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1. Introduction and definitions

Let A be the class of functions f of the form
f@ =2+ ) az (1.1)
n=2

which are analytic in the open unit disk A = {z € C : |z| < 1} and normalized by the conditions f(0) = 0
and f’(0) = 1. An analytic function in a domain D is said to be univalent in D if it does not take the
same value twice i.e, f(z1) # f(z») for all pairs of distinct points z; and z, in D.

The Koebe one-quarter theorem et al [3] ensures that the image of A under every univalent function
f € A contains the disk with the center at origin and of the radius 1/4. Thus, every univalent function
f € Ahas aninverse f~! : f(A) — A, satisfying f~'(f(z)) =z, (z € A) and

_ 1
£ om) =w (|w| <ro(f: ro(f) = 7).
Moreover, it is easy to see that the inverse function has the series expansion of the form

f_l(w) =w—aw + 2a? — a3’ — (5a2° — Sapaz + aw* + ..., w € A,
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which implies that f~! is analytic. The derivative of f~! (see pp. 1038 [4]) is given by

1
@
A function f € A is said to be bi-univalent in A if both f and f~! are univalent in A. We denote the
class of bi-univalent functions by o .(see [2])

The function f in class A is said to be starlike of order @ where 0 < @ < 1 in A if it satisfies the
condition ’
2f'(2)

/@
where z € A. We denote the class of starlike functions of order « by S *(@). The function f of the form
(1) is said to be bi-starlike function of order @ where 0 < @ < 1 if each of the following conditions are
satisfied :

zf'(2)

f@)

d ;.
o (£ )=

Re } > a,

Ref

}>a

and )
we (w)} -

gw)
where f € o, g = f~! and w = f(z). We denote the class of bi-starlike functions of order @ by S* (a)
(see [5]). If f and g are analytic functions in A, we say that f is subordinate to g, written as f < g,
if there exists a Schwarz function w analytic in A, with w(0) = 0 and |w(z)| < 1 (z € A), such that
f(2) = g(wW(z)). In particular, when g is univalent then the above definition reduces to f(0) = 0 and
f(A) C g(A).
The pre-Schwarzian derivative of f is denoted by

Ref

I @)

T =
@ 1@

and its norm is given by

1@
This norm have a significant meaning in the theory of Teichmuller spaces. For a univalent function f
it is well known that ||7|| < 6. This is the best possible estimation.

Defining two subclasses for bi-univalent functions as follows

1Tl = sup(l - |2*)

lz<1

Definition 1.1. A function f given by (1) is said to be in the class S, [A, B], if the following conditions

are satisfied
zf’ (2) - 1+ Az

f@ 1+B
wg' (w) - 1+ Aw
g(w) 1+ Bw’
where feo, g=f",w=fzyweAand-1 <B<A<1.

Remark 1.1. If we take A = (1 — 2a) and B = —1 in the above Definition 1.1 where 0 < a < 1, the
class becomes S [(1 = 2a),-1] = S} ().
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Remark 1.2. Ifwe take A = 1 and B = —1 in the above Definition 1.1, the class becomes S [1,-1] =

Sz

Definition 1.2. A function f given by (1) is said to be in the class V. [A, B], if the following conditions

are satisfied
1+Az

(7] o< v

w 1+Aw
((Jg() T2 B’

where feo, g=f L, w=f(zyweAand-1<B<A<]1.

Remark 1.3. If we take A = (1 — 2a) and B = —1 in the above Definition 1.2 where 0 < a < 1, the

class becomes V;[(1 - 2a),-1] = V().

Remark 1.4. If we take A = 1 and B = —1 in the above Definition 1.2, the class becomes V;[1,-1] =

Ve

In this paper, we shall give the best norm estimation for the classes S [A, B] and V[A, B].

