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Abstract

In this paper, we consider a discrete delta-nabla boundary value problem for the
fractional difference equation with p-Laplacian

Af_z (@p(bV X)) +Af(t-v+B+1x(t-v+B+1), [bvgx(t)]r_wﬂwﬂ) =0,

b-1

x0)=0,  [[V'x(0],,=0,  x=1)=)_xA®,

t=

wherete T=[v-8-1,b+v-8- Ny g - Af_z, » VY are left and right fractional
difference operators, respectively, and @,(s) = [s[P~?s, p > 1.

By using the method of upper and lower solution and the Schauder fixed point
theorem, we obtain the existence of positive solutions for the above boundary value
problem; and applying a monotone iterative technique, we establish iterative

schemes for approximating the solution.
MSC: 39A06; 39A22
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1 Introduction
In this paper, we investigate the existence of positive solutions for the following discrete
delta-nabla fractional boundary value problem (FBVP) with p-Laplacian:

A (0o (b x®)) + 2 (= v+ B+ Lalt—v+ B+ 1), [, VO], 5000)

=0, teT, (1.1)
b-1

xb)=0, [,\V'x(®)],,=0,  x(-1)=> @A), (1.2)
t=0

wheret e T=[v-8-1,b+v-B- I]NHH, Af_Z, » V" areleft and right fractional difference
operators, respectively. ¢,(s) = [s|P%s, p > 1, (p; =@y % + %1 =1, B,v,¢ € (0,+00), and they
satisfy the following:
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(H1) ve(1,2],B,6€(0,1],v—e—-1>0;

(Hy) A(t) is a function defined on [0, b]w,;

(H3) f:10,bly, x R x R — [0,00) is continuous for any ¢ € [0,b]y,, f(¢,0,0) # 0,
f(t,1,1) #0, and let

o= max f(t,1,1)#0. (1.3)

te[0.b]y,

The equation with p-Laplacian operator arises in the modeling of different physical and
natural phenomena, non-Newtonian mechanics [1], combustion theory [2], population
biology [3], nonlinear flow laws [4] and the system of Monge-Kantorovich mass transfer
[5]. Integral and derivative operators of fractional order can describe the characteristics
exhibited in many complex processes and systems having long-memory in time. Then
many classical integer order models for complex systems are substituted by fractional or-
der models. Fractional calculus has recently developed into a relatively vibrant research
area. It also provides an excellent tool to describe the hereditary properties of materials
and processes. Many successful new applications of fractional calculus in various fields
have also been reported recently. For example, Nieto and Pimentel [6] extended a second-
order thermostat model to the fractional model; Ding and Jiang [7] used waveform relax-
ation methods to study some fractional functional differential equation models. For the
basic theories of fractional calculus and some recent work in application, the reader is
referred to Refs. [8—13].

On the other hand, discrete fractional calculus has attracted slowly but steadily increas-
ing attention in the past seven years or so. In particular, several recent papers by Atici and
Eloe as well as other recent papers by the present authors have addressed some basic the-
ory of both discrete fractional initial value problems and discrete FBVPs. More specifically,
Atici and Eloe [14] have already analyzed a transform method in discrete fractional calcu-
lus. Goodrich [15] considered a discrete right-focal fractional boundary value problem. All
of the fundamental background in discrete fractional calculus can be found in [16] which
is written by Goodrich and Peterson. Other recent work has considered discrete FBVPs
with a variety of boundary conditions, see [17-20]. There are also a few papers for the
discrete delta-nabla boundary value problems. For example, Malinowska and Torres [21]
propose a more general approach to the calculus of variations on time scales that allows to
obtain both delta and nabla results as particular cases. Martins and Torres [22] study the
calculus of variations on time scales with nabla derivatives and so on. What is more, [23]
is the first paper to consider a discrete fractional difference equation with a p-Laplacian
operator.

From the above works, we can see the fact that although the discrete delta-nabla bound-
ary value problem has been studied by many authors, to the best of our knowledge, there
are very few papers on the discrete delta-nabla FBVPs. For example, Xie, Jin and Hou [24]
obtained some results which ensure the existence of a well precise interval of the param-
eter for which the problem admits multiple solutions.

Our aim is to use the method of upper and lower solution and the Schauder fixed point
theorem to obtain the existence of positive solutions for the above boundary value prob-
lem; and to apply a monotone iterative technique to establish iterative schemes for ap-

proximating the solution.
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The rest of this paper has the following structure. In Section 2, we recall some basic
definitions of fractional calculus, establish some lemmas and use symbols to replace with
some formula which plays a pivotal role in the text. Section 3 contains an existence result
for problem (1.1) and (1.2) which is established by applying the method of upper and lower
solution and the Schauder fixed point theorem. In Section 4, we show the iterative schemes

for approximating the solution by using a monotone iterative technique.

2 Preliminaries
In this section, we collect some basic definitions and lemmas for manipulating discrete
fractional operators.

For any real number 8, let Ng = {8, +1,8+2,...},s)N={..., -2, -1,8}.

We define t* = Fft(f;f)\}) for any ¢,v € R, for which the right-hand side is well defined. We
also appeal to the convention that if £ + 1 — v is a pole of the gamma function and ¢ + 1 is

not a pole, then £ = 0.

Definition 2.1 ([17]) Let f: N, — R and v > 0 be given. The vth left fractional sum of f
is given by

Af() = ﬁ i(t —s—1)>f(s) forteN,,.

