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1. Introduction

Inside a bounded domain (container) Q C R?, we consider a phase separation model for a binary
solution (e.g. a cooling alloy),

¢ =V - [k(P)Vul,

where ¢ is the order-parameter (the relative difference of the two phases), « is the mobility function
(which we set k = 1 throughout this article), and u is the chemical potential (the first variation of the
free-energy E with respect to ¢). In the classical model,

L= -Ap+F(¢) and E()= f

Q

(%w«mz ; F(¢>) dx,

where F describes the density of potential energy in Q (e.g. the double-well potential F(s) = (1 —s?)?).
Recently the nonlocal free-energy functional appears in the literature [13],

1
E(¢) = f f ZJ(x—y)(¢(x)—¢(y))2dxdy+ f F(¢)dx,
QJQ Q
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hence, the chemical potential is, u = ap — J = ¢ + F'(¢), where

am=Lﬂww@aM(M@m:Lﬂwwmm.

In this article we consider the following problems: for @ > 0, 6 > 0, and € > O the relaxation
Problem P, is, given T > 0 and (¢, 6)", find (¢*, 87)" satisfying

¢ =Au* in Qx(0,T) (1.1)

[t =agt —Jx ¢+ F(¢%) + g — 66" in Qx(0,T) (1.2)
g0 —AG" = —6¢" in Qx(0,T) (1.3)

O,u =0 on T'x(0,7) (1.4)

0,00 =0 on I'x(0,7) (1.5

¢ (x,0) = go(x) at Qx {0} (1.6)

07(x,0) = Gp(x) at Q x{0}. (1.7)

The main focus of this article is to examine the the asymptotic behavior of solutions to Problem
P, .., via global attractors, and the regularity of these attractors. For ease of presentation, throughout
we assume there is ¢y > 0 so that § € (0, ], and also (a, &) € (0, 1] x (0, 1].

Let us now give some preliminary words on the motivation for using nonlocal diffusion. First, in
[2, Equation (0.2)] the nonlocal diffusion terms a¢ — J * ¢ appear as,

th@—yﬂﬂxﬂ—¢@JD@u

1.e. a(x) = Jx1. Heuristically, this integral term “takes into account the individuals arriving at or leaving
position x from other places.” In this setting, the term a(x) > 0 is a factor of how many individuals
arrive at position x. Since the integration only takes place over €, individuals are not entering nor
exiting the domain. Hence, this representation is faithful to the desired mass conservation law we
typically associate with Neumann boundary conditions. Although Neumann boundary conditions for
the chemical potential u make sense from the physical point of view of mass conservation, it is not
necessarily true that the interface between the two phases is always orthogonal to the boundary, which
is implied by the boundary condition d,¢ = 0 which commonly appears in the literature. This is
partially alleviated by using nonlocal diffusion on ¢.
We report an important observation (cf. [12, Equations (2.2)-(2.3)]).

Remark 1.1. Once we have determined the values of ¢(t) and 6(t) for any value t = t*, then the value

of the chemical potential u can be found by solving the boundary value problem (e.g. we illustrate with
Problem P, ),

p(t) — adu(t’) = ag(t’) = J = ¢(t") + F'((t)) — 66(t") in Q,
ou)=0 on T.

There is obvious motivation already in the literature to investigate Problem P, . from the point of
view of a singular limit of a Caginalp type phase-field system (cf. [9, Equations (1.1)-(1.3)], [10,
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Equations (1.1)-(1.3)] and [21]). Of the non-isothermal, nonlocal Allen-Cahn system,

{“¢t+a¢—1*¢+F'(¢):‘59 (1.8)

8] 9[ - Ae = _5¢[,

with @ > 0, 6 > 0, and & > 0, the singular limit &; — 0* formally recovers the following isothermal,
viscous, nonlocal Cahn-Hilliard equation,

¢ —Nagp—J ¢+ F'(¢) + ag,) = 0. (1.9)

Equation (1.9) in the case where F is a singular (logarithmic) potential was studied in [11]. We should
also notice that when we iterate this procedure to an appropriate non-isothermal version of (1.9), the
resulting system is equivalent to (1.9). Indeed, when we consider the system,

¢ = Ap
p=ap—Jx¢+F () +ap - o6
829[ - AQ = _5¢t,

the formal limit &, — 0* yields the isothermal, viscous, nonlocal Cahn-Hilliard equation,

o = Nap — J ¢ + F'(¢) + Bey),

where o

B=175 ad e)=¢(1+ 6)).
Moreover, these relations effectively mean speeding up time by a factor of 1 + 62 is equivalent to
‘loosening’ the viscosity by the same factor (in the sense that the strong damping term has a weaker
affect).

Finally, we now mention that (cf. [19]) the term —d¢, could be thought of as the linearization %G(qﬁ)
for some appropriate function G. In this case the internal energy is nonlinear in the order parameter 6,
ie., e:=60+ G(¢).

The first goal of this article concerns determining the global well-posedness of the model problem
Problem P, .. Second, we wish to determine the asymptotic behavior of the solutions to Problem P, .
up to the existence of global attractors (or universal attractors) for appropriate @ and &.

The main points of this article are as follows:

e For Problem P, . we establish (global) well-posedness of weak solutions using minimal assump-
tions on the nonlinear term F'.

e The weak solutions generate a strongly continuous one-parameter family of solution operators;
1.e., a semigroup, which in turn admits a bounded absorbing set and certain compactness proper-
ties. Consequently the associated dynamical system is gradient.

e The semigroup also admits a global attractor. We show the global attractor is bounded in a more
regular space with vau € L*(0, co; H*(Q)). Each of these properties hold for every a € (0, 1]
and € € (0, 1].

The next section provides the functional framework behind Problem P, ..
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2. Preliminaries

Now we detail some preliminaries that will be applied to both problems. To begin, define the spaces
H := L*(Q) and V := H'(Q) with norms denoted by, || - || and || - ||y, respectively. Otherwise, we write
the norm of the Banach space X with || - ||x. The inner-product in H is denoted by (-, -). Denote the dual
space of V by V’, and the dual paring in V' X V is denoted by (-, -). For every ¢ € V’, we denote by (¢)
the average of ¢ over Q, that is,

1
== 91 ’
W) |Q|<lﬁ )

where |Q| is the Lebesgue measure of Q. Throughout, we denote by ¢ := ¢ — (¢) and for future
reference, observe () = (¢ — (¥)) = 0. We will refer to the following norm in V’, which is equivalent
to the usual one,

AR, = [|A52w = @) + @)

Define the space L3(Q) := {¢ € L(Q) : (¢) = 0}. Let Ay = —A : L3(Q) — L%(Q) with domain
D(Ay) = { € HX(Q) : 0,4 = 0 on T’} denote the “Neumann-Laplace” operator. Of course the operator
Ay generates a bounded analytic semigroup, denoted e™*¥’, and the operator is nonnegative and self-
adjoint on L*(Q). Recall, the domain D(Ay) is dense in H*(Q). Further, define V, := {y € V : () = 0},
and V) :={y € V' : (y) =0}. Then Ay : V — V', Ay € L(V,V’), is defined by, for all u,v € V,

(Ayu,v) = f Vu - Vvdx.
Q

It is well known that the restriction Ayy, maps Vj to V isomorphically, and the inverse map N = A :
Vi — Vo, is defined by, for all y € V{and f € V;

AvNY =y, NAyf = f.
Additionally, these maps satisfy the relations, for all u € Vy and v,w € V|,

(Ayu, Nv) =<u,v), 2.1
v, Nw) = {(w, Nv).

The Sobolev space V is endowed with the norm,

A == VY1 + (@) (2.2)
Denote by 1g > 0 the constant in the Poincaré-Wirtinger inequality,
= @l < VAallVyl. (2.3)
Whence, for ¢ := max{Aq, 1}, there holds, for all ¢ € V,
AP < AllVyIP + () (2.4)
< callyly-
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For each m > 0, @ > 0, and & > 0 define the following energy phase-space for Problem P, ,
Hy* :={{ = (¢,0)" € Hx H : (#)I, KO) < m},
which is Hilbert when endowed with the a, e-dependent norm whose square is given by,

2 - 2 2 2
1llgee = llolly, + allgll” + £ll6]]".

