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/���ê"

ì?úªµL6g−6,L→ ∞.
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II-1. ­���m

4�½��iù¡´d���ÿÀþº�g�½�"'X��¥
¡§�¡§pº�iù¡

eriù¡À�1w�ê­�§K§���N�¤��3g − 3��
êqMg§Ù¥­����;z¡�´Deligne-Mumford;zM g

3unØ¥§��4Ü­�S1½���ã[0, 1]�O
²;ÔnÆ¥
�:�Vg§§�3��¥$Ä§�p�^¤�)�;,Ò´£�
>�¤iù¡

�±�Ä�n�IP:��ê­�[Σg, p1, · · · , pn],l
�¤��mM g,n.

Gauss-Bonnet ½n2 − 2g = 1
2π

∫
Σg

KdVΣ �Ñ
��Úå��^�

¼"
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II-2. ­���m���ê

Pψi, i = 1, · · · , n�Deligne-Mumford�mM g,nþ1i�IP:�Ñ�
�k{��m��a. Pt(ψ) = t0 + t1ψ + t2ψ2 + · · · . K�:¢D ³
½Â�

Fg(t) =

∞∑
n=0

1
n!

∫
M g,n

t(ψ1) ∧ · · · ∧ t(ψn),

�A�τ¼ê�:

τ(~, t) = exp


∞∑

g=0

~g−1Fg(t)

 .
Fg(t)�ÐmXêÒ�Ñ
��ê

∫
M g,n

ψa1
1 · · ·ψ

an
n £Correlation¼ê¤

º:�f:

Γ± = exp

±∑
k≥0

(2λ)k+1/2

(2k + 1)!!
tk
√
~

 exp

∓∑
k≥0

(2k − 1)!!
(2λ)−k−1/2

√
~∂tk

 .
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3HirotaV�5/ªe§KdV�§q���µ

resλ=∞ λ
n dλ
√
λ

(
Γ+ ⊗ Γ− − Γ− ⊗ Γ+) τ ⊗ τ = 0, n ≥ 0.

KdV �§´19­VKortewegÚde Vries3ïÄYÅDÂ�uy� 
�©�§µ

∂u
∂t

= uux −
1
6

uxxx.

Ú\�õCþ��Ñ��Ã¡õ�§�KdV�§q"
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II-3. Virasoro�å

·�/ÏGivental�*	Ú\Virasoro�f"
Ã¡�"�mH = H((1/z)) = H+ ⊕ H−, Ω(f , g) := res(fg(−z)).
Ã¡�"C��þfz: Â := ĤA HA := 1

2Ω(f ,Af ),Ù¥

f (z) =
∑
k≥0

qkzk + (−1)k+1pkz−k−1.

Virasoro �ê: -D = z(d/dz)z§Lm = z−1/2Dm+1z−1/2. Kkw«�L
�:

L−1 = 1/z

L0 = z
d
dz

+
1
2

L1 = z3 d2

dz2 + 3z2 d
dz

+
3
4

z
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Lm,m ≥ −1´Ã¡�"C�÷vXe'X:

[Lm,Ln] = (n − m)Ln+m.

þfz�§·���

L̂−1 = q2
0/2~ +

∑
k≥0

qk+1∂k

L̂0 =
∑
k≥0

(k + 1/2)qk∂k

L̂1 = ~∂2
0/8 +

∑
k≥0

(k + 1/2)(k + 3/2)qk∂k+1

ù
þfz���fL̂m÷vVirasoro'X:[L̂m, L̂n] = (n − m)L̂m+n unless m, n = ±1
[L̂1, L̂−1] = 2(L̂0 + 1/16)

(1)
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II-4. Wittenß�

ÄuunØ¥Ý
�.�ïÄ§91cWitten3¦�©Ù¥ßÿµ

Conjecture 0.1

­���m¤�Ñ�τ¼ê÷vKdv�§q�Virasoro�å

1992cM. Kontsevichy²ù�ß�´é�§¿�Virasoro�å��
û½τ¼ê£3���~êÏfe¤"

?�Ú�í2º
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II-5. º�é¡y�

3ïÄunØ¥§nØÔnÆ[uy���o��y¢nØ§u7
L;z�8��k-£6/þ"

��n��k-£6/´��;Km²��Kähler6/

380c�¥éunØ¥T-éó5�ïÄ¥§B. Greene and R. Pless-
eruy
'uü�k-£6/M �M̌�Hodgeê�éóµ

h3−p,q(M) = hp,q(M̌)

.

91c§ÔnÆ[Candelas, dela Ossa, Green and Parksk��­�
�uyµ�±ÏL¦),a�©�§���
k-£6/þkn­
���ê
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Candelas, dela Ossa, GreenÚParks�uy

PX ⊂ CP4��� �þ�5g�­¡,'Xdõ�ªx5
1+x5

2+· · ·+x5
5½

Â. Pnd�LXþÝ�d �kn­���ê. ��liù��m©�
¯KÒ´Oênd.

�Ñ)¤¼ê

K(Q) = 5 +

∞∑
d=1

ndd3Qd

1 − Qd

¦�­��uy´ù�¼ê�±ÏL¦)±e4 �Picard-Fuchs �
�µ

D4 + 5q(5D + 1)(5D + 2)(5D + 3)(5D + 4) = 0,D = q
d
dq
.
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�{´:

(1) 5¿��AÛ¼êf0(q) =
∑∞

d=0
(5d)!qd

(d!)5 ´Ù¥���)",��

)f1(q)30�X�f1(0) = 0. PQ(q) = q exp(f1(q)/f0(q)).

(2) r±e±q�C��Yukawa 3�©/ª­��±Q�Cþ�/ªµ

5
(1 − 55q)f0(q)2 (

dq
q

)⊗3 → K(Q)(
dQ
Q

)⊗3.

l
��K(Q).

390c�¥§Givental§Liu-Liang-Yau3õ«�/e)û
ù�£º
�0¤�º�é¡ß�"
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Givental�*	

)ûù�ß��¢�´XÛé��§Ú)º

GiventalÄk*	��CþÓN+�D-�(�§¿ÏL±eé�
Heisenberg�ê3�CþÓN+�L«µ

pi → ~qi
∂

∂qi
, qi → q∗i

ù�D-�(��Ñ
��ÛÜ~��,ÛÜ�§´±e�§�)µ

~qi
∂

∂qi
fα =

∑
β

aβiαfβ, i = 1, 2, · · · , k.

