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1 Introduction

Let E be a real Banach space, K be a nonempty convex subset of E. Let {71, T5,..., Tn}

be a finite family of mappings from K into itself, and F(T;) be the set of fixed points of T;

(iel={1,2,...,N}). F(T) denotes the set of common fixed points of {3, T5,..., Tn}-.
Recently, Xu and Ori [1] have introduced an implicit iteration process for a finite family

of nonexpansive mappings as follows:

Xn =y + (L= 0,) Ty, Yn>1, 1

where T, = Tymoan) (here the mod N function takes values in 1), {«,} be a real sequence
in [0,1], xo be an initial point in K.

Sun [2] have extended this iterative process defined by Xu and Ori to a new iterative
process for a finite family of asymptotically nonexpansive mappings, which is defined as
follows:

Xn = 0pXp1 + (1 - an)Tikxm n>1, (2)

wheren=(k-1)N +i,iel
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Chang [3] have discussed the convergence of the implicit iteration process with errors

for a finite family of asymptotically nonexpansive mappings as follows:
k(n)
Xy = 0pXy1 + (1 - an)Ti(n) Xp+ Uy, n=1, (3)

where n = (k(n) = 1)N + i(n), i(n) € I, and k(n) > 1 with k(n) — oo as n — o0. Under the
hypotheses >, |lu,|| < 0o and some appropriate conditions, they proved some results of
weak and strong convergence for {x,} defined by (3). However, the condition Y -, [|u,|| <
0o is not too reasonable, because this implies that {i,} are very small for # sufficiently big.

Gu [4] has extended the above implicit iteration processes. A composite implicit itera-

tion process with random errors was introduced as follows:

Xn = (1 — Oy — Vn)xn—l +a, Tnyn + Yulhy, N = 1 (4)
Yn = (1 - /3” - 5n)xn + ﬁnTnxn + SnVn: n=>1,

where {&,}, {B4}, {¥n}, {84} are four real sequences in [0, 1] satisfying «, + y, <1 and B, +
8, <1forall m>1, {u,}, {v,} are two sequences in K and x, is an initial point. Some
theorems were established on the strong convergence of the composite implicit iteration
process defined by (4) for a finite family of mappings in real Banach spaces.

Thakur [5] has improved the composite implicit iteration process defined by (4) as fol-
lows:

k
Xn = (1 — o)y + 0ty Ti(ig)ym n>1;

) (5)
Vn =0 = Bu)%n + BuTipy %n, n =1
Some theorems were proved on the weak and strong convergence of the composite im-
plicit iteration process defined by (5) for a finite family of mappings in real uniformly con-
vex Banach spaces.
Rafiq [6] have improved the implicit iterative process. The Mann type implicit iteration
process was introduced in Hilbert spaces as follows:

Xn = QpXp-1 + (1 - an)TVm n>1, (6)

where v, is a perturbation of x,, and satisfy anl |2, — vull < 00. Moreover, Ciric [7] also
did some work in this respect.

Inspired and motivated by the above works, in this paper we will extend and improve
the above iterative process to a perturbed composite implicit iterative process for a finite
family of asymptotically nonexpansive mappings as follows:

k
X = (L= 0ty = Vu)Xno1 + 0ty Ti(f,';)yn + Yalkyy, n>1 )
k(n) ~
Yn = (1 - ﬂn - Sn)xn—l + ,Bn :l;(,(,,y)l)xn +8,Vp, n>1,

where n = (k(n) = )N + i(n), i(n) € I, T, = TumodN)» {@n}s {Bu}s {¥u}, {84} are four real
sequences in [0,1] satisfying «, + ¥, <1 and B, + 8, <1 for all n > 1, {u,}, {v,} are two
sequences in K and x, is an initial point. {¥,} be a sequence in K satisfying anl 1 =%, | <
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00, which implies that ||lx,, — %, || = 0 (n — 00). Therefore, &, is known as the perturbation
of x,,, and {%,} is known as the perturbed sequence of {x,}. This sequence {x,} defined by
(7) is said to be the perturbed composite implicit iterative sequence with random errors.

