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1. Introduction

The Caginalp phase-field model

%—Au+f(u):0 (1.1)
00 ou
E —AO = _E (1.2)

as described in [1] has been the subject of numerous studies in recent years [2, 3, 4, 7, 11, 13, 35]. This
model describes the behavior of certain materials in their stages of melting and solidification. In this
case # and u can represent respectively the temperature and the order parameter.

Using Fourier’s law to the aforementioned model, one can observe a disparity between the observed
results and the expected outcome. One of them is known as “’paradox of heat conduction” [9]. In order
to make the model more realistic by adjusting the latter, some alternative laws have been proposed, the
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Maxwell-Cattaneo law [25] or the Gurtin-Pipkin law [21, 22]. Furthermore, in [18, 19, 20] Green and
Naghdi proposed an alternative theory based on a thermomechanical theory of deformable media to
obtain very rational models.

In recent years, the study of models derived from these new laws have been the subject of particular
attention, especially with regard to the qualitative study of solutions [14, 15, 16, 17, 23, 27, 29, 30, 31,
32].

The purpose of our study is the following model

ou o

e Au+ f(u) = g(u)a (1.3)
Pa  Oa ou
—+— —Aa=- — = 1.4
v i ng(u)at Gw)+h, n>0 (1.4)
ulgo = alpn =0 (1.5)
o

Uli=o = uo, al=o = o, E o =ay, (1.6)

where Q is a bounded and regular domain of R” with n = 2 or 3. This model is motivated by the recent
works of Miranville and Quintanilla [24, 25, 26].

This paper is organized as follows. In Section 2, we give a rigorous derivation of our model using
Cattaneo’s law and a nonlinear coupling. Then, in Section 3 we prove existence, uniqueness and
regularity results. We finish, in Section 4, by the study of the spatial behavior of the solutions in a
semi-infinite cylinder, assuming that such solutions exist.

Throughout this paper, the same letters ¢, ¢’ and ¢”” denote constants which may change from line
to line.

2. Derivation of the model

Our equations (1.3)-(1.6) modeling phase transition are derived as follows.
Let ¥ be the total energy of the system defined as

W(u, 6) = f (%Nm2 + Fu) - GQu)f — %Qz)dx,
Q

with G" = g and F’ = f. Let H be the enthalpy satisfying

H=0Y =Gu) +0. 2.1

Furthermore,
&= —9,¥ (2.2)
66—1;’ + divqg = 0. (2.3)

In particular, considering the Maxwell-Cattaneo law
0
(1+ na)q =-Vo, n>0, 2.4)
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we get (using (2.1), (2.2) and (2.4))

0 06 B 0 0G(u)
(1+ na—t)a -AG=(1+ n(?t) T (2.5)
Setting
! oa
o= f 0(t)dr +ag, 6=—, (2.6)
0 ot
we have, after integrating (2.5) over [0, 7],
Pa o Ou
— Ao =-— — - h 2.7
Naz 5 A ng(u)at G(u) + h, (2.7)
with X
0°a o ou
h=np——-r —(0)-A - —(0) - 2.
Ury 0) + Ey (0) — Aa(0) — ng(u) P 0) = G(u)(0) (2.8)
and 4G 5
u u
= - 2.
Ey g(u) Ey (2.9)

This leads to the above system (1.3)-(1.6).
3. Existence and uniqueness of solutions

We start by giving an existence result, the assumptions for the proof being the following: f and g
are of class C' and

IG(s)I* < ¢1 F(s) + c2, c1,¢2 2 0, 3.1

lg(s)sl < e3(IG ()] + 1), ¢5 20, (3.2)

¢4 S —¢5 < coF (s) — ¢y < f(5)s < ¢6 82 — 7, o, Car06 > 0, ), 5,07 20, (3.3)
lg() < cs(Usl + 1), 18"(s)] < ¢9, 5,09 20, (3.4)

Lf/(9)] < crolsl* + 1), 10 > 0, (3.5)

where k is an integer.
We have the

Theorem 3.1. We assume that (3.1)-(3.3) hold true. If in addition (ug, ap, @1) € Hy(Q) N L***(Q) x
H)(Q) x LX(Q), then (1.3)-(1.6) admits a solution (u, @) such that u € L*(0, T; Hj(Q) N L**(Q)), 2 €
L*(0,T; L*(Q)), a € L0, T; Hcl)(Q)) and % e L>(0,T; L*(Q)), YT > 0.