When we are concerned with the dynamical system associated with Problem P, ., we will utilize the
following metric space

Xo® =0 = (4.0)" € Ha® : F(¢) € L@},

m

fF(¢1)dx—fF(¢z)dx
Q Q

We also define the more regular phase-space for Problem P,, .,

endowed with the metric

1/2

dxes((1,8) = 114 = Gllges +

Vit =10 =(8,0)" € VXV i ()|, KO < m},

with the norm whose square is given by, [|Z1%... := [IglI* + allgll, + l|6]I3.
The following assumptions on J and F are based on [7, 11]:

(H1) J € WH(R?), J(=x) = J(x), and a(x) := fQ J(x —y)dy >0 a.e. in Q.
(H2) F e Clzo’i(R) and there exists ¢y > 0 such that, for all s € R,

F”(s) + inf a(x) > cy.
xeQ

(H3) There exists ¢; > %IIJ ll.:®3) and ¢, € R such that, for all s € R,
F(s) > c18> — c,.
(H4) There exists ¢3 > 0, ¢4 > 0, and p € (1, 2] such that, for all s € R,
[F'(9)I” < c3lF(9)] + .
(HS) There exist cs, cg > 0, and g > 0 such that, for all s € R,

FW@)+EgaQ)Zcﬂ¢M—c&

Let us make some remarks and report some important consequences of these assumptions. From
[5, Remark 2]: assumption (H2) implies that the potential F' is a quadratic perturbation of a (strictly)
convex function. Indeed, if we set a* := ||al|.~q), then F can be represented as

*

mg:a@—%f, (2.5)
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with G € C*(R) being strictly convex, since G” > ¢,. With (H3), for each m > 0 there are constants
7, Cg, Cy, 19 > 0 (with cg and ¢9 depending on m and F) such that,

F(s) —c7 < cg(s —m)* + F'(s)(s — m), (2.6)
1
§|F’(s)|(1 +1s]) < F'(s)(s — m) + co, (2.7)
and
IF($)| = cio < [F'()I(1 +|s]). (2.8)

The last inequality appears in [12, page 8]. With the positivity condition (H3), it follows that, for all
s ER,
[F'($)] < c3lF(9)] + 4. (2.9)

A word of notation: In many calculations, functional notation indicating dependence on the variable
t 1s dropped; for example, we will write ¢ in place of ¥(¢). Throughout the article, C > 0 will denote
a generic constant, while Q : RY — R, will denote a generic increasing function in each of the d
components. Unless explicitly stated, all of these generic terms will be independent of the parameters
a, 0, g, T, and m. Finally, throughout we will use the following abbreviations

¢y = |Vllp and  dy =Vl o). (2.10)
3. The relaxation Problem P, .

3.1. Global well-posedness of Problem P,

Definition 3.1. For T > 0, 5 > 0, § € (0,6¢], (a,&) € (0,1] X (0, 1], and &y = (¢o,00)" € HXx H
with F(¢o) € L'(Q), we say that { = (¢,6)" is a WEAK SOLUTION of Problem P, on [0,T]if ¢ = (¢,0)"
satisfies

¢ € C(0,T1; H)NL*0,T;V), (3.1)
¢, € L*(0,T; V"), (3.2)
Vag, € L*(0,T; V), (3.3)
u=ax)p—Jxp+ F(d)+ap, —60eL*0,T;V), (3.4)
6 C(0,T); H)NL*0,T;V), (3.5)
6, € L*(0,T; V). (3.6)
In addition, upon setting,
p = p(x,¢) ;= a(x)¢p + F'(§), (3.7)

for every ¢, % € V, there holds, for almost all t € (0, T),
(@, ) + (Vp, Vo) = (V(J % ), Vo) + a(Ve, V) = 6(VO, V) (3.8)
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&0,, ) + (VO, V) = —=6(¢,, I). 3.9
Also, there holds,
#(0)=¢9 and 6(0) = 6,. (3.10)

We say that { = (¢,0)" is a GLOBAL WEAK SOLUTION of Problem P, . if it is a weak solution on [0, T], for
any T > 0. The initial conditions (3.10) hold in the L*-sense; i.e., for every ¢, € V,

(0(0),¢) = (b0, ) and (6(0),9) = (6o, ) (3.11)
hold.

It is well-known that the average value of ¢ is conserved (cf. e.g. [28, Section II1.4.2]). Indeed,

taking ¢ = 1 in (3.8) yields, % fQ ¢(x,t)dx = 0 and we naturally recover the conservation of mass

(@(0)) = (o). (3.12)
In addition to (3.12), taking ¢ = 1 in (3.9) yields % fg 0(x, t)dx = 0 and we also establish
B(t)) =(6yy aswellas 9,(p(1)) = 9,{6(1)) = O. (3.13)

Together, (3.12) and (3.13) constitute conservation of enthalpy.

Theorem 3.2. Assume (HI)-(H5) hold with p € (g, 2l and g > % For any ¢y = (¢, 0y)" € H X H with
F(¢o) € LY(Q), there exists a global weak solution ¢ = (¢,6)" to Problem P, . in the sense of Definition
3.1 satisfying the additional regularity, for any T > 0,

¢ € L0,T;L*(Q)), (3.14)
Vap € L*0,T;V), (3.15)
F(¢) € L*0,T;LY(Q)), (3.16)

6, € L*0,T;H). (3.17)

Furthermore, setting

E.(t) := }1 f f J(x =) (¢(x, 1) — d(y, 1)) dxdy + f F(¢(x,t))dx+§ f 0(r)*dx, (3.18)
QJQ Q Q

the following energy equality holds, for all &y = (¢o, 0p)" € Hy with F(¢g) € L'Y(Q), and t € [0, T],

&.t) + f (V)P + allg(IP + [IVOS)IP) ds = E.(0). (3.19)
0

Proof. We follow the proofs of [5, Theorem 1] and [22, Theorem 2.1]. The proof proceeds in several
steps. The existence proof begins with a Faedo-Galerkin approximation procedure to which we later
pass to the limit. We first assume that ¢y € D(Ay) and 6, € H. (The first assumption will be used to
show that there is a sequence {¢o,} ., such that ¢y, — ¢o in H?*(Q) as well as L*(Q), which will be

important in light of the fact that F(¢,) is of arbitrary polynomial growth per assumptions (H1)-(HS).)
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The existence of a weak solution for ¢y € H with F(¢y) € L'(Q) will follow from a density argument
and by exploiting the fact that the potential F is a quadratic perturbation of a convex function (cf.
equation (2.5)).

Step 1. (Construction and boundedness of approximate maximal solutions) Recall that the linear
operator Ay + I is positive and self-adjont on H. Then we have a complete system of eigenfunctions
{;}2, of the eigenvalue problem (Ay + Dy; = Aw; in H with ¢; € D(Ay) = {x € H*(Q) : dx =
0 on I'}. We know by spectral theory that the eigenvalues may be ordered and counted according to
their multiplicities in order to form a (real) diverging sequence. The set of respective eigenvectors,
{¢i}72,, forms an orthogonal basis in V, which we may assume is orthonormal in H.

Define the subspaces

Y, = span{y, ¥, ..., ,} and Y, = U‘I’n
n=1

By construction, clearly ¥, is dense in D(Ay). Then, for any fixed 7 > 0 and n € N, we will seek
functions of the form

()= D . and 6,00 = " b(tW, (3.20)
k=1 k=1
that solve the following approximating problems for any 6y > 0, d € (0, o], (@, &) € (0, 1] x (0, 1], and
forallt € [0, T],

(@, 9) + (Voul-, 80), Vo) = (VI % ¢, Vo) + (Ve Vo) = 6(VE,, Vo), (3.21)
e@,,9) + (V6,, V) = =6(¢4,, ), (3.22)

Pn = pCs @) = a()p, + F'($n), (3.23)

Mn = Pn(pn —J* ¢n + aqS;l - 59n)7 (324)

(#4(0), ©) = (don: ), (3.25)

(6,(0), ) = (6on, D), (3.26)

for every ¢, € ¥, and where ¢,, = P,¢, and 6y, = P,6,; P, being the n-dimensional projection of
H onto ¥,,. Throughout the remainder of the proof we set M := (¢o) and N, := (6p). The functions q;
and b; are assumed to be (at least) C2((0, T)). It is also worth noting that (3.12) and (3.13), also hold
for the discretized functions ¢, and 6,,.

To show the existence of at least one solution to (3.21)-(3.26), we now suppose that n is fixed and
we take ¢ = ¢y and ¢ = 6; for some 1 < k < n. Then substituting the discretized functions (3.20) into
(3.21)-(3.26), we arrive at a system of n ODEs in the unknowns a; = a,(f) and b, = b(t) on '¥,.. Since
JeWH@R3) and F € Clzm1 (R), we may apply Cauchy’s/Carathéodory’s theorem for ODE:s to find that
there is T,, € (0, T) such that a;, b, € C*((0,T,)), for 1 < k < n, and (3.21)-(3.22) hold in the classical
sense for all ¢ € [0,T,]. Since F’ € C'(R), this argument shows the existence of a unique maximal
solution to the projected problem (3.21)-(3.26).