Especially, (I) in the iterative process defined by (7), when g, =0, 8, = 0 for all n > 1, we
have

k
Xn= (1 =0y = Vu)po1 + T[(L};)xn—l + Vully, n>1 (8)

Atthis time, the perturbed composite implicit iterative sequence generated by (7) becomes
a Mann-type iterative sequence with random errors.
(II) In the iterative process defined by (7), when 8, =1, 8, = 0 for all n > 1, we have

2k(n) ~
Xn = (L —ay — Yu)Hy + O[nTi(y,gn)xn + VYully, n>1 )

At this time, the perturbed composite implicit iterative sequence generated by (7) becomes
a perturbed implicit iterative sequence with random errors.
(III) In the iterative process defined by (7), when x,,_; = %, for all n > 1, we have

ki

X = (L= 0ty = Yu)Xno1 + 0ty 7}(,(:)')31” + Yulty, N1 (10)
k

Yn =1~ Bu—8,)%n-1+ Pn 7}(%)96”—1 +0,Vy, n=1

At this time, the perturbed composite implicit iterative sequence generated by (7) becomes
an Ishikawa-type iterative sequence with random errors for a finite family of asymptoti-
cally nonexpansive mappings {7;,i € I}.

From the above iterative processes defined by (1)-(6) and (8)-(10), we know that the it-
erative process (7) improves and extends some iterative process introduced by the recent
literature. Moreover, we point out that the iterative process, defined by (7), in which it is
not necessary to compute the value of the given operator at x,,, but compute an approxi-
mate point of x,, are particularly useful in the numerical analysis. Therefore, the iterative
sequence generated by (7) is better than some implicit iterative sequences at the existent
aspect.

The main purpose of this paper is to study the convergence of the perturbed composite
implicit iterative sequence {x,} defined by (7) for a finite family of asymptotically nonex-
pansive mappings under Opial’s condition, semicompact and liminf,_, o d(x,, F(T)) = 0
conditions, respectively. The results presented in this paper generalized and improve the
corresponding results of Sun [2], Chang [3], Gu [4], Thakur [5], Rafiq [6], and some others
[1,7-15].

2 Preliminaries
For the sake of convenience, we first recall some definitions and conclusions.

Definition 2.1 Let K be a closed subset of the real Banach space E and T : K — K be a
mapping.
1. T is said to be semicompact, if for any bounded sequence {x,} in K such that
| T, — x4l = 0 (mn — 00), then there exists a subsequence {x,,} of {x,} such that
Xp, — X" €E;
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2. T is said to be demiclosed at the origin, if for each sequence {x,} in K, the
conditions x,, — x¢ weakly and Tx, — 0 strongly imply Tx, = 0;

3. T issaid to be asymptotically nonexpansive, if there exists a sequence /4, € [1, +00)
with lim,,_, o /1,, = 1 such that

[T7x - T"y|| < hullx—yl, VYx,y€eK,n>1. (11)
4. Let T is said to be uniformly L-Lipschitizian if there exists a constant L > 0 such that
|| T"x — T”y” <Llx-yl, Vx,yeEn=>1

Definition 2.2 [16] A Banach space X is said to satisfy Opial’s condition if x,, — x weakly
as 1 — oo and x # y imply that limsup,,_, . [|x, — x| <limsup,,_, ., %, — ¥l

Lemma 2.1 Let K be a nonempty subset of E, 11, T», ..., Tn : K — K be N asymptotically

nonexpansive mappings. Then

(i) there exists a sequence {h,} C [1, +00) with lim,_, o h, = 1 such that
|T7% - Ty | < hallx =y, VxyeK,icln>1; 12)
(i) {Ty, T, ..., TN} is uniformly Lipschitzian, i.e., there exists a constant L such that
|Trx - Ty <Llx-yl, VxyeK,ielLn>1. (13)

Proof Since Ty, T, ..., Ty : K — K are N asymptotically nonexpansive mappings, then for
every i € [ and n € N, there exists hg) € [1, +o00) with lim,,_, o hgf) =1 such that

|7 - Ty < h@llx - yll, Vx,yeE.