ù�¦Òé�
�A��§"

?�Ú§Giventaluyù��§�±ÏLé6/��þfÓN+�
þfz��"þfz���§¡�þf�©�§. 
§�)�±d
��êÏf�÷,
����È©��"
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III-1. "(�£A�.�¡¤

¯Kµù
ØCþÚ�§Ä¾lÛ
5º

ÏL�ÏïÄ§<�uyº�é¡y��N
º�6/�m"(��E
(��m�éA'X"

þfþÓN+´é"6/þ��þÓN+kÈ�þf?�

þfþÓN+5gué"6/þ��X­��nØ�ïÄ§y3¡
�Gromov-WittennØ§§�N
"ÿÀ"

3Ônþ§��X­�´��5σ�.�ý��"��5σ�.�
$Ä�§�)Ò´liù¡���"6/�NÚN��§"ïÄ�
k-£6/���5σ�.�¡�k-£A�."
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III-2. E(�£B�.�¡¤

,��¡§Picard-Fuchs equation �±ÏLïÄº�6/�E(
�/CnØ��"5¿�IO5g­¡�º�´�)��Fermat
.Ò�5g­¡X̌"§�Hodgeêh2,1(X̌) = 1ÏdÏLïÄ±ÏÈ©
ÚGauss-Manin²"éä�±��Picard-Fuchs�§"

'uk-£6/E(�/C�nØ¡�´k-£B�.§§éAXÔn
Æ[ïÄ�¤¢KählerÚå
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IV-1. ��X­��Gromov-WittennØ

6/M�þÓN�(H∗(M,R),∧,
∫

M)

"6/(M, ω, J)�þfþÓN�µ
(QH∗(M),∧~,

∫
M). Ù¥¦{½Â�OêL�½þÓNa���X­

�

��X­��§

u : (Σ, j)→ (M, ω, J)

∂̄Ju :=
1
2

(du + J · du · j) = 0

'u��X­��nØ¡�Gromov-Witten theory"��ïÄ¤¢
­½N����mM g,n(M,A),A ∈ H2(M,R)"
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1 GromovÄkïÄ��X­��nØ§¿y²
Ø�Ø ½n§mé

ïÄ"ÿÀ���"

2 Witten§Kontsevich-Manin�Ñ
únz�£ã"
3 _]R1���Ñ
GWØCþ�/ª½Â"
4 _-XÄg3"6/�ü��/eî�½ÂGWØCþ"

é��"6/þGWØCþ�½ÂdNõ�|�ÑµFukaya-Ono,
Li-Tian, Ruan§Siebert�.
Virasoroß�:1w�êq�GWØCþ�)¤¼êAT÷v�X�
dEguchi-Hori-XiongÚKatzÄuVirasoro�å�Ñ��©�§.

1 4-Xy²
º�0�þfþÓN�Virasoroß�¶Dubrovin-Üy²

?ÛFrobenius6/º�0� ³Ñ÷vVirasoro�å¶

2 Dubrovin-Üé�üº�1��/y²
ß�¶
3 4�Æé�üº�2��/y²
ß�¶
4 Pandharipande-Okounkovéý�­�y²
ß�
5 Giventalétoric Fano�/y²
ß�
6 Telemané�üFrobenius6/y²
ß�
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IV-2. ��~f: CPn

þÓN�d±e�Ñ

H∗(CPn) = C[x]/(xn+1),

Ù¥x��²¡a"

þfþÓN��

QH∗(CPn) = C[q, p]/(pn+1 − q).

þfz: p→ ~q ∂
∂q = ~ ∂∂t , q→ q = et. þf�©�§�(

(~
∂

∂t
)n+1 − et

)
F(t) = 0.
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UHori-Vafa�E§B�.Ø´��6/
´éALG�.µ

f (z1, · · · , zn) = z1 + · · · + zn +
q

z1 · · · zn
, q = et

��È©

F(q) =

∫
Γ

ef /~ dz1

z1
∧ · · · ∧

dzn

zn

�Ñ
þf�©�§�).

Huijun Fan (�®�Æ) TQFT and Mirror symmetry 18 / 79



V-1. º�é¡�Landau-Ginzburg�.

Ø´¤k�k-£6/ÑkXº�é§'X�3f5�k-£6/
£h2,1(M) = 0).

�âÔnÆ[�ó�§º�é¡y��Ñ
k-£6/��Æ§A
O´�Landau-Ginzburg�.�'

LG�.����;Kähler6/þ���� ³�X¼ê(�

¯¢þ§ÔnÆ[¦^LG�.O�ÿÀ|nØ�{¤�@§'
XGepner§Ceccoti, Vafa§Witten§Klemm�

ÔnÆ[@ÒuyLG�.�Û:nØ�m�'X

Witten393c�
í2Wittenß�ïÄ
r-spin­�nØ

Givental3¦�©Ù/Symplectic topology and singularity theory0¥
¿£�GWnØ�LG�.�m�'X"
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V-2. þÓN|nØ

ÿÀ|nØ�Ð´dWitten390c�mJÑ�"¦ù�*:�Atiyah,
Segal�<Jõ¤únzLã. ·�=!Ø���4unØ§ù�ú
nNX�±��[/dManin-KontsevichúnNX�Ñ,÷vù�N
X�nØ¡�´þÓN|nØ.

Definition 0.2 (CohFT)

CohFT´��(�(H, (·, ·), I, Ig,n)÷v±e^�:

�é(·, ·)�òz.

Ig,n : H⊗n → H∗(M g,n,C)´õ­�5N�÷v
Ig,n(a1, · · · , an)�Aua1, · · · , an´é¡�.
äãÊÜ: Pb : M g′,n′+1 ×M g′′,n′′+1 → M g,n �ÊÜN�(g′ + g′′ =

g, n′ + n′′ = n),K

b∗(Ig,n(a1, · · · , an)) =
∑
µ,ν

Ig′,n′+1(ai1 , · · · , ain′ , φµ)gµνIg′′,n′′+1(aj1 , · · · , ajn′′ , φν).
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�ãÊÜ:

Pb′ : M g,n+2 →M g+1,n �ÊÜN�,K

(b′)∗(Ig+1,n(a1, · · · , an)) =
∑
µ,ν

Ig,n+2(a1, · · · , an, φµ, φν)gµν.

ü ún: (a, b) = I0,3(a, b, 1) ∈ H∗(M 0,3,C) = C.

Remark 0.3
�ª(a ◦ b, c) = I0,3(a, b, c)�(H, (·, ·), ◦, 1)Jø
��Frobenius�ê(�.
e�Än:¼êK��ÑFrobenius6/(�.

Example 0.4

"6/X�J[Ä��[M g,n(X)]virJø
��CohFT:

Ig,n = π∗([M g,n(X)]vir ∩ ev∗(·)) : H∗(X)→ H∗(M g,n,C).
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VI-1 r-spin­�nØ

r-spin­�µ(Cg,L , p1, · · · , pk),�mL ÷vr-spin^�µL r � Klog.

r-spin­����mM
1/r
g,kd�da[(Σ,L )]�Ñ.