Now we need to derive some a priori estimates to apply to the approximate maximal solutions to
show that 7, = +oo, for every n > 1, and that the corresponding sequences ¢,, 6, and u, are bounded
in some appropriate function spaces. To begin, we take ¢ = u, as a test function in (3.21) and ¢ = 6,
as a test function in (3.22), to obtain

(s ) + (VOC 60), Vi) = (VT 5 ¢y, Vi) + (Ve Vi) = 6(V6,, Vi), (3.27)
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and
fillé’ P+ IVO,II* = =6(6,, 6,) (3.28)
2 dt n n - n>Yn)- .
Now we write (recall J is even by (H1), so, in H, (J * ¢,)¢,, = (J * ¢,)dn),
(¢,/1a,un) = (¢:13 a¢n —J ¢n + F/(¢n) + Q(ﬁ; - 69n)

_i 1 2_1 % 12 _ ’
—dt{zll\/a%ll 2(J ¢n’¢n)+LF(¢n)dx}+a'”¢n” 0(¢y,, 6h)

d (1
=d—{— f f J(x = y) ($n(x) = $u(»))* dxdy + f F(¢n)dx}+a||¢;||2—5(¢,;,9,,). (3.29)
114 Jada o
Also,

(VP(’ ¢n), V:un) = _(p(" ¢n)a A/-ln)
= (=Pn> D)
= (Vou, Vi),

where p,, := P,p(-, ¢,) = tty + P,(J * ¢,,) — @), + 66,. Hence,
(VoC, ¢0), Vi) = IVl + (V(Pu(J * $)), Vi) — (Y, Vi) + (V6,, Vi) (3.30)

Combining (3.18) (with the discritized functions), (3.27)-(3.30) yields the differential identity,

d ,
A IVl + IV, + gyl + (V(Pu(J * $)), Vi) = (VJ # ¢, Vi) = 0. (3.31)

Estimating the two products in (3.31), we find
1
(V(Pu(J * $)), Vi) < IV(Pu(J x g ) + L—LIIV#nII2
1
< |I(Ay + D'?P,(J * ¢)II* + L—LIIV,unll2
1
<|IVT 5 @l + 11 = > + 4—1||V,un||2
1
< (d7 + DIall* + ZIIV,unllz, (3.32)
and
2 2, 1 2
(VJ = ¢, Vi) < djlldll™ + ZIIV,unll : (3.33)

Observe that with the aid of hypothesis (H3), there holds

& = lffj(x_y) (¢n(x)—¢n()’))2d)€dy+fF(%)dx"'ffgﬁdx
4 Ja Ja Q 2 Ja

_1 21 « e
= 2||\/5¢n|| 5 Gus fu) + LF(¢n)dx+ S 116l
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1 £
> > fg (a+ 261 = Ill@) $7edx = 2l + S116IF
C E
> (cl - 5’)||¢n||2 ~ 2l + 5116, (3.34)

Now, combining (3.31)-(3.33) and integrating the resulting inequality with respect to ¢ over (0, T,,) and
applying (3.34) to the result produces,

1 ! ! !
(Cl - %)II%(I)II2 + ;IIGn(t)II2 + 5[ IVia($)IPds + f IV6.(s)I[*ds + Oéf g, ()IPds
0 0 0
< (c5 +2d5) f gu()IPds + E(0) + c2l€.
0
Using the basic estimate ||P,y/|| < ||yl we find,
1
E:(0) = ~ f f J(x = ) (Boa(x) — pou () dxdy + f F(¢on)dx + z f 05, dx
4 Jao Ja Q 2 Ja
1
< C(cy, 19QDIgol* + f F(¢o)dx + §||90||2- (3.35)
Q

The hypothesis that F(¢y) € L'(Q) where ¢, € D(Ay) implies that ¢y, — ¢ in H*(Q), and hence
L*(Q). Moreover,

ga (I + ell6,()II? +f IIV,un(S)IIQdS+f ||9n(S)|I%/dS+af 167, (5)Ids
0 0 0

1 f
< V—O(63 + 2d§)f ga()Ids + QILollmze) + N - T, (3.360)
0
where (and with (H3)),
1
Vo = vo(J) := min {cl - % 5} >0, (3.37)

and where the extra term appearing on the right-hand side of (3.36) is to make the V norm for 6, on
the left-hand side. Since the right-hand side of (3.36) is independent of n and ¢, we deduce, by means
of a Gronwall inequality, that 7, = +oo, for every n > 1, i.e., the projected problem (3.21)-(3.26) has a
unique global in time solution as 7 > 0 is arbitrary, and (3.36) is satisfied for every ¢ > 0. Furthermore,
from (3.36), we obtain the following estimates for any given 0 < 7' < +o0,

¢, is uniformly bounded in L*(0, T; H), (3.38)

6, isuniformly bounded in L%*(0,T; H), (3.39)
Vu,,  is uniformly bounded in L*(0,T; H), (3.40)
6, 1is uniformly bounded in L*(0,T; V), 3.41)
Vag, is uniformly bounded in  L*(0, T'; H), (3.42)
F(¢,) isuniformly boundedin L*(0,T; LY(Q)). (3.43)

(The last inclusion follows from the definition of &, and (3.34).)

AIMS Mathematics Volume 1, Issue 2, 102-136



112

Now to show
¢, is uniformly bounded in L*(0,T;V), (3.44)

we observe the two basic estimates hold for every n > 0,

1
Vi, Vo) < 4—||V,un||2 + conllVeull®,
Ccon

and

d> 52
(Vitn, Vo) > ollV@all* = === Igull” = 2conlVull* + allVeull> — —=IIV8,II* = conll Vel
2con 4con

d? 02
= (co(1 = 3n) + D IVeul* — =L lpull> — —=1IVE,I.
2¢om 4con

Together, these two yield
2

d? 6
(co(l = 4n) + @) IVel* — —=IIgll* - ||V9 I> < —||Vun||
26‘07] 4

and with (3.38), (3.40) and (3.41) we deduce (3.44).
Now we seek a uniform bound for {(u,) in L*(0,T; H) so that we may bound u, uniformly in
L*(0,T; V) (by virtue of (2.2)). A simple estimate with (2.9) shows,

<,un> = <a¢n> - <Pn(] * ¢n + Fl(‘ﬁn))) + a’<¢;,1> - 6<0n>
1 1 1 0
= —(a, $n) = —(Pu(J % ¢,), 1) + —(P,(F'(¢,)), 1) + —(¢,,, 1) - —(Hn, 1)

o 8] o 8] 18]
1 ,

@nJ gl + sl = il + ||||F(¢n)||L1<Q) |Q|1/2||¢ I+ gl

|Q|1/zll¢nll ||||F(¢n)||L1(Q)+C4|Q| |Q|1/2”¢ I+ gl (3.45)

The desired bound now follows because of the uniform bounds in (3.38), and (3.41)-(3.43). Thus, we
have shown

i, is uniformly bounded in  L*(0,T; V), (3.46)
F’(¢,) is uniformly bounded in L*(0, T; L'(Q)). (3.47)

Moreover, directly from (3.46) and the discretized equation

(¢, ) = —=(Vin, Vo),
we also have,

¢, is uniformly bounded in L0, T;V"). (3.48)

AIMS Mathematics Volume 1, Issue 2, 102-136



113

Next we obtain a bound for va¢,. Indeed, we take ¢ = ¢, in (3.21) to obtain,

1d
5 7 I6lF + V8P + (Va)p, +aVg, = VI = 6, + F"(§,)V,. Vo)
= 6(V6,,V,). (3.49)

Since J is even, with a change of variable we have ((Va)¢,, V¢,) = —((VJ)¢,, V¢,), and by the density
of Wh(R?) in W (R?), there is a sequence (J,)3, € WH*(R?) such that J, — J in W"'(R?). So we
estimate (recall (2.10))

(Va)p, + aVe, — VJ % ¢, + F" ($)Vy, V)
= ((a+ F" (¢ )V, Vo) + (Va)p, — VI x ¢, V,)
> collVéull” = IVIell=@IVBulllgnll = IV TNl IV lllball
> collVeull* = Iellwro@IVeallligall — dilIV Il

Co 1
> SIVel - — (Il + d5) il (3.50)

and we use the basic estimate,

62
6(V6,,V4,) < [IV6,I1* + %IIV%IIZ- (3.51)
Co

Together (3.49)-(3.51) produce,

d 2 2], Co »_ 2 2 2 253 2
16l + Vg, IP} + 19, sC—O(quuwlm)+d,)||¢n|| + IV, (3.52)

Utilizing the bounds (3.38) and (3.41) following (3.36), and the definition of the V norm (2.2), we
integrate (3.52) with respect to ¢ over (0, T') to find,

¢a (DI + allg, (I + % f IV (5)IPds
0

2
< C%(Ilfkllwlm@ + d%) fot gn(s)IIds + 2C—(ZO fot IV6.()IPds + ligoull” + lIVeoull* + albon)l®
< QUIdollsge, T) + IV oul . (3.53)
This estimate implies
Vag, s uniformly bounded in  L%(0,T; V). (3.54)
We use the above results to bound 6;. Let us choose @ = €, in (3.22), which yields
56l + 1 = ~o(g5, )

2

0
< =ligII* + 5°||0,’,||.

| =
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Integration over (0, T') and the bounds (3.39) and (3.43) shows us that,

t t t
16D + f 16, ()P ds < f g, (s)IPds + 53[ 16, ()IPds + 116oall>
0 0 0
1
< —Olollze),
Yo
and hence,
6, is uniformly bounded in L*0,T: H). (3.55)

Finally, we provide a bound for {p(:,¢,)}. Using (H4) again (see (2.9)), we easily find, for any
pe(1,2],

oG, ellr@) < llallz=@ligall + 1" (@)llre

1/p
SIQIIIJnIILoo(g>|I¢nII+(63 f IF(¢n)Idx+C4) . (3.56)
Q

Employing (3.38) and (3.43) and the fact that W'*(R?) is dense in W!!(R?), it follows from (3.56) that
pC.¢,) € L¥(0,T;LP(Q)). (3.57)

This concludes Step 1.