Proof. We will focus on the priori estimates. The proof of existence follows from these estimates and
a proper Galerkin scheme [12] and [34].
Multiplying (1.3) by % and integrating over €, we have

2 1d d oa 0
‘ IVl + f F(udx = f g = dx, (3.6)
Q Q

+ —_
5 2dt dt
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where ||.||, denotes the usual L” norm and (., .) the usual L? scalar product; more generally, we denote
by ||.|[x the norm in the Banach space X.
Similarly, multiplying (1.4) by & 5> we obtain

2 6| 1d ou da
——d
2dt" ' ot 2dt” all; = fg( )az ot
. (3.7
-1 G —d + | h—dx.
‘[Q (u) oy X f % X
Summing 7(3.6) and (3.7), we find
ou|? 77 d d H H@a 2
- F(uwd -
Nael, * 22" ””2+’7dtf wdx+ 32150, * 15 )
L d 5 S (3.8)
a
——||V — —dx.
+ || cyll2 LG(u) ” dx + Lhat dx
We thus obtain a differential inequality of the form
d ‘6u2+H8az fG()aa/d +fhﬁa/d (3.9)
— — —|| =- —dx X, .
ar! o1 |l 0 W p)
with Ey = 2IVull2 + 7 [, Fadx + 2|2 + LIVal?.
Multiplying (1.3) by u, we find
1d 0
5 7l + 1Vully + (), w) = fg g(u)a—‘fudx. (3.10)
We have, owing to (3.2), (3.3) and (3.10),
1d 1|0 |?
—|lull3 + | Vul3 + co f F(u)dx < cf IG(w)*dx + —‘ | (3.11)
2d Q Q 2 2
From (3.9) and (3.11), we obtain
d 2
d—(E1 ||u||2 VUl + o [ P <
Q (3.12)
f G(u)—dx f W dx + ¢ f IG(u)lPdx + c”.
Multiplying (1.4) by @, we get
d
UE(Z_O;’Q) + ((Z—O;,Q) + IIVa/llg = —nfg(u)%adx
o (3.13)

2
+ f(h - Gw)adx +n da
Q
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Adding 6(3.13) and (3.12) with 6 > 0, we find

d
dt

(E1+ ||u||2)+77 +||Vu||§+cO f Fludx
Q

H ot ||»

d (O« oa
- V <
nddt(at )+6(8t’a)+6” ally <

oa
- | Gu)—d h—d G)|*dx + ¢’
fg; (u)at X+L o x+cfg;| (w|°dx + ¢

2
- on f g(u)%adx +0 f(h - G(uw)adx + on 8_&
Q ot Q 2

(3.14)

Since

ou d oa
fgg(u)aadx:ELG(u)adx—LG(u)de, (3.15)

0 d 0
-no fg; g(u)a—l:adx = —ndd—t fQG(u)adx + no L G(u)a—C:dx, (3.16)
we get, owing to (3.14) and (3.16),
d ‘ Ou||?

i.e.,

—E; +
a2 H@t

f(h - G(u))—dx + cf IG(w)|dx + ¢ (3.17)
Q ot Q

+[IVaull? + ¢ f F(uydx + 8||Valf} <
Q

8 da|?
61 f G Zax + 6 f (h — Gu))adyx + 7| =
Q ot Q 2

with

1 n n
Ey =5 llully + S IVulls +7 fg Fadx+ 5|\ +>lVal;

1) o
dx + 2l (—, )
+776]§;G(u)a x+2||a||2+776 % @

Furthermore,

ou|?
—LE, +
a’t2 n

0 o |?
fgha—c:dx+cfQIG(u)|2dx+c”+517H6—C: .

+@n-1) f G(u)a—adx - 6fG(u)a/dx + 6fha/dx.
Q ot Q Q

!