Witten��Ä:í2Witten-Kontsevich½n

éA,D,EÛ:JÑ2Â�Wittenß�:)¤¼ê÷vDrinfeld-Sokolov�
§q.

��mnØÚJ[Ä��[M
1/r
g,k ]vir��Ed�êAÛÆ[µ

Abramovich, Kimura, VaintrobÚJarvis�¤

r-spin�/�Wittenß�3º�0�dJarvis-Kimura-Vaintrob,º�1Ú
2�dY.P Lee)û"06-07c§Faber, Shadrin±9Zvonkine)û��
�/"
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VI-2. þfÛ:nØ£FJRWnØ¤

(1) ³¼ê�é¡5

Definition 0.5
W(x1, · · · , xN)¡�[àgõ�ª§XJ§÷vXe^�

W(λq1
1 x1, · · · , λ

qN
N xN) = λW(x1, · · · , xN),

Ù¥qi´Cþxi�Ýê.

W´�òz�§XJ§÷v

(1) WØ�¹xixji , j±9

(2) W¤½Â��­¡3ÝK�m¥´�ÛÉ�

Theorem 0.6 (K. Saito)

eW´[àgõ�ª,KÝêqi ≤
1
2���(½.
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þfÛ:nØ���'��O´±e½n

Theorem 0.7 (Fan-Jarvis-Ruan, CPAM 2008)

�W ∈ C[x1, . . . , xN]´�òz�[àgõ�ª, �é?ÛC�xi, i =

1, . . . ,N§Ýêqi = wt(xi) < 1. Ké?Û(u1, . . . , uN) ∈ CN±e�O¤
á

|ui| ≤ C

 N∑
i=1

∣∣∣∣∣∂W
∂xi

(u1, . . . , uN)
∣∣∣∣∣ + 1


δi

,

Ù¥δi =
qi

minj(1−qj)
§~êC=�6Wg�. eé?Ûi ∈ {1, . . . ,N}§qi ≤

1/2,Ké?Ûi ∈ {1, . . . ,N} δi ≤ 1. eé?Ûi, qi < 1/2,Ké?Ûi,δi < 1.

Proof.
|^�êAÛÚÝ
©Û��{. �
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Lemma 0.8
eW�òz,Ké�é¡+

GW := {(α1, . . . , αN) ∈ (C∗)N | W(α1x1, . . . , αNxN) = W(x1, . . . , xN)}

´k��.

Definition 0.9

IPγ ∈ GW�
γ = (exp(2πiΘγ

1), . . . , exp(2πiΘγ
N)),

with Θ
γ
i ∈ [0, 1) ∩ Q.

J := (exp(2πiq1), . . . , exp(2πiqN)),

Ì�+〈J〉3��nØ¥ò�ü��­���Ú.
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(2) W(��W-­�

Definition 0.10
;­�(C , p1, · · · , pk): 3IP:pi½Û:?#Nk;/(�; Ù�IX
dz→ zmi�Ñ;ÛÜ+�Gpi � Zmi .
eL�;/�m§(z, s)�Ù�Cpi�ÛÜ�I, KGpi��^�(z, s) →
(exp(2πi/mi)z, exp(2πiv/mi)s). Ón·��±½Â3�­Û:?�;/(
�

Definition 0.11
C = (C , p1, · · · , pk,L1, · · · ,LN , ϕ1, · · · , ϕs)´�^W­�§d±e
���¤µ���äkk�IP:�º�g�;/C , ¿�W-(
�(L1, · · · ,LN , ϕ1, · · · , ϕs). ��W(�´d÷vÓ��¦�N�;/�
mL1, · · · ,LN�¤µ

ϕi : W(L1, · · · ,LN)→ Klog = KC ⊗ (O(p1)) ⊗ · · · (O(pk)),∀i = 1, · · · , s.
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(3)°�m�Ä�m

e�mLi 3��IP:£½Û:¤p�;/(�´²��, =Θ
γ
i =

0,KLi¡�3p´°�m;ÄK§3p:¡�Ä�m.

e¤k��m3��IP:£½Û:¤pÑ´Ä�m§Kp¡�´Ä
:§ÄK§¡�´°:.

�γ ∈ G�ÛÜ+3p�)¤�, K§p�
CNþ��^¿kØÄ:
8CN

γ . ½ÂWγ = W |CN
γ
"

·�I�;/(�5?n�m3Û:?�òz5
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(4) W-­����m

M g,k := {(C , p1, · · · , pk)}: �k�IP:�­����m

W g,k(γ) := {(C)}: W-­�C���m.ù´��©��m

ggg,,,NNN���

st : W g,k(γ)→M g,k , (¢#N�)θ : W g,k+1,W(γ, J)→ W g,k(γ)

±9Ù¦�ÊÜö�
taughtological ring in H∗(W g,k(γ)). ψi, κi aaa���.

Theorem 0.12
For any non-degenerate, quasi-homogeneous polynomial W, the stack
W g,k is a smooth, compact orbifold (Deligne-Mumford stack) with projec-
tive coarse moduli. In particular, the morphism st : W g,k → M g,k is flat,
proper and quasi-finite (but not representable).
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(5)f5W­����m
W g,k(γ)Ø´��·Ü©Ûö��ó��m,·�I��Äf5�W ­

��mW
rig
g,k(γ). §´W g,k(γ)�©|CX�m.

Definition 0.13
3��IP:p?�f5zψ´���±W-(��ÛÜ²�z,=§�±
±e���ãLµ

j∗p

 N⊕
m=1

Lm

 ψ - [CN/Gp]

j∗p(Klog)

φ` ◦W`

? residue - C

W`

?

(2)

Ù¥¦{ê�N�rdz
zN�1.
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Definition 0.14
� � f 5 zW-­ � ½ Â � | ÜC :=
{C , p1, · · · , pk,L1,LN , ϕ1, · · · , ϕs, ψ1, · · · , ψk}, Ù¥ψi �3IP:pi�

f5z. f5zW-­����m´C��da,P�W
rig
g,k(γ).

(6) WittenN��§�6Ä

ÝÝÝþþþÀÀÀ���: 3IP:½Û:NC��ÎÝþ§=4| dz
z | = 1. ÏLW-(�

ù�Ýþ¬p�Liþ�Ýþ.
�C = (C ,L ,Ψ)���ÎÝþ�f5�W-­�.·��±½Â�ÝþN
�:

Ĩ1 : Ω(Σ̃, L̄ −1
j ⊗ Λ0,1)→ Ω(Σ̃,Lj ⊗ Λ0,1).

d�;/­�þ�Witten�§½Â�

W̃M(C,u) := ∂̄ui + Ĩ1

∂W
∂ui

 = 0,∀i = 1, · · · ,N.
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W
rig
g,k(γ)��mþ©�;/FréchetmB0ÚB0,1: 3C:�n��m©O

�:

C∞(C ,Lj) := {(uj,ν) ∈ ⊕νC∞(Cν,Lj)|uj,ν(pν) = uj,µ(pµ), if πν(pν) = πµ(pµ)}

C∞(C ,Lj ⊗ Λ0,1) := {(uj,ν) ∈ ⊕νC∞(Cν,Lj ⊗ Λ0,1)}.

u´WittenN�W̃M�À�l6/B0�mπ∗B0,1þ��¡.