Step 2. (Convergence of approximate solutions) In this step we pass to the limit to show that Problem
P, . has a solution in the distributional sense, then we argue by density that this solution satisfies the
identities for all appropriate test functions. From the uniform bounds (3.38), (3.39), (3.41), (3.42),
(3.44), (3.46), (3.48), (3.54), (3.55), and (3.57), by Alaoglu’s theorem (cf. e.g. [23, Theorem 6.64])
there is a subsequence of (¢,, 6,)" (generally not relabeled) and functions

¢ € L=0,T;H)nL*0,T;V), (3.58)
Vagp € L0, T;V), (3.59)
0 € L¥0,T;H)NL*0,T;V), (3.60)
u € L*0,T;V), (3.61)
p € L¥0,T;L"(Q)), (3.62)
and

¢ € L*0,T;V), (3.63)
Vag' € L*0,T:H), (3.64)
¢ e L*0,T;H), (3.65)

such that, as n — oo,
¢, — ¢ weakly-*in L*(0,T; H), (3.66)
¢ — ¢ weaklyin L*0,T;V), (3.67)
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Vag, — vag weakly-*in L™(0,T; V), (3.68)

6, — 0 weakly-*in L*(0,T;H), (3.69)

6, — 6 weaklyin L*(0,T;V), (3.70)

u, = weaklyin  L*(0,T;V), (3.71)

on — p weakly-*in L*(0,T; LP(Q)), (3.72)

and

¢ — ¢, weaklyin L*0,T;V’), (3.73)

Vag¢, — \ap, weaklyin L*(0,T;H), (3.74)

0, — 6, weaklyin L*(0,T;H). (3.75)

Additionally, on account of the Aubin-Lions (compact) embedding (cf. e.g. [29, Theorem 3.1.1]),
€ LX(0,T; V), x, € L*(0,T; V')}) < L*0,T; H),
we have

¢, — ¢ stronglyin L*(0,T; H), (3.76)
6, — 0 stronglyin L*(0,T;H). (3.77)

An immediate consequence of (3.76) is
Jx¢, = Jx¢ stronglyin L*(0,T;V), (3.78)

We are now in position to pass to the limit in (3.21)-(3.26) to show that ¢, 6, i, and p satisfy (1.2)
and (3.7)-(3.10). To begin, using the pointwise convergence in (3.76) and the (sequential) continuity
assumption on F' in (H2), we immediately find

on = ad+ F'(¢) ae.inQx0,T). (3.79)

Thanks to (3.72), we have (3.7); i.e.,
p=a¢+F(g).
Since
Mn :Pn(pn_1*¢n+a¢;l_56n)
then, for every ¢ € ¥, every k € {1,..., j} with j > 1 fixed, and for every y € C;°((0, 7)), there holds

T T
fo (un(D), @)x (D)t = fo (0a (1) = J 5 (1) + @y, (1) — 66,(1), @) x (D)t (3.80)

Letting n — +o0 in (3.80), whereby using (3.71), (3.72), (3.74), (3.77) and (3.78), and by the density
of WY, in H, we arrive at the equality (1.2); indeed,

u=p—-J*p+agp +30
=ap+ F'(¢) — J = ¢+ ag, + 60
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holds in the distributional sense. Moreover, we may update (3.62) to include
p € L*0,T;H). (3.81)

We now show (3.8) and (3.9) hold. To this end, multiply (3.21) and (3.22) by y € C;((0,T)) and
w € C7((0,T)), respectively, and integrate with respect to ¢ over (0, 7). This yields,

T T T
fo (@0 @01 + fo (o), ~ A (D)t — fo (VT # 6u(0), Vo) (1)dt

T T
ra fo @0, ~Ae ()t = 6 fo (VOu(0), Vo), (3.82)

and

T T T
& f @,(1), Hw(t)dt + f (VO,(1), ViHw(t)dt = =6 f (¢,(1), Dw(t)dt. (3.83)
0 0 0

On (3.82) we pass to the limit n — +oco using (3.70), (3.72), (3.73) and (3.78) to arrive at (3.8) for
every ¢ € V by virtue of a standard density argument. Similarly, from (3.83) for every ¥ € V, we gain
(3.9) using (3.70), (3.73) and (3.75).

To show (3.10) hold, we integrate (3.21) and (3.22) over (0, 7) and pass to the limit n — +oco. This
finishes Step 2.

Step 3. (Energy identity) To begin, let ¢, € D(Ay), 6y € H and let £ = (¢, 6)" be the corresponding
weak solution. Recall from (3.76), we have for almost any ¢ € (0, T),

¢.(t) = ¢(t) strongly in H and a.e. in Q. (3.84)

Since F is measurable (see (H3)), Fatou’s lemma implies

f F(¢(t))dx < liminf f F(¢,(t))dx. (3.85)
Q n—+oo Q
Additionally, thanks to (3.78) and the fact that P, € L(V, V), then

P,(J*¢,) — Jx¢ inL*0,T;V). (3.86)

Integrating (3.31) on (0, 7), and passing to the limit while keeping in mind (3.84)-(3.86) and (3.70),
(3.71) and (3.74), as well as the weak lower-semicontinuity of the norm, we arrive at the differential
inequality

Eut) + f (V)P + allg(IE + [IVOS)IP) ds < E(0). (3.87)
0

We now show the energy equality (3.19) holds. The proof is based on the proof of [5, Corollary 2].
Here we require the regularity given in (H5). Indeed, take ¢ = @ in (3.8). Because of (3.4), we find the
product {¢;, ) must contain the dual pairing {¢,, F'(¢)). It is here where we employ (2.5) where G is
monotone increasing. Now define the functional G : H — R by

- 1
- ::{ | c@ar itgw <@,

+00 otherwise.
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Now by [4, Proposition 2.8, Chapter II], it follows that G is convex, lower semicontinuous on H, and
¢ € 0G(¢) if and only if & = G'(¢) = G(¢) almost everywhere in . Applying [6, Proposition 4.2],
also, for almost all € (0, T),

(9, F'(#)) = (¢, G($)) — a’(¢1, §)

_4 _ P
—dt{§(¢) 2|I¢Il}
d
= j; F(#)dx. (3.88)

Hence,
1d
2dt
Next we add in the identity obtained after taking = 6 in (3.9) and apply (3.18) to find

d (1
= {Z fg fg J(x = y)(@(x) — p(y))*dxdy + fQ F(¢)dx + §||9||2}
+ i’ + IVOIP + [[Vull* = 0.

{II Vagll? = (¢, J + ¢) + LF(@dX} + allg I’ = (3, 6) + IVull* = 0.

Integrating this differential identity on (0, #) produces (3.19) as claimed. This concludes Step 3.

Step 4. (Assuming ¢y € H is such that F(¢o) € L'(Q), and the continuity conditions) Take {, =
(¢o,60)" € Hy® where F(¢y) € L'(Q). Proceeding exactly as in [5, page 440] the bounds (3.38)-
(3.44), (3.46)-(3.48) and (3.54), (3.55) and (3.57) hold. Then applying the Aubin-Lions compactness
embedding and find ¢, 6, u, and p that satisfy (3.58)-(3.62). Passing to the limit in the variational
formulation for &, = (¢, 6)", we find the pair { = (¢, 6)"" is a solution corresponding to the initial data
b = (¢0, 00)” € Hz,e for which F((]S()) € Ll(Q)

Finally, the continuity properties

¢peC(0,T];H) and 6€C(0,T];H) (3.89)
follow from the classical embedding (cf. [26, Lemma 5.51]),
{x € L*(0,T; V), x, € L*(0,T; V')} = C([0, T]; H),

and the conditions (3.58), and (3.60), with (3.63) and (3.65) established above. This finishes the proof
of the theorem. O

Remark 3.3. From (3.19) we see that if there is a ty > 0 in which
Eelto) = &4(0),
then, for all t € (0, ty), t
fo (IVu()IP + allg (I + [IV8(s)I) ds = 0. (3.90)

Hence, we deduce ¢,(t) = 0 and 0,(t) = 0 for all t € (0,ty). Therefore, { = (¢,0)" is a fixed point of
the trajectory {(t) = S 4.:(t){o. Since the semigroup S , ((t) is precompact (per Lemma 3.10 and Lemma
3.11), the system (X%, S o.¢, E;) is gradient/conservative for each a € (0, 1] and € € (0, 1].
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The following proposition establishes the uniqueness of weak solutions to Problem P, .. Further-
more, it shows that the semigroup S , . (defined below) is strongly continuous with respect to the metric

a,E
X'

Proposition 3.4. Assume (HI)-(H4) hold. Let T >0, m > 0, 69 > 0, 6 € (0, ], (a, &) € (0,1] x (0, 1],
and {1 = (¢o1,001)", oo = (o2, 002)" € H,® be such that F(¢or), F(¢nr) € L'(Q). Let {i(1) =
(¢1(1), 01(1)) and (1) = (Pa(1), B2(¢)) denote the weak solution to Problem P, . corresponding to the
data (o, and (y, respectively. Then there are positive constants v, = ,(co, J, @, €,80) ~ {a %, &'} and

vy = W(F, J,Q,0p), independent of T, {y, and {y,, such that, for all t € [0,T],

|mm—gm@¢i£@Mm@r@%@%wM@m@—@@mm+ma®—@®mﬂs

. 2y
SJ%M@—MM@+?MM‘%HW“MW
1

where M; := {¢;(0)), N; :=(6;(0)), i =1, 2.