Also, let N € N be chosen such that N —1 < v < N. Then the vth left fractional difference
of f is given by

ALF(E) = ANAUNF(E)  fort € Nyynoy-
Definition 2.2 ([18]) The vth right fractional sum of f(¢) for v > 0 is defined by

b
VL) = 1 Z (s—t-1)Lf(s) forte,, N

ro) &,

We also define the vth right fractional difference for v > 0 by
WV (@)= (CONVNVINF()  fort €y niy N,

where N € Nis chosensothat 0 <N -1<v <N.

Lemma 2.1 ([18]) Let b € R and (v > 0 be given. Then

V(b- )t =—p(b- )=

for any t, for which both sides are well defined.
Furthermore, forv>0 with N -1<v<N,N €N,

b—uviv(b - t)& = /’Li(b - t)ﬂ, te b—u—vN;
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and
-u V' (b-tE = uHb -, tep unoN

Lemma 2.2 ([17]) Letf :N, — R be given, and suppose v, u > 0 with N —1<v <N.
Then

AZ*’ILA;Mf(t) = A;_Mf(t)' te Na+u+N—v-

Lemma 2.3 ([18]) Let f: ;)N — R be given, and suppose v, >0 with N —1<v <N.
Then

b—uvvbviﬂf(t) =b V‘F#f(t)’ le b—,u—N+vN'

Lemma 2.4 ([17]) Letf:N, — R and v > 0 be given with N —1 < v < N. The following two
definitions for the left fractional difference A)f : Nyn_, — R are equivalent:

Af(t) = ANANIF (@),

Arfie - | T Dt =5 - D@, N-1<v =N,
ANF(2), DN,

Lemma 2.5 ([18]) Letf: ,N — Rand v > 0 be given with N —1 < v < N. The following two
definitions for the right fractional difference ,V'f : p_n+vN — R are equivalent:

pVf() = (CON VYV Ny,

ﬁ Zf:tfv(s—t—l)“"lf(s), N-1<v <N,

VVf(t) =
VI (~)NVNf (1), v=N.

Lemma 2.6 ([17]) Let f : N, — R be given and suppose k € Ny and v > 0. Then for t €

Na+M—u+\n
AARF(E) = ASF () ki Aft (t—a)=
“ o = Fv-k+j+1) T

Moreover, if u >0 with M —1 < <M, then for t € N,,,

M-1

ALt DO = D) =Y

j=0

A’;Mmf(a + M- )
T-M+j+1)

(t—a—-M+ pu)=",

Lemma 2.7 ([18]) Letf: ;N — R be given, and suppose k € Ng and v > 0. Then for t € ,_,N,

k-1

sV V() = VIR - )

j=0

»V/f(b)
Frv-k+j+1)

(b _ t)v7k+j'
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Moreover, if >0 with M —1 < u <M, then for t € p_pre—vN,

M-1

p-men VoV () = VL () = Y

Jj=0

VM (b~ M+ 1)
rv-M+j+1)

(b-M + p— )M,

Remark 2.1 When we chooset e T=[v-8-1,b+v-8— I]NHH in (1.1), problem (1.1)
(1.2) is significative. In fact, by Definitions 2.1, 2.2, Lemmas 2.4 and 2.5, we have

t+p
A€—2¢P( va(t) /3) Z (t —-S— ( Z (u —s— 1) v— lx(u))
s=v-2 u —v
and
[bvgx(t)]t—v+ﬂ+s+l F( _¢) Z (s+v-B-¢e-

s=t—v+p+1

We can see that the domain of the function x is {-2,-1,0,...,b}.

In the following paragraphs, we define Zé:i y(t) =0 forj<i.
Next, we denote

s2=L(pyp—2-gr=1 _ (S _t_ l)ﬁ

1 (b+v—1)2=L

G(t,s):m v-1<t+v-1l<s<b+v-1,
%, v-1<s<t+v-1<b+v-1 (2.1)
b-1 b-1
(t) b+v-2-p)rt

G ) C At;
a(s) = tX:bH)— -l ; (b+v-1)p-L ©

b+v-2-¢rt
t,s)=——@G G(t,s). 2.2
(69 = e Gal9)+ G (2.2)

For variable ¢, we denote

t=t—v+pB+1, t"=b+2v—-t-pB-3.

By Lemmas 2.1 and 2.5, forv -1 <s < b+ v — 1, we have

b
be(s—t—l)ﬂz u—t—17s—u—-1)"2
u=t—<°
1 S—V
= (u-t-1)~2s-—u-1)2
F(_e)u=t—s‘

=, Vi(s—t-1)

=(v-1)&(s—t—1)r=et
I'(v)

_ o 1)=e-l
_I’(v—e)(s t-1) .
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Thus
V-1, _9_s\v—e-1 e
e
—_— v-1<t+v—-e-1<s<b+v-1, ’3
b¥y (t’S)_]"(V_g) s2=L(pry—2—f)r=e=L ()
(brv-1=L  ’
v-1<s<t+v—-e-1<b+v-1
We denote
— - — (b+v—2—p)=el
G(t,s) :=, VIG(t,s), t,8):=G(t,s) + Gal(s). 2.4
(6=, T9)=Glt9) + — e Gl 24)
Lemma 2.8 Let 0 < C<1landh:[0,b]n, = R be given, the problem
V() +h(t-v+1)=0, tev-1,b+v-1 ,
pV'x(t) + h( ) ( Inyy (2.5)

x(b)=0,  x(-1)= Yo x()A®),

has the unique solution
b+v-2
x(t) = Z J(t,s)h(s—v +1),
s=v-1
where J(t,s) is given by (2.2).