H + Va3 + co f F(u)dx + 8||Vef <
ot Q

(3.18)

Noting that

0 1|0
G- 1) f Gt < g %+ e f GG,
Q ' - Q (3.19)

5
5 f G(uadx < ¢ f IG(u)l*dx + —||Velf3,
Q Q 4
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s
s f hadx < c||h||§ + —IIVaH%
Q

oa
h—d
fg a3 8

we obtain, owing to (3.18), (3.19) and (3.20)

+ 2|Al3,

ou|?
—E, +
dr * n SH

+ —||Va||§ <c f IG(u)Izdx +c”.
2 a

)

+||Vu||§+cO f F(u)dx
Q

Choosing ¢ such that

2

Oa
2+ww$

0| a ) 1 5 (
| e - >
2” ol al+ 2||ch||2 >c

and using (3.1), we have

1
n f F(u)dx + E||Va||§ + 16 f Gu)adx > c( f F(u)dx + ||Va||§) — 5.
Q Q Q

We have, taking into account (3.3), (3.22) and (3.23),

&<$wmmwm3ﬂ Hmmd+hk»a
Similarly
&>ﬂwmmﬂwm+ +mmm)h ki > 0.
There holds owing to (3.1) and(3.21)
d 2
EEZ +c ol <cE,+c".

Finally the proof is deduced from (3.24)-(3.26).
Let us consider a more restrictive assumption on G as follows:
Ve>0, |G(s) <eF(s)+c., seR.

We also have the

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Theorem 3.2. We assume that (3.2),(3.3) hold true and (uy, @, @1) € HY(Q)NL*2(Q) x H} (Q) X L*(Q).

If in addition we consider (3.27), then u € L°(R*; H! 0 (L)
YN L(R*; L*2(Q)), @ € L°(R*; H! 0 (Q)) and ‘9“ € L""(RJr L*(Q)), YT > 0.
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Proof. From (3.21), we had
d 2 5|0l
—E ~|l= Vul? F(u)d
R I e M||2+Cofg (u)dx

Ou
ot

)
+~|[Val} < c f IG(u)l*dx + ¢,
2 a
with

1 n n||oa| 1
E, =§|Iu||§ + ElquH% + ULF(M)CZJH‘ EHE ot EHVQ/”%

Oa

1)
+ ndLG(u)adx + §||CY||§ + 775( e a).

Using (3.27), we obtain

d

oul*> 5o«
FTacai PP +§H§

alz

2
+n‘ + IVull? + (co — ko) f F(u)dx
2 Q
s
+ EIIVallﬁ < he,

with k. = c.e and h, = c.c Q| + ¢”.
We also get by using Young’s inequality (|G(u)a| < %lG(u)l2 + §|a|2) and (3.27)
ne* o
n | Fwdx+no | Gwadx>n(—-¢€) | Fudx— Tllafll2 — Pes
Q Q Q

with p. = n|Q|c..
In addition, choosing ¢ such that
no*

QHf?_a o~
21| ot 4 ot
and € < 1 such that ¢y — k. > 0, we deduce from (3.29), (3.30) and (3.31) that

2

0
| ||Va||§), c>0,
2

2 Oa 1 0
K 5(5’“) + 511901 + Slalf -

2
lal? > c(

d Ou >
—FE, + C(E2 + H—u ) <c’, c>0.
otll»

dt
The proof follows from Gronwall’s lemma.

Remark 3.3. The previous theorem proves that the system is dissipative in L***(Q)
N Hy(Q) x Hy(Q) x LY (Q).

(3.28)

(3.29)

(3.30)

(3.31)

We give in what follows a regularity result of the solution which is based on Moser’s iterations. We

will use a restriction on k, in particular k should be an even integer.

Theorem 3.4. We assume that the assumptions of theorem 3.2 hold and that n = 3. Let u be a classical
solution to (1.3)-(1.6) defined in [0,T] and k be an even integer. We consider for all g > 1, U, =

sup,.r llu(®)ll; < oo. Then Uy < co.
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The proof is based on the following lemma.