Taking h,, = max{hs), hff), o h(,,N)}, then 4,, C [1, +00), lim,,_, o, /1, = 1 and (12) holds.
An asymptotically nonexpansive mapping must is a uniformly Lipschitzian mapping.
Hence, for every i € I and n € N, there exists L; such that

|T7x - T/'y| < Lilx-yl, Vx,y€E.
Taking L = max{L;,Ly,..., Ly}, it is obvious that (13) holds. 0

Lemma 2.2 [17] Let E be a uniformly convex Banach space, K be a nonempty, closed and
convex subset of E and T : K — K be an asymptotically nonexpansive mapping. Then I - T
is demi-closed at zero, i.e., for each sequence {x,} in K, if {x,,} convergence weakly to q € E
and {(I - T)x,} converges strongly to 0, then (I — T)q = 0.

Lemma 2.3 [18] Let E be a Banach space satisfying Opial’s condition, {x,} be a sequence
inE. Let u,v € E be such that lim,_, « ||x, — u|| and lim,_, « ||x, — V| exist. If {x,, } and {x,,}

are two subsequences of {x,} which converge weakly to u and v, respectively, then u = v.
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Lemma 2.4 [19] Let E be a uniformly convex Banach space, b, ¢ be two constants with 0 <
b < ¢ < 1. Suppose that {t,} is a sequence in [b, c] and {x,}, {y,} are two sequences in E. Then
the conditions lim,,_, o ||tu%y + (1 — tu)yull = d, limsup,_, . %]l < d, limsup,_, . llyx]l <d
imply that lim,,_, » ||x, — y4|| = 0, where d is a nonnegative constant.

Lemma 2.5 [20] Let {a,}, {b,}, {8,} are three sequences of nonnegative real numbers, if

there exists ng such that
Aps1 = (1 + 37!)6171 + bn; Vn > no,

wherey o2 8, <00 andy o) b, < 0o. Then
(1) lim,,_, o a,, exists;
(ii) lim,_ o a, = 0 whenever liminf,_, ., a, = 0.

Lemma 2.6 Let E be a real Banach space and K be a nonempty closed convex sub-
set of E. Let T1, Ty,..., Tn : K — K be N asymptotically nonexpansive mappings with
F(T) = ﬂf\il F(T;) # @. Let {u,} and {v,} are two bounded sequences in K. If {o,}, {Bu},
{Yn}, {81} be four real sequences in [0,1] satisfying the following conditions:

(i) an+yn<landB,+38,<1foralln=>1;

(ii) limsup,_, . o, =a <lorlimsup, . Bn=pB<1;

(i) Y02 Vu <00, D ey 8y <00, > o (hy —1) < 00;

(iv) D202 1% = 2l < 0.
Let {x,} be the perturbed composite implicit iterative sequence defined by (7), then
lim,, o ||, — p|| exists for all p € F(T).

Proof Take p € F(T), it follows from (7) and Lemma 2.1 that

ki
llxn = pll < || (1= &ty = Yu)xu-1 + Ti(g)l)yn + Vnlhn _p“

< (L =an = Yu)l%u-1 = pll + @nhnllyn = pll + vallun - pl (14)

and

lyn = pll < H (1= Bn = 8n)xn1 + Bu TZEE:;);CH +8,Vn —P”
= (1 - ,Bn - (Sn)”xn—l —]9|| + ﬂnhn||56n —P|| + 5n||Vn —P||