Proof Denote

h(s—v+1)

") = v

By Lemma 2.7, we have
X)) = —psva V7 HE-v+ D) + k(b +v =2 -2+ k(b + v — 2 — £)2=2.

From (2.5), we have k, = 0 and

b+v-2 b-1 b+v-2 _
ki = (1 CF(v (Zs”lh ZA Z s—t—l)"’lh(s)>.

t=0 s=t+v
Then
1 b+v-2
x(t) = —ms;(s—r-nﬂh(s_vu)

(b +v-—2-— t)“ -1 [brv2 T b-1 b+v-2 .
oy (B - K-
b+v-2 1 b+v-2
= > Gt)h(s—v+1) - 0 Z $"L(b + v =2 — £)"L(s)

s=v-1
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(l’) V-2 t)ﬂ b+v-2 e b-1 b+v-2 =
_ "=h(s) — At —t-1)"h
1O HZ_ls (s) Zo ( )Z (s ):=h(s)
b+v-2
b+v-—2-—ppL
= G(t,8)h(s — N+ ——
Zl (t3)hls=v +1) + ——ams
b+v-2 b-1 b+v-2 _
(C Z $7L(s) ZA Z S—t—l)”_lh(s))
s=v-1 t=0 s=t+v
b+v-2
(b+v-2-¢t)=L
= G(t,8)h(s - N+ ——
S;I (t,s)h(s—v +1) + 1-Orm
b-1 b+v-2 VI(b+\)—2 tVIA(t)h(S) b-1 b+v-2
I I Y WRIE
t=0 s=v-1 s=t+v
b+v-2 b+v-2 b-1
(b-2+v—t)t -
= Gt,s)h(s-v+1)+ ———— G(t,s)A(t)h(s)
2 T-ore 22
b+v-2
= Z J(t,8)h(s—v +1).
s=v-1
The proof is complete. O

Lemma2.9 Let0 < C<landh:[0,b]y, — R. Problem (2.5) is equivalent to the following
problem:

prea V(@) +h(t+v-1)=0, telv-1Lb+v-1ln,,,

. (2.6)
y(b + 8) =0, [b+g-1V75y(t)]-1 = Zt:O (b+€—lvigy(t))A(t)'
Proof Suppose that x(¢) is a solution of (2.5). Let
y(t) =p VEx(2).
Then by Lemma 2.7 and x(b) = 0, we have x(£) =p,._1 V*y(¢).
By Lemma 2.3, we get
sV x(t) =po1 V'R(E) =p-1 VVpie 1 VEY(E) =pie VI EN(0).
Therefore
b+£—1VV7£y(t) + h(t tv- 1) =0,
and
b-1
xb)=yb+e)=0,  a(-1)=[,, VO] =D (5. .V ¥)A®).
t=0
Same if vice versa. O

Using Lemmas 2.8 and 2.9, we may easily obtain the following Lemmas 2.10 and 2.11.

Page 7 of 23
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Lemma 2.10 Let 0 < C <1, problem (1.1) and (1.2) is equivalent to the following problem:

A (0 (re1 V() = =2 (€ pre s VENE), (E +6)),
yb+e)=0, eV y(t)]y2 =0, (2.7)
[peet VY] 1 = 00 e a VEYA(R).

Lemma 2.11 FBVP (2.7) has the unique solution

b+v-2

¥(O) = Y TS0 (A 5 f (5 brea VEN(S) p(s +£))). (2.8)

s=v-1
Conversely, if y(t) satisfies (2.8), then y(t) is a solution of (2.7), where J (t,s) is given by (2.4).

Lemma 2.12 The function J(t,s) has the following properties:
(i) J(t,5)>0,(ts)ele,b+ely, x [v-1Lb+v-1]y,_,,
(ii) (b+v—2-1)""m(s) <J(t,s) <M +v—-2—t)=L t € [e,b +e]n,, where ] (t,s) is

given by (2.4), and

mis) = Gals)
1-COT'(v-¢)
IGal
M=1+ ——, Gall = G .
reraiume S IR, . S L0

The proof of (i) is similar to Theorem 3.2 of [18], hence it is omitted. For (ii), we note
that

L+ v —2 —g)r=el N IGAll(B+v —2 —¢)r=e=L
(b+v-1)r1 1-C)Tw-e¢)

A s
S(l+m>(l’)+v—2—t) .

J(ts) <

Then it is easy to get properties (ii).

Definition 2.3 A function ¢(¢) is called a lower solution of (2.7) if it satisfies

A (@ (rea VD) S M (e s VEG(E), G(E +6)),
pb+)=0,  [pea V" h()],2 >0, (2.9)
e VESD] 1 = 300 (et VEGE)A(R).

Definition 2.4 A function /() is called an upper solution of (2.7) if it satisfies

~A0 o @plorea V'Y ) = M E, (e VEY (), Y (E +2)),
Y(b+e) <0, [b+e1 VY ()] <0, (2.10)

et VEU ()] < 200 (e VEU()AD).
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Remark 2.2 Assume 0 < C <1, Gy(s) = 0 for s € [v-1,b+v—-1]y,_,, and y : [g,
b+ ¢y, — R with

b-1

y(b+8)=0, [b+s IV y(t) Z b+e— 1V y(t) A(t)
t=0

_b+s—1vv_€y(t) >0, te [V:b + V]Nu'

Then y(¢) > 0, t € [¢,b + €]y, .
In fact, let —p, .1 V'"*y(t) = n(£). Then y(£) = Y022 T (£, $)n(s).

s=v-1
From 7n(¢) > 0, we can get the conclusion y(¢) > 0, ¢t € [¢,b + €], .