Lemma 3.5. Let u be a classical solution to (1.3)-(1.6) defined in [0,T] and k be an even integer.
Given r > 1 such that U, = max{1, |luolle, U, = sup,<r|lu(®)ll,}, then there exists a constant C3 =

C3(||%_(:||L°°(O,00;L2(Q))) such that

0> < (€00,

with
_ 29
r(5¢ - 6)’

Proof. Multiplying (1.3) by u?~! with (3.3) and (3.4), we get

3
ey 3.32
9> 3 (3.32)

o) =

2r—1
f u*dx + fIV(u’)Izdx+c4fuk+2’dx
27' dt Q 7"2 O Q
Sa o (3.33)
2r-2 2r 2r—1
dx < —dx + —dx,
c5‘fQu XCngIulathngu atx
and using c, fQ u*?dx > 0, we have
1d -1
o f W dx + = f V(u")Pdx
ratJo o (3.34)

Oa o
—Cs f Wldx <csg | P —dx+cg | v '—dx.
Q I ot

Let p > 1 be such that % + é = 1. It is clear that condition g > % is equivalent to p < 3. Taking w = u"
in (3.34), we obtain after some calculations

L
> dtll Wil + LIV < A, + Aol (3.35)
i s = - 2
Let 8 be such that
1 1-
— =+ i) (3.36)
Kp 6
Since
= 6r— pQ2r—1)
B 5p(2r -1
6r < 6p(2r—1),
i.e.

6r—pQ2r—1) <5pQ2r-1),
proves that 8 < 1. This leads to ,8 € (0, 1). Using proper interpolation inequalities, there holds

ol +
2ra’; 21 o (3.37)
(A2 +az(||w||€||w||2:‘*) '
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and using proper Sobolev’s injections, there holds

|| wil +

2 dt
1
Al[””’“?" Cz“‘ﬂ)(ztr)“‘m][<—>“‘ﬁ>||Vw||§“_ﬁ)]

Ly (3.38)
+ Ao Iiff €
1
o R L A ]
Using Young’s inequality, we find
WP (P
> dtu I3+ 2<ﬁ[ai/ﬂuwu%c 7 (4r) ]
1 (k=D -p)
+<1—ﬁ>[<5)nwn§] e e PRI (3.39)
. 1-p-1 k=H1-p)
+ 8 Al T (4 ]
witho; =1 — )(1 a2l ) ,01 € (0,1). Hence
—4 2 UBIWwIR C R
> dt” I3+ 17 ———IIVwll; < {47 IIwlly C T ]
1/61 =Ly S0P e pip (.40
B e
Since 6’2 451,
d, o 2 UB IR 5 (a0 S+
—IIWIIZ+IIVW|IZS/1l wlly ™7 (4r) 341
Vi Bu-bys JABED e pup 4D
e A e N C
Setting
1
k=) -
2ro-1(r)—1_—’8) 2roy(r) — 1:#
S - l)ﬁ : (3.42)
2 = .
02(r) 5
we have owing to Poincaré’s inequality
d. o 2 B2 (A (D=20 4 02
— +C <Aa CH1 24y
dtIIWIIZ olwlly < 4,7 lwlly (4r) (3.43)

1/6 202(r) 4 -2 2
+ /12/ 1”W”1P2 nc roa(r) (4,.) roa(r)
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with
(r—D[6r — p2r—1)]
5rp2r—1)—6(r— D[pQ2r—-1)—-r]

p2(r) =

We claim that p,(r) € (0, 1). In fact, since 8 > 0, k — % > 0 and 6; > O it follows that p,(r) > 0. In

addition, from

5(r—=1)pQ2r—-1) <5rpRr-1),
(r=D6r - pQ2r-1] <5rpR2r-1)
—-6pR2r—1)(r—1)+6r(r—1),
we see that

(r—D[6r — pQ2r—1)]
SrpQRr—1)—6(r— D[pQ2r—1) —r]

Hence p,(r) € (0, 1). Integrating (3.43) over [0, 1), we get

< 1.

p2(r) =

Wl < w3 + Cl/ﬁ||w||1 CHrI 24 y2r1 )
+ C;/(Sl” ”1 C4"0'2(V) 2(4 )2r(rz(r)

with
oa

ar

oa

Cr = Cl( ot

) el

L2(0,00; L2(Y)) L(0,00; L2(Q)))

In addition, we note that

Iw(O)Il; = f w(0)*dx = f u(0)”dx < |Qllu(0)|IZ < 1T
Q Q

It follows from (3.44) and (3.45) that
~ ~ 1 -
U3 < IQI0Y + CP CrnOrmOgy

12 Cl/él C4ra'2(r)(4 )Zro'z(r) + U2r

C
We also get from (3.42)
1 1
o(r) = 25 oa(r) = 26 61> B,
with
" 5pRr-1)
o(r) = )
] 2r(6r — (2r — 1)p)
This implies

o(r)y<oi(r) VYr>1.