Proof. We see that upon setting, for all 7 € [0, T'],

(1) = (¢(1), 6(1)) := (¢1(1), 61(1)) = (¢2(0), 62(1))
=4 - L),

the difference £ = (¢, ) formally satisfies the equations

$=Az in Qx(0,T)
G=ab—T+p+F(@b)—F(d)+ad -6 in Qx(©O,T)
e, — A0 =—-6¢, in Qx(0,T)
0,a=0 on I'x(0,7T)
0,6 =0 on I'x(0,7)

P(x,0) = ¢o1(x) — po(x) at Qx {0}

0(x,0) = Oy (x) — Opp(x) at € x{0}.

(3.91)

(3.92)
(3.93)
(3.94)
(3.95)
(3.96)
(3.97)
(3.98)

Multiply (3.92)-(3.94) by, Ay (¢, +—(P)), #,+$, and 6, respectively (notice that, by (3.12) §,+d—($) €

V), and sum the resulting identities to yield, for almost all 7 € [0, T'],

d . - - _ - - _
T AI9IE + il + £lBIF} + 2085 + 2018 + 21815

+2(ag + F'(¢1) = F'($2), ¢y + @) = 2(J * ¢, ¢, + ¢) — 26(8, )
= 2|QUP)}E) + 2(6)°.

Estimating the resulting products using assumption (H2) yields,

2ad + F'(d1) — F'(62), 1 + B) = 2c0(@. B1) + 2c0lldI1
2%41‘%MMF‘%@W’

(3.99)

(3.100)
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recalling J € W'!(R?) and following [7, Proposition 5, (4.2) and (4.3)] we also write,

21(J * ¢, P < 204V = P)IlIAL*]
< dIBIP + 11 + CIQUKBY, (3.101)

~2(J * ¢, ¢, = =2IIJ * llil
=—%§@P—§mw, (3.102)
and
~25(0,9) = ~63llel”* ~ l1IF. (3.103)
Combining (3.99)-(3.103), we have, for almost all € [0, T'],
%m@ﬁ+m@W+w%ﬂ+m@&+aMW+m@@

_ 1 2c2 _ 02 _
<|IBIE, + — (2c0 (@ - 1) g 1) Bl + 22 g
a (04 o E

+ CIQKP @) + 2(6)*. (3.104)

We readily find that there is a constant,

o 1 Co 2 203 6(2)
91 = $1(co, s dy, @, £, 60) = max 4 1, 2c0(——1)+d,+—+1 Jolsy, (3.105)
a a

a
and, using the local Lipschitz assumption (H2), it is easy to show that,

()] < CrI(@)] + 0l(O))
= L., (3.106)

for some positive constant Cr depending on c¢; and the Lipschitz bound on F’. Thus, (3.104) becomes,
for almost all ¢ € [0, T],

d (- - _ - _ _
— 191 + allgl + £lBIP} + 2031 + allgF + 201
<71 (1Bl + allgl> + llBlP) + CIQIK@H . + 2(6)*. (3.107)
Integrating (3.107) over (0, #), we obtain, for all # € [0, T],
nam&+m@mW+d@mF+mem@ma+awmmf+ma@%ﬁm
0
Vit ¥ 2 z I\~ N2 Vit
<e Mmmmf+%wmwwwfuw»ﬂe 1)
i} _ 2y _ -
< e“’(n4(0>n;%54--;?-0<¢>|+¢<0>02), (3.108)

where v, = V,(F, J, Q, dp) := max{Cr, |Q)], 210/, 1} > 1. From (3.108) we find the estimate (3.91) holds.
This finishes the proof. O
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As before, we can now formalize the semi-dynamical system generated by Problem P,, ..

Corollary 3.5. Let the assumptions of Theorem 3.2 be satisfied. We can define a strongly continuous
semigroup (of solution operators) S o = (S ¢.£(t))i>0, for each @ > 0 and € > 0,

See): X5 — X3°
by setting, for all t > 0,
Sa,s(t)go = {(t)

where {(t) = (¢(1), 0(t)) is the unique global weak solution to Problem P, .. Furthermore, as a conse-
quence of (3.91), if we assume
M] :Mz and N1 :Nz,

the semigroup S , (1) : X;,° — Xy* is Lipschitz continuous on X,;*, uniformly in t on compact intervals.

3.2. Bounded absorbing sets for Problem P, .

We now give a dissipation estimate for Problem P, . from which we deduce the existence of an
absorbing set. The idea of the estimate follows [12, Proposition 2]. It is here where we require the
slight modification of hypothesis (H1).

Lemma 3.6. Assume (HI)-(H4) hold. Let m > 0, 6o > 0, 6 € (0,0¢], (a,&) € (0,1] x (0,1], & =
(¢o, o)™ € Hy® with F(¢o) € LY(Q). Assume ¢ = (¢,0)" is a weak solution to Problem P, . There is a
positive constant vy = v3(0, J, Q), but independent of a, €, and {,, such that, for all t > 0, the following
holds,

IO + allpOIIF + | Vag@)II* + 101 + (F(p(t)), 1) — (J * ¢(2), $(1))
t+1
+ f (e ()1 + (I + IO ) ds

1
< Ql&ollgee)e ™" + v—3Q(m), (3.109)

for some monotonically increasing functions Q.
Consequently, the set given by

1
B = {g S HY - IRy < —-Q0m) + 1}, (3.110)

where Q(-, ) is the function from (3.109), is a closed, bounded absorbing set in Hy,*, positively invariant
under the semigroup S , .

Proof. We give a formal calculation that can be justified by a suitable Faedo-Galerkin approximation
based on the proof of Theorem 3.2 above. Let M, := {(¢y) and Ny := (6y). Multiply (1.1)-(1.3) by,
A]‘quﬁ,, ¢,, and 0 :=6-N,, respectively, then integrate over €2, applying (2.1) (since ¢, = ¢, — {(¢;)
belongs to V/; recall (3.12)), and sum the resulting identities to arrive at the differential identity, which
holds for almost all ¢ > 0,

d A
o7 {II Vagll® + ellfl* + 2(F(¢), 1) = (J = ¢, ¢)} + 2l + 2l + 211V6I* = 0. (3.111)
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Let ¢ := ¢ — M,. We further multiply (1.1)-(1.2) by, 2§A;,‘¢AS and 2£@, respectively, in H, where & > 0
is to be determined below. Observe ($) = 0 and ||II*> = [[¢II> — MZ|Q|. This yields, for almost all 7 > 0,
d . . . o
I {§||¢||%/, + §a/||¢||2} + 28| Vadll® + 26(F (), )

= 26(J * ¢, }) + 2£6(0, ) — 2EMy(a, ). (3.112)

Together, (3.111) and (3.112) make the differential identity,

d n A A n
T {ENBIE, + EalidIl + I VagI” + lBIP + 2(F (@), 1) - (J * 6. B

+ 2llgll5 + 2aligill® + 2&l Vadl* + 2IVOl* + 2£(F' (4), ¢)
= 28(J * ¢, §) + 2£6(0, §) — 2Mo(a, B). (3.113)

Introduce the functional defined by, for all # > 0 and & > 0,

E(t) := B0, + EdIPOIP + 1| Vag®I + 0O + 2(F(@0)), 1) = (J * ¢,$) + Cr.  (3.114)

(Observe, E(t) = 2E,.(t) + §||q?§(t)||%/, +&al|p(0)|)> + Cr.) Because of assumption (H3) and the assumption
that F(¢o) € L'(Q2), we know

2F(¢), 1) = (J % ¢, ) = 2c; = 2e)IPI + 2¢1 MGIQ| = 26,1, (3.115)

thus the constant Cr may be chosen sufficiently large to insure E(¢) is non-negative for all ¢+ > 0,
a € (0,1], £ € (0,1], and & > 0. Then we rewrite (3.113) as,

d
—E +7E = H, 3.116
ZETT (3.116)

for some 0 < 7 < &, and where

H(t) := téllg)lly, + w€aig@)IP + 7ll Vag@)IP + zellBOIP + 27(F(¢(1)), 1) = 7(J * ¢, $) + 7Cr
= 2ligD)lly = 2¢O = 28 Vad@)I> = 2IIVO@) = 26(F" (¢(1)), (1))
+ 26(J * (1), (1)) + 2£5(6(1), $(1)) — 26Mo(a, P(0)). (3.117)

Estimating the products on the right-hand side using the assumptions (H1)-(H3) as well as Young’s
inequality for convolutions (cf. e.g. [1, Corollary 2.25]), and the Poincaré-type inequality (2.4) yields
(and recall 6 € (0, d¢)),

26(J + ¢, ) < 2£|1J = Bl
< 2¢c,19I1” + Mgllall2, + €181, (3.118)

266(6, §) < 2£6,/161111Bl
< £83110117 + €111
< 26550l IVOIP + 2£55IQING + EBI, (3.119)
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and

~26Mo(a, §) < 26Mollalllidll
= 26Mo|lJ * 113l
< 26Moc/1Q Bl
< M3l + E111. (3.120)

With assumption (H3) we now consider, with the aid of (2.6)-(2.8) (setting m = M),

20(F(¢), 1) = 26(F'(¢), ) = =27 ((F'(9), §) — (F($), 1)) = 2¢ = )(F'(9), $)
= “21(F'(¢)$ — F(9), 1) = 2(£ = )(F'(9), )

< 27¢9lQf + 27Ciollgll* — (€ = DAF @I, 1) + 2(£ — T)crr + (€ — T)era
(3.121)

By (H1) again, we find that for a fixed 0 < ay < ess infq a(x) (this is where we need the slightly stricter
version of (H1)), there holds
aolldll” < 1| Vadll*.