Lemma 2.13 (Schauder fixed point theorem) Let T be a continuous and compact mapping
of a Banach space E into itself such that the set

{xeE:x=0Tx}
forsome 0 <o <1isbounded. Then T has a fixed point.

3 The method of upper and lower solutions
To establish the existence of a solution for the boundary value problem, we need to make
the following assumptions.

(Hs) A is defined on [0, b]y,, satisfying Ga(s) > 0 for s e [v—1,b+v—1]y,,, and 0 <
C<1l

(Hs) f(-,u,8):[0,b]n, X [0,+00) x [0, +00) — [0, +00) is continuous and is nonincreasing
on u and s. For all A€ (0,1), there exist two constants p1, s > 0 such that, for any
(¢, u,5) € [0,b]n, x [0,+00) x [0,+00),

[t hu,s) < A7Hf (L, 8), (3.1)
f(t,u,As) < A7H2f(t,u, 5). (3.2)

Remark 3.1 Inequalities (3.1), (3.2) are equivalent to the following inequalities (3.3), (3.4),

respectively:
ft,Au,s) = 27Mf(tu,s), ViAs>1, (3.3)
ft,u,xs) = 172f(t,u,s), VYA>1 (3.4)

Now we denote

—( )
l H1+p2 lyﬂl U2

_b _
5= TR

r'(B)

and g(t) = f(t, pre1 VE()=EL, (¢ — &)2=2¢71), t € T. Then g(¢) € C(T, R), for m € (0,1), we
define

b+v—B-2 ) m
||g||%:=< > g%(s)) :

s=v—f-1
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Theorem 3.1 Suppose that (H,) and (Hs) hold. Then there exists a constant \* > 0 such

that FBVP (2.7) has at least one positive solution w(t) for any A € (A*, +00). Moreover, there
exists a constant 0 < [ <1 such that

Ib+v-2-t) =L <w@) <I'b+v-2-t)=2L

Proof Let Q= C([e,b + €]n,,R), and define a subset P of Q as follows

= {y €Q:31€(0,1), such that /(b +v — ==L <y(t) <IN b+v-2- t)@}.

Clearly, P is a nonempty set since (b + v — 2 — £)>=¢=L € P. Now define the operator T; in P
b+v-2

T)Ly

= Y Tt,8)0g (A 5 A (5 et VEH(S) 3(s +€))) (3.5)
s=v-1
where J(t,s) is given by (2.4)

We assert that T, is well defined and T (P) C P

In fact, for any y € P, there exists a positive number 0 </, < 1 such that

Lb+v-2 t)ugy(t)gl;l(b+v—2 g)r=e-t

tele,e+bly

Thus, by Lemma 2.12, condition (H5), Holder’s inequality and noticing m € (0,1), we get
b+v-2

Ty(t) = Z](t, s)<pq(Afﬁflkf(s/,b+g_1V’5y( ),y(s +¢)))
s=v-1

b+v-2

b+v-2

241 Z J(t S)(pq(A;_ﬁﬁ_]f(s’,bﬁ_lv—sly(su)@, ly( " g)u & 1))
s=v-1

v—p-1
b+v-2

< Y AT Mb+v-2

s—p q-1
y=e=Lga- 1( Z s—u—1)F"1 (u))
s=v-1 U=v—,
< (EXNTMB+v -

-1
2— )= Lg%t

=B
sWZi(asm(s Z s—u—1)>27 (u))
s=v-1 u=

3

u=v—F-1
< 400,

b+v-2 s—B L (1-m)(q-1)
Z( Z (s—u-1)5 1)1”’)
s=v-1

ie.,

T, y(t) < +00.

(3.6)
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On the other hand, using Lemma 2.12 and Remark 3.1, we have

b+v-2
Ty(t) = Z I, s)<pq(Afﬁ71)&f(s/, pre1Vy(8), (s +€)))
s=v-1
b+v—2_
> pa Z (¢, S)(Pq (A;_ﬂﬁ_]f(sl, b+g—1v_sl;1 (S//)m, l;l (S” _ 8)@))
s=v-1
b+v-2 s—B
=113 Jt,9)e, (c Z s—u-1)t (u))
s=v-1 u=v-£-1
b+v-2 s—B
z(k{)q’lz () b+v-2-t)1y ( Z s—u—1)1L (u))
s=v-1 u=v—-p-1
Therefore
b+v-2 s—p q-1
Toy(6) = () b+ v-2-1)=L ) m(s)( D -u- 1)’“g(u)> : (3.7)
s=v-1 u=v—F-1
Choose

1 b+v-2 s=pB ) (1-m)(g-1)7 -1
I,= min{g, [(/\S)q‘lMllgll';l Z ( Z ((s—u—l)ﬂ—l)m) :| ,

s=v-1 \u=v-p-1

b+v-2 s—B q-1
(A{)‘HZ (Z S—u~— 1ﬁ1g(u)> } (3.8)
1

s=v-1 u=v—

Then it follows from (3.6), (3.7) and (3.8) that
Lb+v-2- ==L < Toy(t) < Iy_l(b+ v =2 — )=l

Next we shall devote our attention to finding the upper and lower solutions of FBVP