< (L= Bu = 8u)xn1 = pll + Buhnll X — x4l + Buhtnllxn = pll + 8ullve = pll.  (15)
Substituting (15) into (14) and simplifying, we obtain

(1 - anlgnhi) llx, —pll < [1 — Q= Y+ 0l (1= By, — Sn)] ls-1 — Pl

+ Bty |1y = Xl + @S|V = pll + ¥l it — pI. (16)

We notice the hypotheses on {«,}, {8,} and {#,}, by limsup,_, ., o, = @ < 1, there exists
ng € N such that

1
1—a,Buh> >1-a,h? > 5(1—oz)>o, "> ny.
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It follows from (16) that for n > ny

1 —0y—VYnt anhn(l - ,Bn - (Sn)
1-o,Buh?

%, —pll < [%n-1 =PIl

1 -
+ W(anﬂnhi”xn —Xull + @u8ultnl v = pll + Vullutn —19||)

2 _ _
<14 anPuh; — oy + ayh,(1- B,)
1-a,Buh2

:|||xr11 -2l

2 -
+ m(anﬂnhinxn = Xull + @8yl |V = pll + Vallttn —P||)

= {1 + 1 f(x [anﬁnhn(hn -1 +ay(h, - 1)] } %1 = pli

+

(anlgnhi||5cn =%l + 8l ||Vi = pll + Vullthn —P||)'

Hence, we have

”xn —P|| =< (1 + en)”xn—l —P” + Ny M= Mg, (17)

where

&

O = [anﬂnhn(hn =1 +au(h, — 1)]: n=ng

—

-

and

2 -~
M = —(O‘nﬂnhﬁ”xn —Xull + @buhnllvy — pll + Vulluy _P”)’ n = no.

—
S

From condition (iii), it is obvious that ) /-, 6, < cc. In addition, since {||u, ||}, {||v.||} are
all bounded, we deduce that Y .7, 1, < oo form (iii)-(iv). By virtue of (17) and Lemma 2.5,
we obtain that lim,,_, , ||x, — p|| exists. This completes the proof of Lemma 2.6. O

3 Main results and proofs
Theorem 3.1 Let E be a real Banach space and K be a nonempty, closed and convex subset
of E. Let T, T,..., Tn : K — K be N asymptotically nonexpansive mappings with F(T) =
ﬂﬁlF(Ti) # . Let {u,} and {v,} are two bounded sequences in K. If {a,,}, {Bu}> {Vu}> {6n}
be four real sequences in [0, 1] satisfying the following conditions:
() an+yn<landB,+38,<1foralln=>1;

(ii) limsup,,_,  ox <1orlimsup,_ . Bn<1;

(i) Yoo Yn <00, Y ooy 8y <00, Y o0 (hy — 1) < 00;

(iv) Yooy 1% =l < 00,
Then the perturbed composite implicit iterative sequence {x,} defined by (7) converges
strongly to a common fixed point of {T1, T», ..., T} ifand only if liminf,,_, o d(x,, F(T)) = 0.

Proof The necessity of Theorem 3.1 is obvious. Now we prove the sufficiency of Theo-
rem 3.1.
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For arbitrary p € F(T), it follows from (17) in Lemma 2.6 that
ln = pll < L+ O)1%0-1 = pll + 1y V1= 110,
where Y77, 6, <coand ) .2, 1, < 00. Hence, we have
d(xn,F(T)) <1+ Gn)d(xn_l,F(T)) + Ny YU > ng. (18)

It follows from (18) and Lemma 2.5 that limit lim,,_, o d(x,,, F(T)) exists. By the assumption,
we have lim,,_, » d(x,, F(T)) = 0. Consequently, for any given ¢ > 0, there exists a positive
integer N7 (N; > 1) such that

00 00
d(xn’F(T)) < %) an < g) Zek <1, Vm=Nj,
k=n k=n

and there exists p; € F(T) such that ||x, — p1|| < €/8, Vi > Nj. By (18) and the inequality
1+x<e*(x>0),forany n > N; and all m > 1, we have