(J�?:

3;/��IkL«e, WittenN�´G-�C�.

W´pÝòz�Hamilton¼ê

ØU��6ÄW̃M
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£7¤6ÄWittenN���õ­�¡

·��±3IP:½Û:?6ÄWitten�§¦�§kXe/ªµ

∂̄ui + Ĩ1

∂W + W0,γ

∂ui

 = 0,eui �°Cþ.

Ù¥W0,γ�Wγ��56Ä¦�W0,γ + Wγ´���XMorse¼ê. 6Ä�
6u6Äëêb̄ = (b1, · · · , bN).

Ï�6Ä¬»�G-�C5,6Ä�¡WI : B0 → B1,0´��õ­�¡�

3�­Û:p?�6ÄëêAT÷v�N5^�.

ÏLü ©)½ÂW
rig
g,k þ�6Ä��Nõ­�¡.
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£8¤6ÄWitten�§���5©Û

5P: ù´��������5�Ü-iù�§. ¤±d?�©ÛØÓ
u4d�Yang-Mills�§±9��X­��§. §�©Û�ØÓuSeiberg-
Witten�§,Ï�SW�§�)äkC0-��Ol
��m´;�.

�CIP:?§§aqu"AÛ¥FloernØ�;�6��§, �3SÜ
§´����5ý��§"

SSS���OOO: ||u||Ck ≤ C.(|^'��Lemma 0.3)

333IIIPPP:::½½½ÛÛÛ:::NNNCCC���ÂÂÂñññ555: u = (u1, · · · , uN) → κiz → p, Ù¥κi

´¼êWγ + W0,γ�,��.:.

���êêêÂÂÂñññ555
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(9)�áf�m
�Ä(R1 × S1,−∞, 0,+∞, γ, ∗, γ−1, ψ)þ��§. (�Î�Iµζ = s + iθ)

∂̄ui

∂ξ̄
− 2

∂(W + W0,γ)
∂ui

= 0.

Definition 0.15
Ùþ��²�)¡����áááfff))),e�áf)Ø�6�ÝK¡�BPS-�á
f.

555PPP: BPS�áf´S1-ØC�)(Ïd¬3��m¥�5I/(�).

eu���)§Kk

(Wγ + W0,γ)(κ−) − (Wγ + W0,γ)(κ+) = 2
∫ +∞

−∞

∫
S1

∑
i

∣∣∣∣∣∣∂(W + W0,γ)
∂ui

∣∣∣∣∣∣2 .
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(Ø:

=�·�À�γ�6Äëêb̄TTÐ§¦�Wγ + W0,γ�ü�ØÓ��.
:κ+Úκ− ÷v±e�ª

Im(Wγ + W0,γ)(κi) = Im(Wγ + W0,γ)(κj).

�§â�3�áf).

Definition 0.16
e6Äëêb̄¦�é?Ûγ ∈ G, Wγ + W0,γÑ´Morse¼ê,K6Ä¡�´
�K6Ä¶eé�K6Äb̄,é?¿�γþã�ªÑØ¤á,K¡6Ä�r
�K�"

Theorem 0.17
�K�Ø´r�K�ëêb̄�¤
k��¢�­¡¥���8¶ù
�
­¡rëê�mCN�¤ØëÏ��m.
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£10¤­½W�¡���mW
rig
g,k(γ, κ)

�;y�: e��mW
rig
g,k,W(γ, κ)´r�K6Ä�, Kvk�;y�u

). e6Ä´�K��r�K,Kk�;y�u)"u)��Ï´du�
áf)��35"
�
¼�;�m§·�7L3®k��m¥V\”���áááfffW ���¡¡¡”"¤±
·�7L�Ä����mW

rig,s
g,k (γ, κ).

W
rig,s
g,k (γ, κ)´��©��m§Ù¥©��SdIPéóã�Ñ.

·��±D�W
rig,s
g,k (γ, κ)±Gromov-HausdorffÿÀl
����;

�Hausdorff�m.
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eW
rig,s
g,k (γ, κ) = W

rig
g,k(γ, κ) (r�K6Ä),K§´��Ø�>��m.

e6Ä´�K��r�K�,KW
rig,s
g,k (γ, κ)´���>��m§�>

�BPS �áfk'. �áf�Ø´BPS �áfÑy3��m�S
Ü§Ï�ÙgÓ�+´k��"

£11¤FredholmnØÚJ[�ê

é?ÛC ∈ W
rig
g,k(γ)·�kWittenN�:

WIC : Lp
1(C ,L1 × · · · ×LN)→ Lp(C ,Li ⊗ Λ0,1), p > 2

WIC(u) = (∂̄C u1 + Ĩ1

∂(W + W0,β)
∂u1

 , · · · , ∂̄C uN + Ĩ1

∂(W + W0,β)
∂uN

).
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3u:§·�k�5z�fµ

DC,uWI : Lp
1(C ,L1 × · · · ×LN)→ Lp(C ,L1 ⊗ Λ0,1) × · · ·Lp(C ,LN ⊗ Λ0,1)

DC,uWI(φ) := DC,uWI(φ1, · · · , φN) :=∂̄C φ1 +
∑

j

Ĩ1

∂2(W + W0,β)
∂u1∂uj

φj

 , · · · , ∂̄C φN +
∑

j

Ĩ1

∂2(W + W0,β)
∂uN∂uj

φj


 .

°IP:ÚÄIP:é�IkØÓ��z!

Theorem 0.18

�(C,u) ∈ W
rig,s
g,k (γ, κ)Úb½C´ëÏ�. KÙ�5z�fDC,uWI :

Lp
1(C ,L1 × · · · × LN) → Lp(C ,L1 ⊗ Λ0,1) × · · · × Lp(C ,LN ⊗ Λ0,1) ´�
�¢�Fredholm�f§�I�

2ĉW(1 − g) −
∑
τ

2ι(γτ) −
k∑
τ=1

Nγτ

Ù¥ĉW =
∑

i(1 − 2qi)ι(γτ) =
∑

i(Θ
γτ
i − qi)±9Nγτ = dimCN

γτ
.
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£12¤½��Kuranishi(��J[Ä��

ÄuFukaya-Ono'uGWØCþ�ó�"

5P:kÙ¦�aq��E�{§Xoh-Xf,_]R, Siebert,
Hofer,�y�....