(2.7). Let
b+v-2
e(t) = D T(t,9)p4(1,0 1g(5))-
s=v-1

By Lemma 2.12, we have
b+v-2
e®)>b+v-2- t"EIZ V,31g()), Viele,b+eln,,

s=v-1

and consequently there exists a constant A; > 1 such that

re(®) > (b+v—2—g)r=g=L, (3.9)
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Thus, for any A > A;, by (H5) and similar to (3.6), we have

b+v-2

Z J(z, s)(pq(Afﬂfo(s/, b+g_1V’5Ae(s’), re(s' + 8)))

s=v-1
b+v-2

< Z J(t,9)¢, (A;‘_gﬂ_lf(s’, pre-1V  hae(s), re(s' + €)))

s=v-1

biv 2 S —u—1)E2 ve- poee
< > I, S)(pq|: ((s lbf(ﬂ = —f(u, (WlV‘s(u”)l)r(u”—E)l))}
u=v—F-1

s=v-1 v—

b+v—2_ s—B S - 1),31
- 2 LZI( I(8) g(“))]

and
b+v-2 s—B 1
e(t)fM(b+v—2—t)MZgoq< Z X0 (s—u-1)F"g (u)><+oo.
s=v-1 u=v-L£-1
Now let
1 q-1 b+v-2 s—p L (1-m)(g-1)
P=M(b+v—2—8)”_8_1<—> gl Y Y (s—u—1f)T
F(ﬂ) & s=v-1 \u=v--1
+1.
Take

1

AN = max!kf Y

b+v-2

p [(mwz)(ql—l)—l](q—l)
p~mrma)a-D) Z m(s)(ﬂq(Au_ﬁ_Lf(S/: pre1 VL, 1)) )

s=v-1

Then by Lemma 2.12, (3.3) and (3.4), for V¢ € [¢,b + €], , we can get

b+v-2
+00 > Z J(¢, S)(pq(A;fﬁ_l)L*f(S,,b+g_1v_s (A*)q_le(s’), (k*)q_le(s/ + 8)))
s=v-1
>(h+v-2- t)@(k*)[1—(/tl+u2)(q—1)](q—1)
b+v-2
3 MOy (A7 (e aVels) el + )
s=v-1
b+v-2
>(bh+v-2— t)ﬂ()h*)[1—(u1+uz)(q—1)](q—l) Z m(S)wq(A;fﬂ_Lf(S,,b+s—1v_€,0, p))
s=v-1

>(b+v-2- t)@(k*)[1—<m+uz><q—1ﬂ(q—l> p~(m+u2)(g-)
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b+v-2

< Y m($)pg (8,05 f (5, 51e1 VL))

s=v-1

>b+v-2-t)r=el

That is to say,

b+v-2

T (B g2 (e (7)), (%) el 4 )
st
> (b+v-2 -,
Let
¢(0) = (W) e(t) = Ton (b +v -2-1)"5),  y(0) = Tus (6(2)).

It follows from (3.9) and (3.10) that for any ¢ € [¢,b + ¢]n,,

B(t) = Yo LTt )0g (0,05 107g(s) = Me(t) = (b+v -2 — £)=2L,

Y(t) = 0T )0g (8, 5 1A (8 bret VE()ILe(s)), (W) T Le(s +£)).

Moreover, by (3.11) and (3.12), we know

¢pb+e)=0, [pre-1 V' ¥@(t)],-2 =0,
[bre-1 V()1 = Y00 (bre1 VEP()A(E),
Yb+e)=0, [V Y®)]0=0,
[b+e1 VU (B)] o1 = X0 (ret VY (E)DAC).

Proceeding as in (3.6)-(3.8), we get that ¢(¢), ¥ (¢) € P. By (3.10), we have
Y (t) = (Tox)(t) = (b+v -2 - £)*=,
which implies

V() = (T ) (2)
b+v-2

= > T (0, W (5 b V() e(s), (1) e (s + £)))

s=v-1
b+v-2

= Z 7(t;s)<ﬂq(A;_ﬁﬂ_1k*g(S)) =¢(t), Vtele,b+eln,.

s=v-1

Page 13 of 23

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Thus, taking account of f being nonincreasing, and by (3.11), (3.14) and (3.15), we have

B (VO + 20, ()
= ALV D))+ (€YU (0), 0 )
> 00 300l VD)) + S (V)0 +2))
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= 2 ([ prea VEB(E), D +€)) + AL (£ e VO (), (2 +6))
=0, (3.16)
AL (@0 (e V'@ + WF (e V() 6 (¢ + )
= A2 (@(pye V' (T (B4 v =2 = 2)=51)))) + 27F (£ 4sn Vo8 (), 6 (¢ + )
= WS prea V()75 (= ) ) 4 23 (et VEB(E), 0 (£ + 6))
<Y (e V()T (- ) )
P XS prea VI ()5 (8 - 6) )

-0. (3.17)

It follows from (3.13) and (3.15)-(3.17) that (), ¢(¢) are upper and lower solutions of
FBVP (2.7) and ¥ (¢), ¢(t) € P.

Now we define a function

S peea VU ()0 (£ +€)), y < (D),
F(prea VY (E)5(E)) = (W puea VENE)YE +6)), Y(6) <y <¢(r),  (3.18)
S peeaVERE), 9 +€)), ¥ > (o).