Setting o(r) = it is not difficult to see that

(5 6) ’(6 p)’

oo(r) < o(r) £ o(r).

AIMS Mathematics
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(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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We obtain from (3.46), (3.47) and (3.49) that

0, < 7”0, (3.50)
with 3
Cs = C3( o )
Ot || 1(0.00: 12(2))

This achieves the proof of the lemma.

We now turn to the proof of Theorem 3.2. By Lemma 3.5, we had
0, < €77 "0, (3.51)
Using Moser’s iterations with r = h, r = 2h, r = 22h, etc, we get
Uiy, < (C3)" 20 U, (3.52)
with

k1 := o (h) + cQh) + o(2*h) + -+ - + (2" h) + o(2"7),
Ky := 0 (2h) + 20(2%h) + 30°(2°h) + - - - + (n — DT (2" h) + no(2"r).

Since o(2"'h) = 2,,1+1 o(h), a direct computation gives

Ky = kzol o(2°h) < kz(; %O'(h) = 20°(h),

+00

Ky = Z ko (2¥h) < Z %a(h) = 40(2h).
k=1

k=1
This proves that k1, k, < +o00 at infinity and achieves the proof of the theorem. O

Remark 3.6. The case where k is an even integer is more relevant in the sense that it allows us to
consider physically realistic problems. In fact, we can already take the usual cubic nonlinear term

fuw) =u® —u
Remark 3.7. It is also possible to treat in a similar way the case n = 2 by choosing B such that
o =B+
We finally give a uniqueness result.
Theorem 3.8. Let (uy,a;) and (u, a,) be two solutions to (1.3)-(1.6). We assume that (3.4), (3.5)

and the assumptions of Theorem 3.1 and Theorem 3.2 are satisfied. Then problem (1.3)-(1.6) admits a
unique solution.

Proof. We have
ou

0 0
o = At fu) - flan) = g(ul)% - g(uz>§, (3.53)
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Fa aa ouy ouy
—+——-Aa=- — - — - 54
Ty + o = Aa = —n{gn S - g 52 ) = Glan) + Gw) (3.54)
with u = u; — up, and @ = a1 — a,. We also write

ou oa oa

E —Au+ f(u) — f(up) = (g(ul) - g(uz))a—tl + g(”z)g, (3.55)
Pa oo ouy ou

Neg t 5 TAY= —n( (ur) = g(uz))— —18Gu2) - = Glun) + Gua). (3.56)

Multiplying (3.55) by and integrating over €2, we obtain

oul? 1d ou O Ou
‘E + SVl + () - f, 5 ) = f (8m) - ge)) 21 = i
Oa Ou (3.57)
fg(uz)a—a—d
Similarly, multiplying (3.56) by , we have
(9141 o
! dtH H + 5IVall == [ (st) - gtu) G G
Su dar (3.58)
—’Ifg( )——dx f(G(Ul)—G(Mz))—dX
Q
and, adding (3.57) multiplied by 7 and (3.58), we obtain
dE 2 ou
E_'_U‘E 2+HE t= _n(f(ul)_f(MZ)a _)
Ouy Oa
f(g(ul)—g(uz))—l—d —f(G(Ml)—G(Mz))—dx (3.59)
Oa; Ou
+1 f (8(ur) = glun))— 2= dx
with sl 1
U TS VTP I A | aad | I 2
E = 2||Vu||2+ 2” 5 2+ 2||Va/||2.
Considering (3.1)-(3.3), we see that
ou ou
Uflf(ul)—f(uz)l —ldx < clonf(luzlk+ ) ul |—=|dx
Q 01‘ [e) 3
2% oul|? (3.60)
2 N
< e(|[ua[ 1 + DIVE]; + 5‘ =
Oay||ou
f (g(ur) - g(uz))——dx 1Co f Jul [
ot ot ot ||or
aal n||Oull? (3-61)
[[Vu
< f [ | mee) + 2| 5 L
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da 2 , 10|l
fg Glun) - Gl | 5 fdx < (el g, + DIVl + 5| . (3.62)
and
ou, | |0a ou, | |0
’If|8(u1)—g(uz)| — —dXSUC9||M||oof — —' x
5 o1 || o1 senie
. . (3.63)
< S| 1w + 5 5
o it 2l ol
From (3.59)-(3.63), we deduce that
E ) 2%k day |I? 2 ouy |I?
< clvulR(el g + 2+ V5 IR 2 e 2). (3.64)
The proof follows from Gronwall’s lemma. O