Moreover, due to the continuous embedding H < V’, there is a constant, which we denote Cg > 0, so
that C§2||§?5||%/1 < ||¢IP? (cf. e.g. [20, p. 243, Equation (6.7)]), and, now with 0 < & < 1,

” apg .~ A ap . ”
~2¢|| Vadll’ < —§CQZ||¢||2V, - 5°||¢||2 — &l Vadll*. (3.122)
Also observe that, using the Poincaré-type inequality (2.3) again, we have
1 .
— (2 - 266320 IO < — (1 - 266520 IVEI - L (3.123)
Q
Combining (3.117)-(3.123) yields,
ao 2\ 512 2 ao\, 52
H < (1€ = 203 )WBIR, + (réa + 26c, + & +28 + 2110 - 2 19

+ (= £)ivaoi? + (Tg— %) 161 = € = DIF @), 1)

= 2ligd, — 2alig® - (1 - 2£650) V6N
+7Cp + Mic3|Q| + 2E63QING + 27co|Q
+2(£ = T)en + (€ = e + EMIQI(a) — ap) + Millall,. (3.124)

We should note that the additional constants in a on the right-hand side of (3.124) is due to the fact that
—éll Vadll* = ¢l Vagl - éMGIQI(a) — ao).

Inserting (3.124) into (3.116) produces the differential inequality (this is where we use the condition
that0<a<landO<e<1),

d
T E + 25 + 2alip) + (1 - 265300) 611
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ao o, 4 a b
+ SLCEBIR, + (%~ 26es - & - 268 = 2rcuo) allglP

| A
+ &l Vagl* + /1—8||t9||2 +(E-DF@), D) +7Cr
Q
< 7Cr + Myc3|Q| + 2£53|QING + (1 - 2£6300) N}
+279|Q| + 2(6 = T)en + (€ = T)ery + EMGIQI(a) — ag) + Millall%,.
The extra term with Ny now appearing on the right-hand side is used to make the V norm in 8. Now

we easily see that there are 0 < 7 < € < 1 so that

D _oge,—g—28 - 27‘(,’10} > 0.

Vs = v3(60, J, Q) = min{l - 26600, %

Now there holds, for almost all # > 0,

d
S ETvE+ 15, + 2allgll® + v3ll6lly, < Q(m). (3.125)

Neglecting the normed terms ||¢,|?, + 2a/||¢;|* + v3||9||%,, then employing a Gronwall inequality yields,
forall ¢t > 0,

E@) < e™E0) + V%Q(m). (3.126)
Recall that F(¢o) € L'(Q) by assumption, so now we easily arrive at
IS + APDI + | VagI + 10O + (F($(0)), 1) = (J * $(2), $(1))
< E0)e™ + V%Q(m). (3.127)

Also, by neglecting the positive term vsE in (3.125) and integrating this time over (#,7 + 1), we find,
with (3.126), for all t > 0,

t+1 1
j‘UM®%+MM®WHWMstE©W“%E+QQW) (3.128)

Together, (3.127) and (3.128) establish (3.109).

The existence of the set B described in (3.110) follows directly from the dissipation estimate
(3.109); indeed, (cf. e.g. [3]). To see why B is absorbing, consider any nonempty bounded subset B
in H,° \ 8;°. Then we have that S,, .(t)B € B;*, in H,,*, for all ¢ > ), where

1
fo 1= max {— In(E(0)), 0} . (3.129)
V3
This completes the proof. O

Remark 3.7. According to the proof, vs is a function of 8 and the relation is vz ~ 1 — c5(2) > 0 fora
sufficiently small constant ¢ > 0.

Remark 3.8. The following global uniform bound follows immediately from estimate (3.109) and
(3.114). Under the assumptions of Lemma 3.6, there holds

1
lim sup [|{(#)[|se < E(O0) + V—3Q(m) =2 O(lIollugs, m) (3.130)

t—+o00

for a monotonically increasing function Q, independent of « and &

AIMS Mathematics Volume 1, Issue 2, 102-136



124

3.3. Global attractors for Problem P, .
The main result in this section is

Theorem 3.9. For each « € (0,1] and & € (0, 1] the semigroup S .. = (S a0.()=0 admits a global
attractor A** in H,,°. The global attractor is invariant under the semiflow S , . (both positively and
negatively) and attracts all nonempty bounded subsets of H,,°; precisely,

1 foreacht > 0, S , (A = A, and

2 for every nonempty bounded subset B of H.,*,

lim disti (S o.o()B. A™) 1= lim sup inf [1S,.()¢ = e = 0.
t—0o0 t EAE

i
= rep
Additionally,

3 the global attractor is unique maximal compact invariant subset in H,,* given by

e

A = (@) = (| Se0B7

s>0 t>s

Furthermore,

4 The global attractor A% is connected and given by the union of the unstable manifolds connecting
the equilibria of S , ¢(1).

5 For each {y = (¢o,00)" € H,).*, the set w((y) is a connected compact invariant set, consisting of the
fixed points of S , £(¢).

With the existence of a bounded absorbing set set 8, (in Lemma 3.6), the existence of a global
attractor now depends on the precompactness of the semigroup of solution operators S, .. We begin
by discussing the precompactness of the second component 6 which follows from a straight forward
result. Indeed, the next result refers to the instantaneous regularization of the “thermal” function 6.
This result will also be useful later in Section 3.4.

Lemma 3.10. Under the assumptions of Lemma 3.6, the global weak solutions to Problem P, . satisfy
the following: for every T > 0,

8 € L™(1, 00; V) N L*(1, 00; HX(Q)), (3.131)
and, for all t > T, there hold the bounds,

10Dllv < Qa.elollezge, m) (3.132)

where Qy . ~ (@12, &7}, and

!
fo 1651325 < Qulldollee» ), (3.133)
1

where Q, ~ a”".
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Proof. The result follows from a standard density argument (cf. e.g. [29, pp. 243-244]). We return to
the beginning of the proof of Theorem 3.2 by letting ) € D(Ay) = {y € HX(Q) : 4, = 0}, ¥ = —Ab,,,
and T > 0. In place of (3.28), we find there holds

d 2 2 5(2) 7112
2 EIVO" + 1180 < —"all I (3.134)
t @

Multiplying (3.134) by ¢ to then integrate over (0, T") yields,
t t 5(2)
tell6u ()l + f sllAG, (s)|ds < f (;s - allg (I + ||9n(s)”%/) ds
0 0

6(2) ! ’ 2 ' 2
< Etf a||g),(s)|I°ds +f 16,()II}ds. (3.135)
0 0

Here we integrate (3.125) on (0, T') after omitting the positive terms v3E + ||¢t||%,, from the left-hand

side to find the bounds
63 ' ’ 2 5(2) ' 2
—tf allg, (llyds < —tf allg(s)llyds
a Jo a Jo

% 5% >
< —E@0)-t+—0(m) -t (3.136)
@ @
and
f I6,(llyds < f l6Cs)ivds
< —E(O) + —Q(m) t. (3.137)

When we combine (3.135)-(3.137) and choose any 0 < 7 < T, we find, forall 7 <t < T,

1 6% 1) 1 &1
16,1y < ~E(0) (—° + —) +—Q0(m) (—OT + —). (3.138)
P> a wnrtl] & a V3
Moreover, forevery 7 > 0and t > T such that 7 <t < T,

2

t 1 ) 1 1 52 1
1AG,(s)|Pds < —E(0) (—0 + —) + —Q(m) (—OT + —). (3.139)
0 T a  WnT T a V3

(Observe, these bounds are independent of # and n.) Thus, there is 8 € L>(r,T; V) N L*(r, T; D(Ay))
such that up to a subsequence (not relabeled), as n — oo

6, — 0 weakly-*in L¥(t,T;V), (3.140)
6, — 0 weaklyin L*(1,T; D(Ay)).

For the heat equation (1.3), the H?-elliptic regularity estimate is

16llr2) < C (IANGI] + SollilD) (3.141)
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thus, for the above bounds we also find
6, — 0 weaklyin L*(t,T; H*(Q)). (3.142)

In order to recover the result for 6, € H, recall that D(Ay) is dense in H, so for any 6y € H, there is
a sequence (0y,),-, € D(Ay) such that 6y, — 6y in H. Therefore, for any 6, € H and T > 0 we deduce
(3.134)-(3.142) hold as well. Finally, the required bound (3.132) follows from (3.138), and (3.133)
follows from (3.139). This completes the proof. O

The precompactness of the semigroup of solution operators S, . now depends on the precompact-
ness of the first component. To this end we will show there is a ¢z, > 0 such that the map S, .(z,) is a
so-called a-contraction on By; that is, there is a time 7, > 0, a constant 0 < v < 1 and a precompact
pseudometric M, on B, where B, is the bounded absorbing set from Lemma 3.6, such that for all

gl’ (2 € BO’
IS 0.c(t)1 = S a.c(t) 3, < VIIG = Sl + ML, 02). (3.143)

Such a contraction is commonly used in connection with phase-field type equations as an alternative to
establish the precompactness of a semigroup; for some particular recent results see, [14, 25, 30].