It then follows from (H5) and (3.18) that F(¢, i, s) : [0, b], % [0, +00) x [0, +00) —> [0, +00)
is continuous.
We now show that the FBVP

Al S (@plrea VYD) = =N F(E e VENE ), 9(E +8)),

tele,b+eln,,

(3.19)
y(b + 8) = 0’ [b+s—1VV7Ey(t)]v—2 = O;
[ V¥ (O]t = Yo (oot VEXO)A)
has a positive solution.
Define the operator D« by
b+v—2_
Dysy(t) = Z J(¢, s)wq(A;_ﬂﬂ_lk*F(s/,b+g,1V’Sy(s/),y(s/ +¢))),
s=v-1
teleb+eln,. (3.20)

Then D, : C([e, b+ ¢]n,,R) = C([e, b + ¢]n,,R), and a fixed point of the operator D,+ is
a solution of FBVP (3.19).
On the other hand, from the definition of F and the fact that the function f is nonin-

creasing on the second and third variable, we obtain

S peentVED(E), (¢ + ) SF(E, 01 Vop(E),5(2 +6))
Sf(t/’ b+5—1v_€w(t/)» W(t/ + 5)),
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provided that ¥ (t) < y(¢) < ¢(t);

F(€,prea VN ), 0(E + ) =f (£ prer VEW(E), ¥ (£ +€))
provided that y(¢) < ¥ (¢);

F(t 5 VEy(),9(¢ + ) = (5001 V 7 0(E), (¢ +¢))
provided that y(2) > ¢(¢). So we have

S peenrVED(E), (¢ +€)) SF (¢, 01 Vop(E),5(2 +6))
<f(rprena VU (), v (¢ +¢)). (3.21)

Furthermore, by (3.13), (3.14) and (3.21), we have

f(t’,bwflV*E(b(t/),(Iﬁ(t/ +¢)) Sf(t/’huflV’gw(t/)’ s 8))
e N A

=g(®). (3.22)

It follows from Lemma 2.12 and (3.22) that for any y € P,

b+v-2
Dy y(t) = Z 7(t;8)<ﬂq(A;_ﬁﬂ—1)‘*F(5/’b+€—lv_€3’(s/)’9’(5, +e)))
s=v-1
e g-1 b+v-2 =B -1
< < ) Mb+v-2-£)=2 3" (N (s—u—1)"g(u)
F(,B) s=v-1 \u=v-g-1
S g-1 1b+v—2
_9\=g=ly 19
§<r(ﬁ)) M2l 3
B \ G-miaD)
x ( 2 ((s—u—w“)“")
u=v-f-1
< 400, (3.23)

namely the operator D;+ is uniformly bounded.

Next, let 2 C P be bounded. Since the right side of (3.20) is finite sum, we can prove that
D() is equicontinuous. By the Arzela-Ascoli theorem, we have D« : P — P is completely
continuous. Moreover, (3.23) implies that D, satisfies the conditions of Lemma 2.13.
Thus, by using the Schauder fixed point theorem, D;« has at least one fixed point w such
that w = Dy w.

Now we prove

Y(t) <wt) <o), teleb+ely,.
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Since w is a fixed point of D;x, we have

W(b + 8) = 0’ [b+£—1vv_£w(t)]v—2 = 0’

b (3.24)
[b+£—1 v W(t)] a- Z (b+£—1 v W(t))A(t)-

t=0

From (3.11), (3.22) and noticing that w is a fixed point of D;+, we also have

Y2 (05 (e V' 0D)) = B (0, VWD)
= W (Eaea V() (=) ) 4B e V() w(E )
= K (Epea V() =) ) 4 A (e VU () 0 (¢ 4 €)
(¢ —2))
(=)

S_)\*f( ybte— lvg IVSI
e—1

+ }\«*f(t,, b+s—1v_8 (t//)v_ -
=0.

Let

Z(t) =% (b+s—lvv7£¢(t)) —¥p (b+s—1vV7£W(t))'

Then

AP _2(8) = A 5 (0, V" 0®)) = A0 (00 (., VW) <0, tele,b+ely,,

Z(\) -2)= ¥p (b+s—1vv_8¢(v - 2)) ~%p (b%_lVV—EW(V - 2)) =0.

Moreover, we have z(t) < 0, i.e., @y (p+s-1 V'@ (£)) — @p(pre-1 V' w(2)) < 0.
In fact, if we denote that

AY,2(8) = —n(8) <0,
according to Lemma 2.6, we have

2(t)= -0, 5 () + Ka(t—v + B+ 1P,

z(v—-2) =

In view of Kj = 0, hence z(t) < 0.

Noticing that ¢, is monotone increasing and ;.,_1V"'"* is a linear operator, we have
bre-1V (@ —w)() <0
It follows from Remark 2.2 and (3.24) that

¢(t) —w(t) = 0.
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Thus we have w(t) < ¢(¢) for t € [¢,b + €]y, . In the same way, we also have w(t) > v (¢) for

tele,b+eln,,so

v(@) =wt) <¢(0), tele,b+eln,. (3.25)
Consequently,

F(t’,b+g_lv_€w(t/), w(t/ + 8)) =f(t’,b+g_1V_8w(t/), w(t’ + 8)), tele,b+eln,.
Hence w(¢) is a positive solution of FBVP (3.19), i.e., ¥(£) =p1e—1 V°w(Z) is a positive solu-
tion of problem (1.1) and (1.2).

Finally, by (3.25) and ¢, ¥ € P, we have

ly(b+v-2- £ <y (8) < w(t) < ¢(8) < l;l(b +v -2l
Let [, = min{ly, [4}, then

Lb+v-2-0=L <y (t) <w(t) <o) < L'b+v-2- f)r=el, O
4 Iteration of positive solutions

To study the iteration of positive solutions to FBVP (1.1) and (1.2), we need the following
assumption.