4. Spatial behavior of the solutions

To study the spatial behavior of the solutions in a semi-infinite cylinder we need to add some as-
sumptions. We first assume that such solutions exist. We then consider the boundary conditions

u=a=0 on (0,+00)x0DXx(0,T), 4.1
u(0, x5, x3,1) = hy(x2, X3, 1), 4.2)
(0, x2, x3,1) = hy(x2, x3,1) on {0} x D x(0,T) 4.3)
and the initial conditions e
o = @lo = Z7) =0 on R. (4.4)

Here D denotes a two dimensional bounded domain and R a semi-infinite cylinder (0, +c0) X D. We
will sometimes use some assumptions on the functions F and G; these will be specified later on. We
further assume that 4 = 0.

We consider the function

!
F,(z,1) = f f e " INasa, + uy(yu + nug)ldads (4.5)
0 JD(2)

where D(z) = {x €R, x; =2z},u; = 6‘9—)’:', u; = 9* and w is a positive constant. By a differentiation of
F,, we get

OF ,(z,t ! ,

& :f f e v ")(Va/Va/S + nasag + s> + ng(u)usa,

4 0 JD@

+ G(w)ay + nVuVu, + 77|us|2 + nf(u)uy (4.6)

— ng(usats + YIVul + yuu, +y fu — yg(u) uas)da ds
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which yields after simplification
OF ,(z,t
A [ e af+ s+ i s
0 JD(z)

f f e-<w 9 VcNa/s e + VUV + 1 (Wi, + yu us)da ds 4.7)
0 JD(@)

+

+

f f e S)((G(u) —yg(wu)a + v f(u) u)da ds.
0 JD(z)

We also have

d
f e-<wS>(|v04|2 T nla? + nVul® + 20F ) + y|u|2)da -
4.8)

f @ s)(lVCKIZ + nla, P+ nlVul + 20F (u) + *ylulz)dcZ
(2)

+ f e S)(VaVas + nasass + nVuVug + nf(uus + yu ”s)d :
(2)

In other words

[ e (TaVa, + nasan. + 9T, + s + yuu Jda -
D(z)
4.9)

1d
—(w S)(|Va’|2 + 77|a’5|2 + nlvu|2 + ZT]F(I/{) + ’yll/llz)da

2 dt D(z)

+ % f e @ S)(|Va|2 sl + IVl + 2pF () + y|u|2)da.
(z)

We deduce from (4.7) and (4.9) that

OF (2,1 '
(Z ) — f f e—(ws)((|a3|2 + nlus|2 + y|Vu|2)da ds
0z D)

—(w1)

(IVal® + nla* + nlVul* + 2nF (u) + ylul*)da
b@ (4.10)

N f f e_(ws)[(G(u)—)’g(u)u)as+)’f(u)14
D(z)

+ C"(|Va|2 + nla,? + nlVul* + 2nF (u) + ylul*) |da ds.