Lemma 3.11. Under the assumptions of Proposition 3.4 where {y1, (o> € By, there is a positive constant
vy = vy (J, Q), such that for all t > 0,

1)) = HL@)Ife < e 121(0) = La(O)l e + C fo 161(5) = pa()IPdls

+Cy (1+ ™) (1My = Mo + Ny = Nof) + €™111(0) = L(0): (3.144)

.6y
Hm

where C1 > 0 depends on 6y, c;, and the embedding H — V', C, > 0 depends on F, J, Q, 6y, and
¢y, and where the constant v is given in Proposition 3.4. Consequently, there is t. > 0 such that

the operator S , .(t.) is a strict contraction up to the precompact pseudometric on B, in the sense of
(3.143), given by

i 12
M.(Lo1, 4o2) = C. (f g1(5) = do()IPds + My — Mo|* + INy = Nol* + 1101 — §02||u241;;f5 , (3.145)
0

where C,. > 0 depends on t. and vy, but is independent of t, &, and €. Furthermore, S, . is precompact
on By.

Proof. The proof is based on the proof of Proposition 3.4. Here we multiply (3.92)-(3.94) by, respec-
tively, Ay' (¢ — (#)), ¢ — (¢) and 6, then sum the resulting identities to yield,

d - — - - —
Tl + 20NN + 2(ad + F'(91) = F'(¢2),§) = 2(J + 6, )
= 26(0, ) ~ 26(d, 0) + 2P} IC. (3.146)

This time estimating the resulting products using assumption (H2) yields,
2(ad + F'($1) = F'($2), §) = 2¢ollgl*
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> coC Bl + coll I, (3.147)
where we recall the continuous embedding H <— V’. We also write,

~(J % 6.8) = ~ll 161
= —c/Ig1P. (3.148)

25(6, @) < 26,l1AllIAL >l

1 ~ -
< SIAY7OIP + 265111 (3.149)
and,

~26(¢:, 0) < 26,/|A " BillllA >0l

_ 1 _
< 26313 + EuA}vﬂenz. (3.150)

Combining (3.146)-(3.150), then applying the Poincaré inequality (2.4), we have, for almost all 7 €
(0,71,

d =0 217112 212 4 1312
El|§||H,‘ﬁ;€ +coCq Iglly, + co - allgll” + llElly

< 2611815 + el + 265115, + 2K + [(B)l. (3.151)
We readily find that there is a positive constant (independent of « € (0, 1]),
V4 = 1_/4(.], Q) ‘= min {cng_zz, Co, Cél} ,
such that (3.151) becomes, with (3.106), for almost all ¢ € [0, T],
d = — A2
d_t”{”His + V4l @
< 2650118113 + colI@I + 263 Iilly + 24P p-IQ + D). (3.152)
After applying Gronwall’s inequality to (3.152), we obtain, for all > 0,
!
IZ@D)e < € NZO) e + f (253II</3(S)IIZV/ + eI + 26(2)||$t(s)”%/’)ds
0
1 - _
+ — (2Kl + KB)) (3.153)
V4

It is important to note that by (3.91),

! _ ~ _ 2— _ _
f 265116.(s)I7ds < 255 (namnﬁw T % (@) + |<9>|)2)

0 y

< Ce™ (12O, + (K@ + D) ), (3.154)
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where C = C(F, J,Q, dy) > 0. Moreover, with (3.106) again,

1 - _ - _
— (2UP) 1O + 1B)]) < C (KPP + KDP), (3.155)
V4

where here C > 0 depends on ¢y, dy, and the Lipschitz bound on F’. Together (3.153)-(3.155) yield the
estimate (3.144).

Clearly there is a t, > 0 so that e™""/2 < 1. Thus, the operator S, .(z,) is a strict contraction up to the
pseudometric M, defined by (3.145). The pseudometric M, is precompact thanks to the Aubin-Lions
compact embedding (cf. e.g. [29, Theorem 3.1.1]):

{x € LX0,1;V) : y, € L*(0, 1,; V')} — LX0,t,; H).

Finally, with the compactness result for the second component given in Lemma 3.10, the operators S, .
are precompact on H,*. The proof is complete. O

Proof of Theorem 3.9. The precompactness of the solution operators S, . follows via the method of
precompact pseudometrics (see Lemma 3.10 and Lemma 3.11). With the existence of a bounded
absorbing set 8, in H,” (Lemma 3.6), the existence of a global attractor in Hj,” is well-known and
can be found in [27, 3] for example. Additional characteristics of the attractor follow thanks to the
gradient structure of Problem P, . (Remark 3.3). In particular, the first three claims in the statement of
Theorem 3.9 are a direct result of the existence of the an absorbing set, a Lyapunov functional &, and
the fact that the system (X}, S ,..(?), &) is gradient. The fourth property is a direct result [27, Theorem
VIL.4.1], and the fifth follows from [29, Theorem 6.3.2]. This concludes the proof. O

3.4. Further uniform estimates and regularity properties for Problem P, .

Our next aim is to bound the global attractor in a more regular space by showing the existence of
an absorbing set in V;;°. Once this is established, we will bound the (a-weighted) chemical potential
vau in H*(), which also establishes a bound in L¥(£2). Some of the results in this subsection require
hypothesis (HS) with ¢ > 2, and hence the existence of a global attractor for Problem P, .

Lemma 3.12. Under the assumptions of Lemma 3.6, the set given by

B‘f’g = {{ eV ||§||%]a,s < (i + 1)(E(O) + (vz + 1) 0O.(m) + 1)}, (3.156)
" 3

1

for some positive monotonically increasing function Q, ~ a ', is a closed, bounded absorbing set in

V%, positively invariant under the semigroup S , ..

Proof. Because we already know the existence of an absorbing set in Hj,;*, bounded uniformly in «
and &, the proof is relatively simple and follows a very standard idea (cf. e.g. [24, Section 11.1.2]).
Multiply (1.1)-(1.3) ¢, Ay¢, and Ax0, respectively, then sum the resulting identities to find,

d
EE{IWHZ + ||Vl + &llVOIP} + (Va)p + aVe — VJ x ¢ + F"($)Ve, V) + [|A0]]°
= 5(V0, Vo) + 6(¢r, AD). (3.157)
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Recalling the scheme supporting (3.50), we have

1
(Va)p +aV =V ¢+ F'(@)V4.96) > 2V = — (Millwioa + d5) 101 (3.158)

Co
We estimate the remaining two products on the right-hand side of (3.157) as,

62
o(Vo,Vg) < C—OIIV@II2 + %I|V¢|I2, (3.159)
0

and
8(r, AG) < S3lipAlI* + 11AG]I%. (3.160)

Together, (3.157)-(3.160) produce,
d c
E{Ilaﬁll2 +a|[VIP + £l[VOIP} + EOIIWSII2
2 2 ) 265 2 2110 112
< = (IMellwisc + d3) 1P + =21V + 263114 (3.161)
Co Co
For t > 1, integrating (3.161) over t — 1 < s < t yields,
t
C
gD + allVe@)IP + &l VO + Eof IVp(o)Pdor
< lBIP + allVe(s)I + &l VO(s)IIP
2 t 252 ! 252 t
+ = (Wellwrscy + ) f ()P dor + — f V(o) dor + — f allg ()P dor
Co s Co K a K
Hence, using the bounds (3.128) and (3.130) (also see (3.114)), we find
g + V@I + £l VO

2
< (I + allVs)IP + &llVOs)IP + (e + DE(O) + (V—3 + 1) Qo(m), (3.162)

where v3 > 0 is described in Lemma 3.6 and Q,, ~ a~!. Then integrating (3.162) with respect to s on
(t —1,1) shows,

I + VoI + &l VD)

1 [ 2
<- f (I8P + all V(I + lVO(s)IF) ds + (™ + “E(O”(y_ - I)Qa(m)-
t—1

3

Once again we rely on (3.128) (hence the factor of £! above) to find

1 2
g7 + VoI + &l VOO < (; + 1) ((e_”’ + DE(0) + (V—3 + 1) Qw(m))- (3.163)

Hence, the left-hand side does eventually go into a ball. With estimate (3.163), we deduce the existence
of the regular absorbing set 8{°. This completes the proof. O
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Remark 3.13. We draw two useful facts from (3.163). The first is the time uniform bound

t—+00 V3

=1 Qa.e(llollzge, m). (3.164)

lim sup [|& (t)ll%,g{e < (i + 1) (E(O) + lQa(m))

This bound becomes arbitrarily large as « — 0 or € — 0*. Second, the “time of entry” of any
nonempty bounded subset B of V,,,° in B under the solution operator S, .(t) is given by

1
f; := max {— In E(0), 0} .
V3

The following result now follows in a standard way (cf. e.g. [27]).

Corollary 3.14. For each a € (0,1] and € € (0, 1], the global attractor A** is bounded in V,*, i.e.,
AY* C BY*, and compact in H,".