”xn+m _xn” = eXp{enﬂfn—l}||xn+m—l —191|| + Nnem-1 + ”xn —P1||
< exp{Onsm-1 + Onem—2}%nsim-2 — P11l + Xp{Onsm-1}Mnem—2

+ Nam—1 + % —prll < -+
n+m-1 n+m-1 n+m-1
< [exp{ > ek} +1} ||xn—p1||+exp{ > ek} Y m<e
k=n k=n k=n

Hence, {x,} is a Cauchy sequence in E. By the completeness of E, we can assume that
x, — x* € K. Next we prove that F(T) is a close subset of K. Let {p,,} is a sequence in F(T)
which converges strongly to some p, then we have for any i € /

lp—Tipll < llp—pull + llps — Tipll <A+ L)llp = pull = 0 (1 — 00).

Thus, p € F(T), and F(T) is closed. Since lim,,_, o, d(x,, F(T)) = 0, then x* € F(T). Conse-
quently, {x,} defined by (7) converges strongly to a common fixed point of {73, T5,..., Tn}
in K. This completes the proof of Theorem 3.1. d

Theorem 3.2 Let E be a real uniformly convex Banach space satisfying Opial’s condition
and K be a nonempty closed convex subset of E. Let T1, T»,..., Ty : K — K be N asymp-
totically nonexpansive mappings with F(T) = ﬂﬁll-"(Ti) # @. Let {u,} and {v,} are two
bounded sequences in K. If {a,}, {Bu}, {vn}, {8u} be four real sequences in [0,1] satisfying
the following conditions:
(i) an+yn<land B, +8,<1foralln>1;

(i) 0 <liminf,_ o @, <limsup,_, ., o, <1, limsup,_, . By <1;

(i) Yoo  Vu <00, D ey 8y <00, > oo (hy — 1) < 00;

(iv) 32021 1% = 2l < 0.
Then the perturbed composite implicit iterative sequence {x,} defined by (7) converges
weakly to a common fixed point of {11, Ts, ..., Tn} in K.
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Proof First, we prove that lim,,_, [|%, — Tjx,|| = 0 forall j € I.
For any p € F(T), it follows from Lemma 2.6 that lim,,_, « ||*, — p| exists. Suppose that

lim,,—,  ||%, — p|l = d, we have from (7)

nli?go ”xn —P” = nll>ng<>|| (1 - an)[xn—l —P + yn(un - xn—l)]

+ a"[Tz’lzg)l)yn —p+ Vultty _xn—l)] ” =d. 19)

Since lim,_, « ||, — p|| = d, then {x,} be a bounded sequence. By virtue of the condition

(iii) and the boundedness of sequences {x,} and {u,}, we have

limsup|x,-1 = p + Vu(tty = x5-1)

n—00

<limsup ||x,-1 - pll + limsup yy || u, — xy1 1l = d. (20)

n—0oQ n—00

It follows from ) 77, [|%, — %, < 0o that lim,_.o [|¥, — p|| = lim,— ||x, — pll = d. We have

limsup|| Tﬁir)’)y,, — P+ Vulthy — x01) |
n—00

< limsup hn”yn = pll + imsup y,|lu, — %1 ||

n—00 n—00
<limsup[(1 = B, = 8,)1%u-1 = Il + Buhul|%n — Il + 8ullve — pll] = d. (21)
n—00

Therefore, by (19), (20), (21), (ii) and Lemma 2.4, we obtain that
: k()
Jim ([ Tig"yn = %01 | = 0.
Hence,
lim 6, — %51l < i [t | T v = 2 | + Villttn = 20a11] = 0, (22)
n—00 n—0o0
which implies that lim,,_,  [|%, — %[l = 0 for all j € I. On the other hand, we also have

lim || T | < Tim [l = s+ s = T | + 05 v = T |

n—00

< 111’1’1 hn”yn _xn” =< hm ”yn _xn—IH + hm ”xn _xn—IH
n—00 n—00 n—00

IA

nlinz;lo [,Bn ” T;’ES;);C” — Xp-1 || + (Sn ”Vn — Xn-1 ”]