+e

We assume that, for y large enough, 27F(s) + y|s|> > K;(|s|* + |s[**?), k integer, K; > 0. Then, there

exists a constant K, > 0 such that
24 julf?). 4.11)

IVal® + nla,® + 7lVul® + 2nF ) + ylul® > K(IVel* + |a,l* + [Vul* + [ul* + |ul
Volume 1, Issue 1, 24-42
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We further assume that (G(s)—)/g(s)s)2 < Ks(|s]*+|s**%), K3 > 0, and that there exist positive constants
Ky and k, such that f(s)s + k;|s|*> > k»|s|*>. Then, for w large enough (here, w depends on ), there holds

(G = yg@wa, +yf@u+ (Val’ + 1o,

(4.12)
+0Vul® + 2nF () + ylul?) > Ki(\Val* + |a,)* + |Vul* + |ul?),

where K, is a positive constant. Note that g having at most a linear growth, |g(s)| < c|s|, G(0) = 0, and
F(s) = ¢’s* + ¢”’s* (having in mind the usual cubic nonlinear term f(s) = s* — ), ¢’ > 0, satisfy the
above assumptions. We finally deduce from (4.10)-(4.12) the existence of K5 > 0 such that

OF ,(z,1)
0z

We now give a spatial derivative estimate on |F,|. Using Cauchy-Schwarz’s inequality in (4.5), we
obtain

!
> Ks f f e_(“”)[IVa|2+Icys|2+|Vu|2+|u|2+|uS|2]dads. (4.13)
D(z)

t 1 t
|F,,| S(ff ~ws) 2alads) (ff ~w9)g? dads)
0 JD(z) D(z)
i 1
+(f f eIy dads f f yre ™o 2daa’s) (4.14)
0 Jp@) D(z)
i 1
+(f f —ws)y2 dads f f r] e 2dads) .
0 Jp@) D()

Hence )
IF.| < Ko f f e_(‘”)[Ichlz sl + [Vul? + Juf + Iuslz]da ds. (4.15)
0 D(z)
Choosing K* = %, there holds
' oF,,
F,| < k* 22 (4.16)
0z

Due to (4.16), we arrive at a Phragmén-Lindelof alternative (see [10], [33]) namely, either there exists
Zo = 0 such that F(zg, 1) > 0 or F(zg,t) < 0 for all z > 0. In the first case our solution satisfies

%1
Fulz) 2 & ED)E o0, 220, (4.17)
and, in the latter one F(zp,?) < 0 for all z > 0, in which case our solution satisfies
P < —eKTIR00, 220, .18)

Inequality (4.17) shows that F,(z, ) tends exponentially fast to infinity.
On the contrary inequality (4.18) shows that F,(z, t) tends to 0 and

Gozt) < LK DG L0,0, 220, (4.19)
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where

!
Go(z,1) = f f e‘<°”>((|as|2+n|us|2+y|Vu|2)dads
0 R(z)

+ @9 f (IVal® + nla,l* + nlVul® + 2nF (u) + ylul*)da
R(z) (4.20)

!
+ f f e ”[(G(u) —ygwua, +yf(u)u
0 JR(2)
+ %(waﬁ + nla, + nlVul® + 2nF (u) + y|u|2)]da ds

where R(z) = {x € R, 7z < x;}. Setting

!
Eulzt) = f f ((|as|2+n|us|2+7|Vu|2)dads
0 JR(z)

+ Vel + nlas® + nlVul* + 2nF (u) + ylul*)da
RQ) 4.21)

N f f [(G(u)—)/g(u)u)as+’}’f(u)u
0 R(2)

4 %(waﬁ sl + nIVul + 2nF () + ylul) |da ds
we get
Eu ) < K TDG 0.8, 23>0, (4.22)
We give in what follows the main result of this section

Theorem 4.1. Let (u, @) be a solution to problem (1.3)-(1.6) with the boundary conditions (4.1)-(4.4).
Then, either this solution satisfies (4.17) or it satisfies (4.22).

Remark 4.2. Estimates (4.17) and (4.22) are known respectively as growth and decay estimates.

Remark 4.3. It is possible due to (4.17) to specify the rate of growth of our solutions to infinity. In
fact, if (4.17) is satisfied, then

!
f f e*<"”>((|as|2 T+l + yIVu|2)da ds
0 R(0,2)

+ e @9 f (IVel* + nlag® + nlVul* + 2nF (u) + y|ul*)da
R(0.2) (4.23)

N f f e‘(“)[(G(u)—)’g(u)u)as+7f(u)u
0 R(0,2)

+ %qvaﬁ + nlasl? + gVul® + 20F ) + ylul?) |da ds
where R(0,z) = {x € R, 0 < x| <z}, tends exponentially fast to infinity.
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