(He) f(-,u,8):[0,b]n, % [0,+00) x [0,+00) — [0, +00) is continuous, and there exist two

constants 71,7, > 0 such that for any ¢ € [0, by, u,s € [0, +00).

ft, hu,s) > A" f(t,u,s), Vre(0,1), (4.1)

ft,u,As) = A"f(t,u,s), VAre(0,1). (4.2)

Remark 4.1 Inequalities (4.1), (4.2) are equivalent to the following inequalities, respec-

tively:
ft,au,s) <Af(tu,s), Yi>1, (4.3)
ft,u,xs) <Af(t,u,s), ViA>1 (4.4)

Definition 4.1 ([7]) Let [E be a real Banach space. Let P be a nonempty, convex closed set
in E. We say that P is a cone if it satisfies the following properties:

(i) \ouePforueP, »>0;

(ii) u,—u € P implies u = 0 (0 denotes the null element of E).

Let the Banach space E = C[¢, ¢ + b]n. be endowed with the norm

||y||=max{te[max ‘y(t), max ’b”flv"_gy(t)‘}.

&,e+b]N, te[v,v+b]y,

In addition, E* = {u € E | u(t) > 0,¢ € [¢,& + b]n, }
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Define the cone P C E by
P={yeE" |1V “y(t) <0, € [v,v +b]y,}

for any y(¢£) € E*, A > 0. Define an operator

b+v-2

(Ty)(t) = Z J(t, s)wq(A;_ﬂﬂ_l)\f(s/,b+g,1V‘8y(s/),y(s/ +¢))), (4.5)

s=v-1
where J(¢,s) is given by (2.4).

Lemma 4.1 Assume that (Hy), (H,) and (Hg) hold, then the operator T : P — P is com-
pletely continuous.

Proof From (H;), (H>), (Hs) and the definition of T, we deduce that for any y € P, there is
(Iy)(®) = 0.

bret VT = =0 (D5 M (b s VEN(E),y(E +6))) <O, L€ v, v+ bl
which implies T(P) C P. |

For convenience, we use the following notations. Let

b+v-2

B=max{ max Z 7(t,s),1}, N = B(pq<

tele,e+bln, ]

1 g
I’(ﬁ+1)(ﬁ+b_1)_)'

We now give our results for the iteration of a positive solution for (2.7).

Theorem 4.1 Suppose that (H,)-(Hs) and (He) hold. If there exists a positive constant a > 1
such that

(H7) f(t,u1,81) <f(t, uz,85) forany t € [0,b]n,, 0 <ty <uy <a,0<s <5y <a,
(Hg) ¢p(N) < mrlf‘gkrl , where k = (br*(ij;ﬁ. 1, ry, o are defined by (4.1), (4.2) and (1.3), re-
spectively. Then FBVP (2.7) has two positive solutions u* and w* such that 0 < ||u*| <

a,0 < |w¥] <a.

Moreover,
lim Up = lim Tnuo = M*, lim b+£—1VV7£un = b+s—1vv7€u*v
n—00 n—00 71— 00
lim wy, = lim T"WO = W*, lim b+s—lvv_£Wn — b+€_1vv—5 *,
n—00 n—00 > 00

where uy(t) = % Zﬁ”: 12] (t,5), wo(t) = 0, £ € [, + by, . T is defined by (4.5).
The iterative schemes in the theorem are

uO(t):uVHI = Tun = TnMO’ n=0,12,...,
and

wo(t), W1 = Tw,, = T"wy, n=0,1,2,....
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Proof Let P, ={u € P:0 < ||lu| < a}, we firstly prove TP, C P,.
If u € P,, Tu € P, by (H;) we have

0 < u(t) < max|u(t)| = |ul < a,

0 §f(t/,b+£,1 Vu, u) Sf(t/, ka, u) < k”a’”rzf(t’, 1, 1) =oka"*"?,

where k= 8 > Vel =14 G50 (-t - DELs L

I(e+1) s=t+e+1
Since
b+v-2
Tu| = max Tu) t max (t,s M (8 pse1 ViU, u
1Tl = _max [(Tu)(®)] = max ;11 0485513 (e ))‘
b+v-2
— t )\. krl ri+ro A‘ﬂ 1
re ?;i‘i‘]m Z J(t,:8)¢4 (A0 )eq( v—p-1 )
s=v-1
b+v-2
- B+b-1)~F
< Ak™Ma*?)  max t,s -
= (/’q(U ) t€[8,8+b]N€ szz_l ]( )ﬁoq( F(ﬁ + 1)
S a,
we get || Tu| < a. So we have shown that TP, C P,.
Let uo(t) = § Zﬁ”‘f 12] (t,s), t € [e,€ + D], .
Then
a
b+5—1vv_8140(t) = _E <0.
It is easy to get
b+v-2
J(t,s) e
()] < =SB _ ) e 0) <a
Zs:u—l ](t’ )
So ug € P,.

Let u; = Tuy, we have iy € P,.

We define u,,,1 = Tu,, = T"'uy, n=0,1,2,....

It follows from TP, C P, that u, € P,, n=0,1,2,.... Since T is completely continuous,
we can assert that {u,} is a sequentially compact set.