IA

Tim [ T30 % = Tioh | + Bl T 2 = %]

IA

i [ Bl = all + Bl Tioh n = | + Bullnr = all]. - (23)
It follows from (22), (23), conditions (ii) and (iv) that

lim ” TZIE,(;;)x,, — X, ” =0. (24)

n—00
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Since for each n > N, n = (n — N)(modN), n = (k(n) —1)N + i(n), hence n — N = [(k(n) —
1) -1]N +i(n — N), i.e. k(n — N) = k(n) — 1 and i(n — N) = i(n). Therefore, we have

|75 s = T | = [ T30 = T 0| < Ll = 2wl (25)
and
|| T,{,(Er]l\)[_ Xp-N — Xn-— N“ = || I\FN Xn-N — Xn— N” (26)

In view of (25) and (26), we have

%01 = Teull < o1 = Ty | + || T = T x|
< ot = el + [0 = T | + Lo = T3 |
< %0 = x| + [0 = T,
+ L(| T30 = T, s | + | T8 2 = 5]
< st = | + [0 = Th ", |

(L2 4 L) 196 = 2pn |+ L TR %0 = 20 - (27)
From (24) and (27), it is obviously that lim,,_, o [|#4-1 — Ty || = 0, which implies that
lim ”xn - Tnxn” = lim (”xn—l - Tnxn” + ”xn _xn—ln) =0
n—00 n—00
Consequently, we obtain that for all i € /

”xn - Tn+ixn” =< ”xn _er—iH + ”xnﬂ' - Tn+ixn+i” + ” Tn+ixn+i - Tn+ixn”

< @+ D%y = Zurill + 1%04i — Tpainaill = 0 (n — 00). (28)

By virtue of (28), we have lim, . |4, — Tix,|| = 0 for all i € I.

Since E is uniformly convex, every bounded subset of E is weakly compact. Again since
{x.} is a bounded subset in K, there exists a subsequence {x,,} of {x,} such that {x,,}
converges weakly to g in K, and lim,,, _, o [, — Ti%, || = O for all i € I. By Lemma 2.2, we
have that (I — T;)q = 0. Hence, g € F(T;) for all i € I. Therefore, g € F(T).

Next, we prove that {x,} converges weakly to g. Suppose that contrary, then there exists
a subsequence {2} of {x,} such that {x,;} converges weakly to ¢; € K and g # q1. Using
the same method, we can prove that ¢; € F(T) and limit lim,,, » ||, — q1|| exists. Without
loss generality, we assume that lim,_, o [|%, — gl = d1, lim,, . ||%, — q1|| = d2, where dy, ds
are two nonnegative constants. By virtue of the Opial’s condition of E, we have

dy = limsup [|x,, — gl <limsup [lx,, — g1l = limsup ||lx, — g1

ng—>00 ng—>00 n—00
= limsup |, — g1 | < limsup [}, — gl =

n]'—>oo n/'—>OO

This is contradictory. Hence, g = ¢1, which implies that {x,} converges weakly to g. The
proof of Theorem 3.2 is completed. O

Page 9 of 12
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Theorem 3.3 Let E be a real uniformly convex Banach space and K be a nonempty, closed
and convex subset of E. Let T1, Ty, ..., Ty : K — K be N asymptotically nonexpansive map-
pings with F(T) = (., F(T;) # & and at least there exists T; (i € ), it is semicompact. Let
{u,} and {v,} are two bounded sequences in K. If {,,}, {Bn}, {Vn}> {84} e four real sequences
in [0,1] satisfying the following conditions:
(i) ap+yn<land B, +8,<1foralln=>1;

(i) 0<liminf,_, o, <limsup,_, ., o, <1, limsup,_, . Bx<1;

(i) Y02 Vu <00, D ey 8y <00, > oo (hy —1) < 00;

(iv) Y2y 1% — %l < 0.
Then the perturbed composite implicit iterative sequence {x,} defined by (7) converges
strongly to a common fixed point of {T1, T,..., Tn} in K.