SSSÜÜÜKuranishi������������EEE: (Uσ,Eσ, sσ,Ψσ). dÛ¼ê½nÚk�
�O(vkî�5)

>>>...Kuranishi������������EEE: c[©ÛBPS�áf)9Ùþ�æNm
(�(©�ê/Ú�/ü«).

ÊÊÊÜÜÜrKuranishi��Ul$��p��^SÊÜå5"

½½½���y²dKuranishi(�´�½��"
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(13)J[�

ÄuFukaya-Ono�Kuranishi(�nØ,e6Ä´r�K�§K·�

�±��J[Ä��[W
rig
g,k(γ, κ)]vir ∈ H∗(W

rig
g,k(γ, κ))§Ù¢�ê�6g−

6 + 2k − 2D −
∑k

i=1 Nγi = 2((ĉW − 3)(1 − g) + k −
∑k
τ=1 ι(γτ)) −

∑k
i=1 Nγi .

·��±é?Û:MéóãΓ§½Â>.a[W
rig
g,k(Γ)]vir.

eü�6Äëêb̄Úb̄′á3CN¥Ó���m¥,K§�½Â�J[Ä
��´���. ÏdÄ���6uWγ+W0,γ��«�£½LefschetzÃ
�¤
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£14¤þfPicard-LefschetznØ:Bpúª

e��^�´b̄(λ)BLp9, KÄ���Cz��A6Ä ³��«
�£½LefschetzÃ�¤�Cz��§=§��÷v²;Û:nØ¥
�Picard-LefschetznØ.

�(b1(λ), · · · , bNγ̃(λ)), λ ∈ [−1, 1]�CNγ̃¥����Bp�´.

P{κ1(±), · · · , κi(±), κi+1(±), · · · , κµNγ̃ (±)}�3λ = ±1�kS�.:8.

·�Ø�b½

éj , i§κj(±) = κj�½

κi(±) = κi(λ = ±1)

Im(αi(λ = 0)) = Im(αi+1).
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e6Ä÷vReαi(λ) < Reαi+1,Kk�C�úª:

[W
rig
g,k(γ′, γ̃; κ′, κj(+))]vir = [W

rig
g,k(γ′, γ̃; κ′, κj(−))]vir, ∀j , i, i + 1

[W
rig
g,k(γ′, γ̃; κ′, κi(+))]vir = [W

rig
g,k(γ′, γ̃; κ′, κi+1(−))]vir+

Ri,i+1 · [W
rig
g,k,W(γ′, γ̃; κ′, κi(−))]vir

[W
rig
g,k(γ′, γ̃; κ′, κi+1(+))]vir = [W

rig
g,k(γ′, γ̃; κ′, κi(−))]vir,

Ù¥Ri,i+1�²;Picard-LefschetznØ¥���ê.

e6Ä÷vReαi(λ) > Reαi+1,KkmCzúªµ

[W
rig
g,k(γ′, γ̃; κ′, κj(+))]vir = [W

rig
g,k(γ′, γ̃; κ′, κj(−))]vir, ∀j , i, i + 1

[W
rig
g,k(γ′, γ̃; κ′, κi(+))]vir = [W

rig
g,k(γ′, γ̃; κ′, κi+1(−))]vir,

[W
rig
g,k(γ′, γ̃; κ′, κi+1(+))]vir = [W

rig
g,k(γ′, γ̃; κ′, κi(−))]vir+

Ri,i+1 · [W
rig
g,k,W(γ′, γ̃; κ′, κi+1(−))]vir
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(15)J[�[W
rig
g,k(γ)]vir�½Â

�½γ = {γ1, · · · , γk}. �r6Ä���mW
rig
g,k(γ, κ).

éz�γ ∈ G. �éAu¼êWγ+W0,γ�.:�Ä{S−j (γ), j = 1, · · · , µγ} ∈
HNγ(C

N
γ , (Wγ + W0,γ)−∞,Q)±9éóÄ

{Sj(γ), j = 1, · · · , µγ} ∈ HNγ(C
N
γ , (Wγ + W0,γ)∞,Q).

Kz�|Ü
(
S−j1(γ1), · · · , S−jk (γk)

)
éAXk��.:,

κj1···jk :=
(
κ−j1(γ1), · · · , κ−jk (γk)

)
.

·�kJ[�

[W
rig
g,k(Γ;γ, κj1···jk )]

vir =: [W
rig
g,k(Γ;γ, S−j1(γ1), · · · , S−jk (γk))]vir

.

y3�½r6Äëê(b0
i ); Gauss-ManinéäJø
Ó�µ

GM(b0
i ) : HNγ(C

N
γ , (Wγ + W0,γ)±∞,Q)→ HNγ(C

N
γ , (Wγ)±∞,Q)
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|^dÓ�·��±Ó�z

HNγ(C
N
γ , (Wγ + W0,γ)±∞,Q) � HNγ(C

N
γ , (Wγ)±∞,Q).

½Â [
W

rig
(Γ)

]vir
:=

∑
j1,··· ,jk

[W rig
g,k(Γ;γ, κj1···jk )

]vir
⊗

k∏
i=1

Sji(γi)


∈ H∗(W

rig
g,k(Γ)) ⊗

∏
τ∈T(Γ)

HNγτ
(CN

γτ
,W∞γτ ,Q)

dBpúª��

Proposition 0.19

J[�
[
W

rig
(Γ)

]vir
Ø�6uÄ{Sji(γi)} ∈ HNγ(C

N
γ , (Wγ)±∞,Q)3z�IP

:pi�À�.

Huijun Fan (�®�Æ) TQFT and Mirror symmetry 44 / 79



£16¤J[�[W g,k(γ)]vir�½Â
½Â

[W (Γ)]vir :=
1

deg soΓ

(soΓ)∗[W
rig

(Γ)]vir,

Ù¥

soΓ : W
rig

(Γ)→ W (Γ)

�^zN�. AO�§·�k

[W g,k(γ)]vir :=
1

deg so
(so)∗[W

rig
g,k(γ)]vir.

5µ·��±À�#N+G : 〈J〉 ≤ G ≤ GW ,
l
½ÂJ[�W g,k,G(γ),W G(Γ).
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(17)þfÛ:nØNX(FJRWnØ)

4�é�é¡+W: GW := Aut(W).
�ê©g�J = diag(e2πiq1 , · · · , e2πiqN ).
#N+G: 〈J〉 ≤ G ≤ GW .
LefschetzÃ��m�;/z�©g:

1 é?Ûγ ∈ G,PCN
γ �γ�ØÄ:8, Nγ L«E�ê, Wγ := W |CN

γ
��

�3γ�ØÄ:8þ�Û:"
2 γ-Û=Ü©: Hγ := HNγ (CNγ

γ ,W∞γ ,C)G..
3 γ = (e2πiΘγ

1 , . . . , e2πiΘγ
N ) ∈ G�Ýê²£ê: ιγ :=

∑
i(Θ

γ
i − qi).