2. Main result

Theorem 2.1. Let the function f given by (1) be in the class f € S, [A, B], then

W”<MH2m—mm+mzm—mm
A= A+1) A+ [’

Proof. Since f € S [A, B], let us assume that

zf" (2) - 1+Az
f(©@ 1+ Bz

Using the definition of subordination, there exists a Schwarz function ¢ :
| ()| < 1, such that

h(z) = = p(2).

I1+A
o) = Pod(a) = T

Hence, h(z) becomes

z2f' ()  1+A¢(2)

M= T 1Y B

By logarithmic differentiation of (3), we get

1. /1" f_ A B

f@ f@  (1+A4¢k) (1+Bp@)

Above equation gives us the pre-Schwarzian derivative of f, i.e,

f'(@) _ (A’ - AB)¢(2) + 2(A - B)

Ty(z) = =
#(2) f(2) (1 +A¢()(1 + Bo(2))
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Setting ¢ (z) = idx (as ¢ belongs to the class of Schwarz functions and ¢ (z) < z on A) and rearranging
the terms, we get
(A2~ AB)z+2(A- B)

(1+Az)(1+ By

(1=1F) |7, @] = (1 - <P)

Taking the supremum value both sides in the unit disc, the above equation becomes

(A2 —AB) Izl + 2 (A — B)
(1+AlzD(+ Blz))

sup (1 - Izlz) |Tf (z)| < sup(l - |Z|2)

lzl<1 lzl<1

As —1 < B, we get (1 — |z]) < (1 + B|z]), therefore the above inequality becomes

(A2 . AB) 2| + 2 (A — B)
(1+Alz)

sup (1 - 1) |7 (2)] < sup 1.+ )
Z|<

lzl<1

The above inequality gives us the norm of pre-Schwarzian derivative of f, denoted by ||7¢||. To estimate
the upper bound of ||7|| in the unit disc A, z must lead to 1 and therefore

(A2 = AB) |zl +2(A - B)
(I+Alz)

_2(A-B)(A+2)
B A+ 1)

lim (1 + |z])
z—1

Finally we get
2(A-B)(A+2)
|7/ < a+n (2.2)

For the second part of the proof, let us assume that

_wg'(w) 1T+Aw
k@) = gw) <1+Bw_p(w)

where z = f~!(w) = g(w). By definition of subordination, there exists a Schwarz function ¢ : A — A
with ¢ (0) =0 and |¢(2)| < 1, such that

1+A¢(2)
k(z) = = —.
@) =pod(d) =5 T B
Since f € o, both f and f~' are analytic and univalent in A. The derivative of f~! is given by
dif~ ') _ 1
w '@

Therefore, k(z) can be expressed as
wg'(w) _ k() = f@) _1+4¢9(@)
gw) 2f'(@ 1+Bp@)
Taking logarithmic differentiation of (5), we get

@ 1 7@ AY @) B¢’ (z)

f@ = f@ (+ApR) (1+BpQ)

(2.3)
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Setting ¢ (z) = ids (as ¢ belongs to the class of Schwarz functions and ¢ (z) < z on A), we have

7@ AzA-B)
f @ (+Az)(1+Bz)

Following the previous steps and using (1 — [z]) < (1 + Blz]), we get

sup(l - Izlz) |Tf (Z)| < sup (1 +[z))

lzl<1 lzl<1

|A| (A — B) |Z|]
(I1+Alz) |

For upper bound of ||T||, z must lead to 1, i.e,

AIA - B)lzl _ 2(A - B)IA|

lim (1 + |z|)
z—1

(1+Alz) A+1)
Therefore 24— B)A
T|| < =———2 2.4
|| f || = A+1 (2.4)
Combining (4) and (6), the proof is complete. O

Let A = (1 — 2a) and B = —1 in the above theorem where 0 < @ < 1, the class becomes
S3I(1 = 2a),~1] = S(@).

Corollary 2.1. If f € S’ (@), then ||T¢|| £ min{6 — 4a, |2 — 4al}.