Proof Without loss of generality, we assume that T} is semicompact. By Theorem 3.2, we
have lim,,_, , ||x, — T1x,|| = 0. Hence, there exists a subsequence {;} of {x,} such that

{%n;} — x* as j — o0o. Therefore, we have for all i € /
|| Tix* —x* || < || Tix* — Tixy,; || + 1 Tioem; — %o || + ||xnl. —x* || (29)

It follows from (29) that || Tjyx™ —x*|| = 0 for all i € I. This implies that x* € F(T). Therefore,
x* be a common fixed point of {T},i € I}. By virtue of Lemma 2.6, lim,,_, » ||, —x*| exists.
It follows from Xy, —> %" €E that lim,,_, « ||x, — x| = 0. Hence, the perturbed composites
implicit iterative sequence {x,} generated by (7) strongly converges to a common fixed
point of {T},i € I}. This completes the proof of Theorem 3.3. d

Corollary 3.4 Let E be a real Banach space and K be a nonempty closed convex subset
of E.Let T, T, ..., Tn : K — K be N asymptotically nonexpansive mappings with F(T) =
ﬂg\il F(T;) # @ and let {u,} is a bounded sequence in K. If {a,,}, {yu} be two real sequences
in [0,1] satisfying the following conditions:
(i) an+yu<lforalln=>1;

(ii) limsup,_, , ax <1;

(ii)) Yooy Yu <00, Yooy (hy = 1) < 00;

(iv) 252y I =%l < 00,
Then the perturbed implicit iterative sequence {x,} defined by (9) converges strongly to a
common fixed point of {T1, Ty, ..., Tn} if and only if liminf,_,  d(x,, F(T)) = 0.

Proof It is enough to take 8, =1, §,, = 0 for all n € N in Theorem 3.1. O

Corollary 3.5 Let E be a real uniformly convex Banach space satisfying Opial’s condition
and K be a nonempty closed convex subset of E. Let T1, T»,..., Ty : K — K be N asymp-
totically nonexpansive mappings with F(T) = ﬂi\:[l F(T;) # @ and let {u,} is a bounded se-
quence in K. If {a,,}, {y,} be two real sequences in [0,1] satisfying the following conditions:
(i) ap+yn<lforalln=>1;

(i) 0<liminf,_, o a, <limsup,_, . o, <1;

(il) Y02 vu <00, > oy (hy —1) < 00.
Then the Mann type iterative sequence {x,} defined by (8) converges weakly to a common
fixed point of {T1, T, ..., Tn} in K.
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Proof 1t is sufficient to take 8, = 8, = 0 for all n € N in Theorem 3.2. O

Corollary 3.6 Let E be a real uniformly convex Banach space and K be a nonempty closed
convex subset of E. Let T1, Ts, ..., Ty : K — K be N asymptotically nonexpansive mappings
with F(T) = (1, F(T}) # @ and at least there exists T; (i € I), it is semicompact. Let {u,,} is
a bounded sequence in K. If {a,,}, {y,} be two real sequences in [0, 1] satisfying the following
conditions:

(i) ap+yn<lforalln=>1;

(i) 0<liminf,_, . a, <limsup,_ . o, <1;

(iil) Yoy ¥n < 00, 2 poq (B, — 1) < 00.
Then the Mann type iterative sequence {x,} defined by (8) converges strongly to a common
fixed point of {T1, T, ..., Tn} in K.

Proof It is enough to take 8, = 6, = 0 for all » € N in Theorem 3.3. (|
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