Since

u1(t) = Tuo(2)

b+v-2 s—B
Z J(t, S)<Pq<l_,('3) Z (s—7- l)ﬂ;l)»f(r/,bﬁ_l V=uo(t'), uo(t' + 8)))
s=v-1 T=v—f-1
b+v— 2 s—B
s=v-1 T=v-f-1
uo(£)B . (b+p-1)E
T bkt ”’q(w)
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_ Mo(t)N

wq ()\.O'krl drl +r2)

<uo(t)
and

|b+s—lvv_€u1(t)|
= g (8 M (s prer Voo (), 10 (¢ + €)))
(b+p-1)~
rB+1) )

a b+p-1)~ a
fﬁ%(m)iﬁf“’

< q)q()‘-okrlarﬁrz)wq(

we obtain u;(£) < uo(2), |pre1 V't ()] < [pse-1 V' uo()| and

uy(t) = Tuy (£) < Tuo(t) = ui(t),

V]}_8”‘2('f)| = |b+s—1vv_s Tul(t)| = |b+sf1vv_ET”0(t)| = |b+£—1vv_€ul(t)

’

|b+s—1

tele e +bly,.

By induction we get

urH-l(t) E un(t)) |b+gilvu_8un+l(t)i S |b+£71V‘)_€un(t) ’t [S [876 + h]Ny n= O; 11 2,‘...

Thus, there exists u* € P, such that u, — u*. Applying the continuity of T and u,,;(t) =
Tu,(t), we get Tu*(t) = u*(¢), which implies that &* is a nonnegative solution of FBVP (2.7).

On the other hand, let wy =0, t € [¢, & + b]y,, then wy € P,. Let w; = Twy, then w; € P,,.
Denote

Wpe1 = Twy, = T 'wy, 1n=0,1,2,....
It follows from TP, C P, that w, € P,, n=0,1,2,.... Since T is completely continuous,
we can assert that {w,} is a sequentially compact set.
Since wy = Twq € P,, we have
wi(t) = (Two)(t) = woy, tele,e+Dbly,.

So

wa(t) = (Tw1)(t) = w1, telee+bln,

V“’ng(t)} = |b+£_1V“’g(Tw1)(t)| V"7 wi(t)|, tev,v+D]y,-

|b+s—1 z |b+s—1

By induction we get

Wn+1(t) > Wn(t)) ‘b+8_1VV7£Wn+1(t)| > |b+8_1VU7EWn(t) ) n= 0) 1; 2) cees
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Hence, there exists w* € P, such that w,, — w*. Applying the continuity of T and w,,,;(t) =
Tw,(t), we obtain Tw*(t) = w*(£), which implies that w* is a nonnegative solution of FBVP

(2.7).
Thus FBVP (2.7) has two positive solutions #*, w* such that 0 < ||u*|| < a,0 < |W*| < a,
and from the above proof, we know that the iterative sequences hold. O

In order to illustrate the main result, we give the following example.

Example 4.1 Consider the following FBVP:

S5

A% ((pg(%vgy(t))) = —|:et<(§v_%y(t)) +y% (t + %)) + 1], (4.6)
1

1
y(§> =0 Ve <") =0, 4 VTID =) VAW, (4.7)
t=0

wherep:B,v:%,,B:%,s: ,A=1,b=2,

0, t=0,
A(t): 1, t:L
2, t=2.
Let
3 1
f(t,u,s):et(u%+s%)+1, n=g =g

1

f(t,Au,s) = et[()»u)% +s3]+1> A%[et(u% +s%) +1] > A%f(t, u,s),

=

f(t,u,As) :et[u% +(18)3] +1 zk%[et(u% +S%) +1] Zk%f(t,u,s),

which implies that (Hg) holds.
On the other hand, it is clear that (H;), (H,) and (H3) are satisfied, and

o= max f(41,1)= max (2¢ +1)=2e*+1.
tE[O,Z]NOf( ) t€[0,2]N0( )

Next we compute k, C, B and N. We have
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SO

b+v-2 F(l) 8
B= _ 67 ,
max{te[fi’i‘iﬁm ;”S } (r(%)r(%) T )>

1
2
3 3 8 / TI(%) 8 \?
N =Bg,| =), N)==¢,B) = — [ —2—+ .
%(2) o) =200 B) 27(r(§)r(§> r(%))
r(l
Take a = [§ (7877 + iy)2(26% + DI, then

¢p(a) Mm( r@) 8 )2 s( @) 8 )2: N
oantrkn ‘ F( )F( ) F(%) F( )F( ) F(%) 7

1
which implies that (Hg) holds. For a = [ ( (gglﬁ)l) + %)2(262 + 1)]%, it is clear that (H)
3 (3 2
holds. So by Theorem 4.1, FBVP (4.6) and (4.7) has two solutions #* and w* such that

15

1/ T() 8\, 6
S rord) Tz)) ee ]

O RV AR N T AP
0<ls¥ ”|<[5(r(§>r<> r(l)) (2“1)] ’

1
2
lim u, = lim T"uq = u*, lim (4V 3un)_ lim 4V~ 3T”u0_ Vh
n—00 n—00 T 00 Lm 4 :
where
15 7
9 /2% +1\ 1 F(%) g 13
uo(t) = a2\ 2 o e
()G (2)
8(%‘”i 2(%—t)i 128(3 - ne
31(3), S TG NRAEINTK t€0,1),
830 | 108G e
3r(3) * rHri)’ te(L2],
and
I % &
o< <[3(eepiy ) 02 0]
2\rGraE) raG)
15
1 r¢ 2 Is
o<l vl [ (it i) 0 +0)]
2\Ir(xri) rE
lim w, = hm T"wo = w", lim (év—%wn) - lim éV_%T"wo _ iv_%w*,
n—00 n— H 00 \3 Jm 4 ;

where wy(t) = 0, t € [0,2]n,
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