf (%) ab(1+ Iy17) (L + |x]”)
I3 I3
ab ab)5CYl  abhF ST ab)’
< = T -y + 4-20 + 4— 2(7 -y ;
13 IT 13 I3
‘yq(y)f(x) _ ablyl( + y|17)(A + &)
s |- I3
abr3 8., ab)¥ " S Cc><J ab* ab 5871
= 2 + 2-y 2-20 + 2- Z(r 2-20-y ;
I3 I3 173 I3~
‘q(y)f(x)x3 _ ab(+ 1)+ ")l
I3 - I3
abhC3,  abr "3 $7.C3 abr T XY abr T CLse,
= T + = + - + Ty .
I3 I3 I3 [—3

Noting that0 <y <1,0<0 < %, and 20 + y <1, it follows that the conclusions of (i) are
established by virtue of Lemma 2.2 and Lemma 2.3(i) as [ > 1.
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‘M(Y)xf’(x) ﬂblyl(l + [y17)A + [x]")
I3 I3
ab)3Sy  ab)F Sy Cl abkm e abxma” CLs7
7t P 320y ;
I3 [—3_ I3 73+
‘q(y)xzf’(x) _ ab(+ 1) + |x]") ]
I3 I3
1 1+}/ - +3+y 14y oo
ab)3 Cy abk 3 abk C S7,  abi Coo” S
= 7 + 3, + 320 + 320—y )
173 I3 I3
Y2 q()f' (x) - 1y*q() - f'(0)| Iyzq(Y)xf ")
I3 - I3 |x|13
ab(1+ |y|°)y*(Q + [x[7)
|13
qON x| _ 'q/(O)f(x)x lyq' ()f (x)x*|
FE T N ¢ L&
- ab( + |y|”)(L + |x]7)]x|*
— 4_ b
lyl3
then we further obtain
y q(y)f’(x) ab(l+ly| )21+ |x]7)
13 /\313C
ab)C31S2,  abr 5 LS, abA Cls%o
E 1 + 1-y 1-20
ab 3+2(7+y CV 152+0
+ 11 2&7 y ;
qON x" | _ab(+ |yl7)A + |x”)|x|*
I3 - 1303135,
_abhicis] abr*s" c;’ng— aby %" C4 571
< + + =
I3 |G 153
ub)\’ 20+2+y C;Lgysgo_l
+ 2-20-y *
3

In the same way, by the facts 0 <y <1,0 <0 < %, and 20 + y <1, we can draw the conclu-

sions of (ii) in view of Lemma 2.2 and Lemma 2.3(i) as Iy > 1. a

For any ¢ € [0, 27], we put

a(t) = a;?
K20 () - p(6) =20 (1) X (@)
+
9]? 9]? 912

2xf g () - q(y)

’

1 4 2
= —aA3]73 —
9



Wang Boundary Value Problems (2015) 2015:101 Page 10 of 12

w() = 20
_ Yy’ (x) + ¥ (x) — p(2)) M()’)(f(x +xf/(x L4 ") () (axt* + Bx*)
3wA3 I3 3wA3 I3 3wAS I3 ’
az(t) = %
_ YW@+ Y ) -p®)  ya0) () + 1)) + 2y°q 0)f (%)
3wA3 I3 3wA3 I3
a0 = 2
_ (Bx~3 —ax*®) (Y (x) — p(t) + f®)q(y) + 5 ®)g 3))  y* (' (%) + ' (x) q(Y)
wz(AI)B w2 (LD)3

As a consequence of Lemma 2.3(i), Lemma 3.1, and Lemma 3.2, we have the following.

Lemma 3.3 For Iy large enough and Vt,s € [0,2x], the following conclusions hold:
() @ (6)=o(1)

I
(i) ax(6) = o(1), as() = o(1)
(iii) a1(t) - aa(s) = o(1).
For Vt € [0,27], consider the variational equation of (2.4) with respect to the initial
value I, we have

dl(t) of +612(t) 890 j] ﬂg(t)ﬂ +ﬂ4(t)%. (31)

Combining the previous estimates, we have the following.

Lemma 3.4 Forallt € (0,27], Iy — +00, the following conclusions hold true:
(i) Op (£60,1o) — 0;
(i) 11, (60,10) =1 + o(1);
(iil) g, (£60,10) =1+ 0(1).

Proof From the variational equations (3.1) and Lemma 3.3, one has
13 ¢ S
O, (£) = efoa2l)s / e Jo 20 g ()1 (s) ds
0
t
=(1+ 0(1))/ ar(s)I1, (s) ds;
0
: t
Iy (£) = efoasds (1 + / ~Joa3®dt g, ()6;, (s) d. )
0
t s
=1+o0()+ (1 + 0(1)) f aq(s) <f a1 ()1, () dt) ds
0 0
t N
=1+o0(1)+ 0(1)/ / I, (t)dt ds.
0 Jo

Hence, for all ¢ € (0,2r], as Iy — +00, we have I;)(t) =1 + o(1) and 6,(¢) = (1 +
o(1)) f(f ay(s)ds — 0. Thus, (i) and (ii) are proved.
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To verify (iii), considering the variational equation of (2.4) about 0y, one obtains

. ol 20 . al 20
Opy = ar(t) — + as(t) —, Ipy = az(t) — + aq(t) —. (3.2)
390 890 0 0

Using similar arguments in (ii), we deduce that 6y, (¢; 6o,1o) = 1 + o(1) for V¢ € (0,27], as
Iy — +00. This completes the proof of Lemma 3.4. O

The following lemma gives an estimate of lower bound for a; ().

Lemma 3.5 Forallt € [0,27] and I, large enough, there exists a constant Ly > 0, such that

Ly
|611(t)| > .
I3(¢t)
Moreover,
ai(t) > 0.

Proof According to condition (Hs), we can assume

[y ()| < wlxl +ci,

where ¢; > 0 is a constant. Then, by (H3) and (2.3), we have

2 1
x(2( (%) = p(8) —xy' ()| [2uA5C2 (261 + poo + )23 Coo
< + =an(l).
2 Z 3 1
oI 9I3 9I3
Similar to the proof of Lemma 3.2, we have
X' (%)q(y) ’ - abn3 Cy, N ab)’¥ cy N abn "3 CooS9,  abh g C;VSgO
or |7| o3 91’3 91° 3" or 5"
= app(I);
2xf (%) (vq' (y) — q(y)) ’ _ |4ab . 4ab).3 CY, 4abkz3g5go 4abr 5" CLS%,

6-20-y
3

— + +
or o 91 913" 91

= ags(l).

ByO<y<1,0<o< %, 20 + y <1, and Lemma 2.3(i), we can choose I large enough so
that

aA3
5 —an(l) —app(I) - a;3(I) > 0.
1813

Hence

ai(t) > 0.
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Further,
1 2 —p(t)) —xy’
@) = | Fardrd - 2(2(Y (x) — p(t) — 29" (x))
9 9]2
L FFWa0) 2000 0) - )
9]2 9]2
AT and
o o
> — + —5 —anu(l) —an(l) —ai3(I)
1873 1813
4
A3
Z—
1815 ()
3 L
Thus, if we take L; = ’\13—8‘" we see |ai(t)] > 5. 0
13

Therefore, combining the above discussions and Lemma 2.3(i), we see that

2w
0, (277) = (1 + 0(1)) /0 a(s)ds > (1+0(1))% >0
240)3

if Iy large enough.
Hence, the Poincaré map has the monotone twist property for all I, large enough. This
completes the proof of Theorem 1.1.
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