4 ÝêHγ: degC(α) := degW (α)/2 := deg(α)/2 + ιγ .
5 �ê�ª: degC(α) + degC(β) = ĉW§é?Ûα ∈Hγ, β ∈Hγ−1 .
6 Û:W/G�G��m:

HW,G =
⊕
γ∈G

Hγ.

HW,G ¥��é〈, , 〉½Â�±e�é��Ú

〈 , 〉γ : Hγ ⊗Hγ−1 → C

Ù¥〈 , 〉γ�Û:Wγ����é"
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é?Ûàg��α := (α1, . . . , αk)αi ∈Hγi ,N�Λ
W,G
g,k ∈ Hom(H ⊗k

W ,H∗(M g,k))
½Â�

Λ
W,G
g,k (α) :=

|G|g

deg(st)
PD st∗

[W g,k,G(γ)
]vir
∩

k∏
i=1

αi

 ,
,�2�5*Ü�H ⊗k

W,G¥?Û��þ. úª¥�PD�PoincareéóN
�.

Theorem 0.20

(HW,G, 〈 , 〉, {Λ
W,G
g,k }, e1)�¤�CohFT.AO/§eW1ÚW2�äØÓC��

ü�Û:,KW1 + W2�CohFT�W1 ÚW2�CohFT�ÜþÈ:

(HW1+W2,G1×G2 , {Λ
W1+W2,G1×G2
g,k }) = (HW1,G1 ⊗HW2,G2 , {Λ

W1,G1
g,k ⊗ Λ

W2,G2
g,k }).
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Û:W/G�þfØCþd±eõ:¼ê�Ñ:

〈τl1(α1), . . . , τlk (αk)〉W,G
g :=

∫
[
M g,k

] Λ
W,G
g,k (α1, . . . , αk)

k∏
i=1

ψli
i ,

Ù¥ψi ´M g,k¥tautological��;Ka.

º�g� ³¼êµ

Fg,W,G =
∑
k≥0

〈τl1(αi1), . . . , τln(αin)〉W,G
g

tl1
i1
· · · tln

is

n!

)¤¼êµ
DW,G = exp(

∑
g≥0

~2g−2Fg,W,G)
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Corollary 0.21

º�0�nØ½Â
Frobenius6/�(�.

FJRW�µW/G��þf�(�"´��Frobenius�ê(�§dG��
m§�éÚ¦{F�¤. ¦{d±eº�0�3:¼ê½Âµ

〈αFβ, γ〉 = 〈τ0(α), τ0(β), τ0(γ)〉W,G
0 .

(18) FJRW��O�

éADEÛ:, Fan-Jarvis-Ruany²
Witten�géóº�é¡ß�

Theorem 0.22
(1) Ø
n�Ûê��DnÛ:, Ù§�{üÛ:£ADEÛ:¤�
þf�HW,〈J〉ÑÓ�u�AÛ:�Milnor�QW .

(2) �4�é�é¡+GDn�þf�HDn,GDn
Ó�uW = xn−1y +

y2�Milnor�QA2n−3 .

(3) Û:W = xn−1y + y2 (n ≥ 4)�þf�HW,GW Ó�
uDn�Milnor�QDn .
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�8c��kNõ'uþf�±9Frobenius6/(�O��©Ù"�Ü
©�LG-LGº�é¡§CY/LGéAk'"

£19¤2ÂWittenß��)û

�
í2Witten-Kontsevich½n§WittenJÑ
±eß�µ

Conjecture 0.23 (Witten�ADE�ÈXÚß�)

�é¡+〈J〉�ADEÛ:�τ¼êAT÷vDrinfeld-Sokolov�§q"

AÛ:�/32006-2007cm�Farber-Shadrin-Zvonkine��)û"
éuDEÛ:·�ke�½nl
��)ûd«�/�2ÂWittenß�"

Theorem 0.24 (Fan-Jarvis-Ruan)

�n�óê§Kn ≥ 4��Dn Û:±9E6, E7, and E8Û:¤k��é¡
+〈J〉�τ¼ê÷v�A�Kac-Wakimoto/Drinfeld-Sokolov�§q"
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,
-<¯ç�´n�Ûê�Dn Û:�Wittenß�¿Ø�("5¿n�ó
ê�, 〈J〉´4�é¡+GDn�I2�f+"�n�Ûê�§〈J〉 = GDn . ·�
k

Theorem 0.25
(1) ∀n > 4 �4�é¡+GDn�DnÛ:�τ¼ê÷vA2n−3Û:�Kac-

Wakimoto/Drinfeld-Sokolov�§q.

(2) ∀n ≥ 4�4�é�é¡+�Û:W = xn−1y + y2 �τ¼ê÷vDn-Kac-
Wakimoto/Drinfeld-Sokolov�§q.
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£20¤2ÂWittenß��y²

1 ADEÛ:�ancestor¼ê3þfÛ:nØ��£A�.¤kAÏ�5
�µ´/ªCþ�õ�ª

2 |^­ï½nÃØ´3A�.�>�´B�.Giventalþfz�>§
ancestor¼ê��dº�0þ�Frobenius6/�Ì ³£primary po-
tential¤û½§d?^�ADEÛ:÷v¥%Ö^�µĉW < 1.

3 |^WDVV�§y²Ì ³¼ê��d2, 3:¼êÚÄ�4:¼ê(
½.

4 3FJRWnØ�>§|^Topological Euler classúnO�3:¼êÚ
Ä�4 :¼ê. 3B�.�>^Noumi-YamadaúªO�{ê§À�
Ð�Primitive/ªïáA�.ÚB�.�m�º�éA"
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(21)þfÛ:nØ�­�©Ù(Fan-Jarvis-Ruan)

1 Geometry and analysis of spin equations, Comm. Pure Appl. Math.
Vol. LXI,0745-0788(2008), 44 Pages

2 Witten equation and virtual fundamental cycle, arXiv:math
/0712.4025v3, 108 pages, ”FJRW Theory” book in preparation

3 Witten quation, mirror symmetry and quantum singularity theory,
Annals of Mathematics, Vol 178 (2013), 1-106

4 D4 Integrable Hierarchies Conjecture, arxiv: 1008.0927v1,19 Pages.
5 Quantum Singularity Theory For Ar−1 and r-Spin Theory, Annales De

L Institut Fourier, Tome,no.7,2781-2802 2011
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VII-1. �Nº�é¡ã�

º�(�: N = (2, 2)�é¡���ê���5L«º£Hori-Vafa�
{¤.
�Nº�é¡�ã�:

CY A model −−−−−−→
mirror to

CY B modelyCY/LG corresp.
yCY/LG corresp.