If f is analytic and locally univalent in A such that f € S*(@), where 0 < @ < 1 then [|T|| < (6 - 4a),
which is due to Yamashita [1]. The above corollary generalizes the result for bi-univalent functions.
Let A =1 and B = —1 in the above theorem, the class becomes S [1,-1] = S,

Corollary 2.2. If f € S, then ||T/|| < 6.
The above corollary generalizes the norm estimation for bi-univalent functions.

Theorem 2.2. Let the function f (z) given by (1) be in the class V. [A, B], then

. [2B3+2A)(A-B) 2(A-B)(1+2A)
||Tf|| < min , .
A+1) A+1)

Proof. Since f € V [A, B], let us assume that

z z 1+ Az
0= (755) o< T =0

Therefore, there exists a Schwarz function ¢ : A - A with ¢ (0) =0 and |¢(z)| < 1 such that

3 _1+A¢(2)

k(z) = pod(z) = T+ 860
Therefore, k(z) can be expressed as
2
[ z s 1+A4(2)
k(z) = (_f (z)) f @)= T+ B0 ) (2.5)
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By logarithmic differentiation on (7), we get

2 2@ @) AP B¢’ (2)

. f@  fG@ (1+Ad@) (1+BsR)
7@ 2@ 2 A Q) By’ (2)

@ f@ z (1+46@) (1+Bs@)

Hence, the pre-Schwarzian derivative of f becomes

T) () = [7@) _2(+44R) 2 A4 @) B¢’ (2)

T @ z(+Bp@) z (1+A¢k) (1+Bp()

Setting ¢ (z) = ida, we get

1" (2) B B(A-B)+2Az(A-B) 3 (A-B)(3+2A2)
3  (1+A(A+By)  (1+A(1+By)’

Tf (Z) =

Therefore
(3+2Az))(A - B)

(1+AJz)

sup (1~ 1<) [T @) < sup (1 + <)
z|<

lzl<1

Again, to estimate the upper bound of ||Tf||, z must lead to 1 and hence we get

(A-B)(3+2Alz) 2(A-B)(3+2A)

lim (1 + |z|)
z—1

(1+Alz) (A+1)
Finally
I <« 252522 2.6)
For the second part of the proof, its given f € V. [A, B] and therefore we assume
w o\ 1+Aw
k(z) = (m) g w) < T+ 5w~ PW)

where w = f(z), g = f~' and w € A. Since f € o (as explained in the second part of previous theorem)

we see,
’ _ d —1 _ 1
J _dw(f (W))_f’(z)'

Using above equation, k(z) can be expressed as

f(z))z 1 1+4¢()

k@ :( ) F@ 1+Bs)

By logarithmic differentiation of above equation, we get

@) _2+4¢Q) 2 A¢@ = BYFQ

f@ z(0+BpR) z (1+A4¢@) (1+Bp()
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Setting ¢ (z) = ida, the pre-Schwarzian derivative of f becomes

f"@ (A-B)(1+2Az)
f @ (+A)(0+By)

Ty (2) =

Following the similar steps as in the first part of this theorem, we get

(A-B)(1+2A[z)

T/l < sup (1 + |z])

<1 (I+Alz)
Finally,
2(A-B)(1+2A)
T/ < 2.7
” f|| = A+ 1) 2.7)
Combining (8) and (9), the proof is complete. O
Let A = (1 — 2a) and B = -1 in the above theorem where 0 < a < 1, the class becomes V;[(1 -

2a),—-1]1 = V().
Corollary 2.3. If f € V(a), then ||T|| < min{10 — 8, 6 — 8a}.

The above corollary deduces to the exact same norm estimation for analytic and bi-univalent
functions in A which lies in a similar class denoted by V(«) and is studied by Rahmatan [4].
Let A = 1 and B = —1 in the above theorem, the class becomes V[1,-1] = V.

Corollary 2.4. If f € V, then ||Tf|| <6.
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