Remark 3.15. The radius of the absorbing set B1° in H,,° may be larger than the radius of B7° in
V% This is due to the (compact) embedding V,,° — H°. Moreover, from (3.163) we find that the
“radius” of the set BY° depends on a and ¢ like, respectively, o' and 7.

The following result refers to the instantaneous regularization of the a-weighted chemical potential
Vayp.

Lemma 3.16. Under the assumptions of Lemma 3.6, the global weak solutions to Problem P, . satisfy
the following, for every T > 0,

Vau € L¥(1,00;D(Ay)) and p € L™(t,00;V), (3.165)

and for all t > 1 there holds,

1 1
allAu@)IP + lu@ly < - (Q(H{ollH,n,f) + V—3Q(m)), (3.166)

where vy and Q are due to (3.109) (hence, the right-hand side of (3.166) is independent of &, but
dependent on 9 like % ~ 0, )

Proof. To begin, multiply (1.1) and (1.2) by, respectively, @A yu and Ayu in L*(Q) and sum the resulting
identities. (Recall that with ¢y = (¢, )" € Hy°, we only know that u € L*(0,T; V) by (3.4); hence,
Au € L*(0,T;V")). Hence, the aforementioned multiplication is formal, but can be rigorously justified
using the above Galerkin approximation procedure). We then have

Al Anll + IVul? = (ap — T * ¢ + F'($) — 66, Aypa).
After applying a basic estimate to the right-hand side, we easily arrive at
4
allAnull + 9P < — (IVaglP + Sl + IF @)IF +63l61F).
to which we employ the bounds (2.9), (3.109) and (3.45) to find (3.166) as claimed. O
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Lemma 3.17. Under the assumptions of Lemma 3.6, the global weak solutions to Problem P, . satisfy
the following,

¢ € L7(0,00; V"), (3.167)
Vag, € L*(0,00; H), (3.168)
0 € L¥0,00;V). (3.169)

and there is a positive constant vs = vs(a, F) ~ a!, independent of {,, such that, for all t > 0, there
holds,

1
gD, + allg: DI + 16N < (e_vst + V_5) Qllollexge» m), (3.170)

for some monotonically increasing function Q. (Observe, the right-hand side of (3.170) can be
bounded independent of a.)

Proof. We will only give a formal derivation of (3.170) as the remaining details are justified within the
Galerkin approximation scheme already given in the beginning of this section. Now, we differentiate
(1.1) and (1.2) with respect to ¢ and write the resulting equations in the terms

u:=¢, w:=6, m:=yu,

which now gives,

w,=Am in Qx (0, ) (3.171)
m=au—Jxu+ F'(Qu+au, —dw in QX (0,0) (3.172)
g0, — A0 = —6¢, in Qx (0, 0) (3.173)
0,m=0 on I x(0,c0) (3.174)
3,0=0 on T x(0,) (3.175)
au(x,0) = u(0) — ap(0) + J * ¢(0) — F'(¢(0)) + 6(0) at Q x {0} (3.176)
0(x,0) =6y at Qx {0}. (3.177)
Multiply (3.173) by @ in L*(Q), so
%uen@ + 2¢&||lo|* = -26(u, ). (3.178)

Now, in L*(€), multiply (3.171) and (3.172) by Ay'u and u, respectively, and sum the resulting identity
to (3.178) to obtain (recall {u) = 0, so Ajvlu belongs to V{),

d 144
Al + el + 161} + 2@ + F” @), u) + el = 20+ u, ). (3.179)

Estimating the products in a similar fashion as we have already done above shows,

2((a + F"(¢))u, u) > 2collul®
> collull* + coClllull}, (3.180)
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since ||u|ly» < Cqllu||, and

2(J * u, u) < 2¢,]lull*. (3.181)
Combining (3.179)-(3.181),
d
7 Al el + 61| + vs (1l + llll® +11615,) + 2ellalf < 2¢,fulf. (3.182)

where 0 < vs = vs(@) := min{coC;?, 2,1} ~ . Since u = ¢, is uniformly bounded in L*(Q) (see
(3.130)), then integrating (3.182) on (0, ¢) produces,

Iy + ellul* + 18Il + fo ella(s)lI*ds
< & (U, + allu(O)IP + 10O)I) + Oicollz, m). (3.183)

Observe @ = 6, € L*(0,T; L*(Q)) (see (3.17)) so we are free to omit the term. Recall that the initial
conditions are taken in the weak/L?-sense, for all ¢ € V,

(1(0). ) = lim (). o)

hence, by (3.4), we conclude
u0)yeV — H. (3.184)

Similarly, with (3.7) and (3.81),
o, $(0)) := ap(0) + F'(¢(0)) € V — H. (3.185)
Then using (3.176), (3.89), (3.184), and (3.185),
au(0) = 11(0) — ag(0) + J = ¢(0) — F'(¢(0)) + 66(0) € H. (3.186)
It should also be mentioned that 6, € H, while, with (3.11), for all 9 € V,
(6o, ) = (6(0), D).

Hence, the bound on the right-hand side of (3.183) is well defined. This establishes (3.170). This
finishes the proof. O

The final result is this section concerns bounding the global attractor A%* in a more regular subspace
of V;,¢. Foreachm > 0, @ € (0, 1] and € € (0, 1], we now define the regularized phase-space

Wit i={ = (4,0)" € V® : Vap € H(Q), )l KO) < m},
with the norm inherited from V;*. Also, we define the following metric space

Yt = {0 = 0.0 e Wy F(9) € L'(Q),

fF(cbl)dx—fF(%)dx
Q Q
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Theorem 3.18. For each a € (0,1], € € (0, 1] and for any t > t., the semigroup S , . satisfies S , (?) :
X© — Y. Moreover, the global attractor A™* admitted by the semigroup S . is bounded in W,°
and compact in H,,;°.

Proof. To begin, we let {y = (¢o,6p)" € Hy® be such that F(¢y) € LY(Q) (i.e. & € X5F). By the
precompactness of the solution operators (see Remark 3.3), we know that, for all ¢t > 7., S , .(£){p € V,,°
(t. was given in Lemma 3.11 and we may choose 7 = ¢, in Lemma 3.10). Letting {; = S, .¢(¢)o, it now
suffices to show that S, (1), € W,,* for all 1 > t,; i.e., we will show that

Vau € L=(t,, co; H(Q)). (3.187)

Since ¢, = Au, the estimate (3.170) shows,
1
IVu@IF + allAu@)| < (1 + v—) O(l1ollzae, m). (3.188)
s

Adding (u(?))? to both sides of (3.188) and applying the Poincaré inequality (2.4) (on the left) and
(3.166) (on the right), we now have

ca Pl@IP + alAp®IF < OZollge, m) (3.189)

for some positive monotonically increasing function Q. In this setting, the (standard) H>-elliptic regu-
larity estimate is

Vallpllpz@) < C(VallAnpll + lud)

for some positive constant C, so with (3.189) we readily find

Vallullizg) < OU1ollazs, m). (3.190)

This establishes (3.187) and completes the proof. O
4. Conclusions and further remarks

In this article we have shown that the relaxation Problem P, . is globally well-posed and generates
a dissipative and conservative semigroup of solution operators which, in turn, admit a family of global
attractors that possess a certain degree of regularity. The relaxation problem considered here presented
many difficulties due to the presence of the nonlocal diffusion terms on the order parameter ¢.

Some interesting future work would include determining whether the (fractal) dimension of the
global attractors found here is finite and independent of @ and &. Additionally, it would also be inter-
esting to establish an upper-semicontinuity result for the family of global attractors when @ — 0" and
& — 0" (compare this to the standard diffusion case in [12]).

Hence, we should also examine the existence of an exponential attractor for Problem P, ., and
naturally, its basin of attraction. With that result, we could seek a robustness result for the family
of exponential attractors. Examining problems related to stability (and hence the approximation of
the longterm behavior of a relaxation problem to the associated limit problem) may prove to be an
important source of further work on nonlocal Cahn-Hilliard and nonlocal phase field models.
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Of course, some future work may examine several variants to the current model. Such variants
may include a convection term that accounts for the effects of an averaged (fluid) velocity field, which
naturally couples with a nonisothermal Navier-Stokes equation (on the former, see for example [22]).
Indeed, one may include nonconstant mobility in the nonlocal Cahn-Hilliard equation (cf. e.g. [8]). It
may be interesting to generalize the coupled heat equation to a Coleman-Gurtin type equation. Also,
one may examine the associated nonlocal phase-field model (1.8), and the effects of generalizing the
heat equation along the lines of [15, 16, 17, 18] where Fourier’s law is replaced with a Maxwell-
Cattaneo law because in this more realistic setting, “disturbances” propagate at a finite speed.

It would also be interesting to study the nonlocal variant of the Cahn-Hilliard and phase-field equa-
tions by introducing relevant dynamic boundary conditions (again, see [12]). In this case, several
interesting difficulties may arise concerning the regularity of solutions because, typically in appli-
cations, H'(Q) regularity (or better) is sought in order to define the trace of the solution; recall,
trace : H*(Q) — H* Y('). Additionally, we should study the case when the potential is singular
(see hypotheses in [11, Section 3], for example).
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