LG A model −−−−−−→
mirror to

LG B model

®�nØ
CY A�.: GW theory
CY B�.: Kontsevich-Barannikov (º�0); BCOV, holomorphic anoma-
ly; Fang-Lu-Yoshikawa (º�1�/) ;Costello-Li­�z�{.
LG A�.: þfÛ:nØ(FJRWnØ)
LG B �.: Û:nØÚK. Saito²"(�(g=0);�üFrobenius6/
�Giventalþfz�{; ��©AÛ��{; C. Li-S. Li-Saito�õ­
¥þ|�{
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VII-2. Û:nØ�"AÛ

5¿�ÝK�m¥k-£1w�­¡��N½Â¼ê�Ñ
��[àg
�õ�ª§Ïd§éA��dd½Â�LGnØ.ùaÛ:äk�ê�¥
%ÖĉW = N − 2. 390c�@Ï,ÔnÆ[Martinec-Vafa-Warner-WittenJ
Ñ
±eÍ¶�ß�µ

Conjecture 0.26 (Landau-Ginzburg/Calabi-YauéA)

���[àg�õ�ªW/Aut(W)¤û½�LGnØAT�du�A�
k-£��5σ�."

3ù��¡��
Nõ­��?ÐµX3Chiodo-_�±e©Ù¥
Landau-Ginzburg/Calabi-Yau correspondence of quintic three-fold via sym-

plectic transformation, Preprint arXiv:0812.4660§Invent. Math.
¦�y²
5gFermat.õ�ª�FJRWnØ�º�0� ³¼ê´�
Ak-£3��­¡þGW ³¼ê�)Ûòÿ"
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VII-3. 5��5σ�.�ïÄ

390c�@Ï§WittenJÑ
^5��5σ�.5ïÄ�Nº�é¡
ÚLG/CYéA�å»"ù�9�AÛØCþnØ£GIT¤§ÄþN�Ú
"û§5�nØ�"Witten�ù��{vkÚå<�¿©�­À§�
�LG AnØ�ïá�§âÚå
NõêÆ[�5¿§y3kNõ|ïÄ
<
�ïáÚ�nØ�8I?u"Ì���§Xe§¡�5�Witten�
§ ∂̄Au + XW,σ̄(u) = 0

∗FA + µ(u) − τ = 0

Ù¥(A, ψ) ∈ W1,p
loc A (P) × W1,p

loc,G(P,F), ψ = (u, ū). P → C�G-Ìm§F�
�G�^�Kähler6/§W �Fþ�G-ØC�X¼ê"

5µ�-Jarvis-Ruanl12cm©éù�¯KÒ?1
ïÄ§¿3�«|
Ü�
�X��w§·�®��©ÛÚ�êØCþ�(J§ò3CÏu
Ù"£Ó��koh-Ü~û�ó�¤
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VII-4. þfÛ:nØïÄ��#?Ð

ØCþ�E��ê�{µPolischuk-Vaintrob§oh-Ü~û§oh-
o¥²-Ü~û

��ê48'Xµ4�¹-MÓ§4-Vakil-M§Pandharipande-Pixton§
4�Æ-�!

þf��O�§LG-LGº�é¡µKrawitz§�§!ð¹§Milanov§
_§Iritani

LG/CYéAµChiodo-_

�ÈXÚµÜl7§4gà§_§Milanov
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VII-5. ��ÿÀ|nØ�3�­�¯K£4uAnØ¤

¯K1: �¤�E�«���nØ. B�.�¡: ïápº�ØCþ§
)º�X�~§é�#�[�.ª"

¯K2: ïá����Û:�FJRWnØ.

¯K3: é5g�­¡ïáy²CY/LGéA���nØ§¿í2�Ù
¦6/

¯K4: ïá5��5σ�.�î�êÆnØ§¿y²CY/LGéA

¯K5: ^�©AÛ��{�Eº�é¡6/£yk�{´^lÑ|
Ü��{¤

¯K6: O�õ:¼ê§y²)¤¼ê÷vViraso�å, $�Ù¦�
å§'XW-�ê.

¯K7: 3�p�gþ)ºº�é¡y�§'X^�ÆznØ.
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VIII-1. /CnØÚB�.

CY B�.�¡µBCOVén�k£6//CnØ�ïÄµBarannikov-
Kontsevichép��?�Úí2£|^òÐ���m¤;)ÛtorsionØ
Cþ¶master�§��Hodge(��/C§±ÏN���'¶CÏ
dCostello-oguÐ�@­�z�{?1?n. ���nØ��
�"

LG B�.:Û:nØ§K. Saito�²"(�¶Giventalé�üFrobenius6
/�/ªþfz�{¶(Teleman���5½n).

·3e©¥JÑ
ïÄLG B�.�,�«�{: |^�©AÛ�Ä
Å½��§�/CnØ
H.Fan, Schrödinger equation, deformation theory and tt∗-geometry,
arXiv: 1107.1290v1, 114 pages.
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VIII-2. Schrödinger�§�/CnØ

Initial data:

(M, g): kk.AÛ��;���Kähler6/

F = zf ´½Â3²�mM × C→ Mþ��¡,z�À�n��I.

Definition 0.27
(M × C→ M, g,F)¡�Kähler.�¡-mXÚ

=�Ä(M, g, f )§¿�¦:

f ¡�rÐÑ�(strongly tame)§e: |∂f |2(z) − C|∇∂f |(z) → ∞ for any
C > 0 as d(z, z0)→ ∞.

Ð©êâ: rÐÑ��¡-mXÚ(M, g, f ).

ÐÑ5: f¡�ÐÑ�, e|∂f |(z) ≥ C > 0§�d(z, z0) → ∞§Ù¥C�
,�~ê"
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rÐÑXÚ�~f

W´î¼�mCnþ��òz[àgõ�ª"K(Cn,W)´��rÐÑ
�XÚ"

Example 0.28

½Â3C5þ�5gõ�ªW(x1, · · · , x5) = x5
1 + · · · + x5

5.

f ���½Â3�¡(C∗)n þ��òz��B�Laurentõ�ª§�

¡�Ýþg =
∑

i
dzi
zi
∧

dzi
zi

. K((C∗)n, g, f )´rÐÑ�"

Example 0.29

±eLaurentõ�ª

f (z1, · · · , zn) = z1 + · · · zn +
1

z1 · · · zn

´ÝK�mPn�º�é.
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(a)./ªÅ½��f��©AÛ

(M, g)þ~��f: ∂, ∂̄, ∗,∆ = ∂̄∂̄† + ∂̄†∂̄,� = dd† + d†d,L,Λ,F.

Û=�f: ∂̄f = ∂̄+∂f∧, ∂f = ∂+∂f∧,∆f = ∂̄f ∂̄
†

f + ∂̄†f ∂̄f ,�f = df dc
f +dc

f df .

E�/ªlaplace�f∆f : Ωp → Ωpk±eÛÜL«µ

∆f = ∆ + (gµ̄ν∇νflι∂µ̄dzl ∧ +gµ̄ν∇νflι∂µ̄dzl∧) + |∇f |2. (3)

eψ´��¼ê§K�§∆fψ = 0´E¼ê�IþÅ½��§:

∆ψ + |∇f |2ψ = 0. (4)
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(b). N = 2�é¡�ê(�

Theorem 0.30

�fL,Λ,F,�f , ∂f , ∂̄
†

f /¤��N = 2�é¡�ê:

óÜ©: �fL,Λ,F)¤sl(2,R) � spin(3)±9�f)¤u(1) � so(2);

Û�f∂f , ∂̄
†

f )¤SpinorL«S.

éóL«S∗d∂̄f , ∂
†

f)¤.

�éd±e�Ñ

[∂f , ∂
†

f ] =
1
2
�f , [∂̄f , ∂̄

†

f ] =
1
2
�f .
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(c). ÌnØ

The sobolev�, Hilbert�m§laplace�f∆f�g�*Ü"

Ì�½n:

Theorem 0.31
�(M, g)�äk.AÛ�Kähler 6/. e{(M.g), f } �rÐÑ��¡-mX
Ú, K/ªlaplace�f∆fkX{�lÑÌ§¤k�A�/ª�¤F�Ë
A�mL2(Λ•(M))¥��|��Ä.

Remark 0.32
d½nL²lA�¤k��­¡/CnØ¥Ñ5�õ�ª¤�Ñ�/ª
Å½��fkX{�:Ì"
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(d). HodgenØ

��Ä��¡-mXÚ(M, g, f )�rÐÑ�. KkÌ½n��±e�X�(
J

Theorem 0.33

�3��©)

L2Λk = H k ⊕ im(∂̄f ) ⊕ im(∂̄†f ) (5)

ker ∂̄f = H k ⊕ im(∂̄f ). (6)

AO/§·�kÓ�
H∗((2),∂̄f )(M) � H ∗,

Ù¥H kL«NÚk/ª��m.
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e). Hard Lefschetz½n

Theorem 0.34 (Hard Lefschetz theorem)

kÓ�
Lk : Hn−k

((2),∂̄f ) ' Hn+k
((2),∂̄f ), 1 ≤ k ≤ n. (7)

9©)

Hk
((2),∂̄f ) = PHk

((2),∂̄f ) ⊕ L · PHk−2
((2),∂̄f ) ⊕ L2 · PHk−4

((2),∂̄f ) · · · . (8)
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(f). ∂̄f þÓN+�O�

Theorem 0.35
�M ����;�Stein6/§Kk

Hk
∂̄f

= ⊕0≤p≤kGrpHk
∂̄f

= ⊕0≤p≤kHk−p
∂f∧(Ωp)

=

{
0, if k < N
ΩN/df ∧ΩN−1, if k = N,

'u∂̄f L2þÓN+§·�kXe(Ø

Theorem 0.36
�(M, g)�äkk.AÛ�Kähler stein6/, (M, g, f ) �rÐÑ�
�f´Morse�. KkÓ�:

H k ' Hk
((2),∂̄f ) =

0, if k < N
ΩN(M)/df ∧ΩN−1(M), if k = N.

(9)
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(g). � ³�/C

Definition 0.37
-F : M × S → C�f : M → C�/C. §¡�´r/Ce±e^�¤
áµ(Pft = F(·, t)):

1 supt∈S µ(ft) < ∞.
2 é?Ût ∈ S, ft´rÐÑ�.

/Cëê�mS´���µ(ft)�Milnorê©��©��m.

Theorem 0.38
�òz[àgõ�ª�?Û�éÚMarginal/CÑ´r/C"

�/CäkXe/ªF(z, t) = f (z) +
∑r

j=1 tjgj,Ù¥gj �f�Milnor�¥gê
Ø�Lf�Ýê�)¤�.
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(h). /C�­½5

8I:ïá�A�þéëê�1w�65. 7LéÅ½��§��O

Sobolev�,i\½n�.

k��O§�35��K5

Ì�ëY5.

A�¼ê��êP~

Theorem 0.39 (­½5)

�Gt�∆t�Green¼ê§t ∈ S�ëê. e(M, g, ft)�(M, g, f )3Sþ�r/
C,KGt ét´C∞���f"
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(i). tt∗AÛ(�

Hilbert bundle

²��EHilbertmΛ∗
C

= L2Λ∗ × (C∗ × S)→ (C∗ × S) HermitianÝþ�:

(α, β)L2 =

∫
M
α ∧ ∗β̄.

é?Û(τ, t) ∈ U(τ0,t0), ·��±À���k.�A�/ª{αa(τ, t)}∞a=1
of ∆τft ¦�§��¤L2Λk(M)¥��|����Ä§�A��k±
eS:

0 = λ0 ≤ λ1 ≤ · · · .

Ýþ:
gab̄ = gab̄(τ, t) = g(αa, αb).
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éä:

(Γi)ab̄ = g(∂iαa, αb) = gcb̄(Γi)c
a

(Γī)ab̄ = g(∂īαa, αb) = gcb̄(Γī)
c
a.

(Γτ)ab̄ = g(τ∂ταa, αb), and (Γτ̄)ab̄

Di := ∂i − Γi, Dī := ∂̄i − Γī, Dτ = ∂τ −
1
τ

Γτ, Dτ̄ = ∂τ̄ −
1
τ̄

Γτ̄.

D =
∑

i

dtiDi + dτDτ, D̄ =
∑

i

dt̄iDī + dτ̄Dτ̄. (10)

D�Hermitianéäg

¢(�τR: τR · αa = Mb
āαb = Mb̄

āαb̄. DM ≡ 0.
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(j). Hodgem, Higgs|B9Ó�U

HodgemH → (C∗ × S), Ht ´d∆τft¥�NÚ/ª)¤�. H ´�
�1wm"

½ÂÜþBi, B̄i := Bī,Uτ,Uτ̄:

(Bi)ab̄ = ((∂if )αa, αb), (Bī)ab̄ = ((∂if )αa, αb) (11)

Uτab̄ = g(fαa, αb), Uτ̄ab̄ = g(f̄αa, αb) (12)

Higgs|�Ý
�1-/ª:

B =

µ∑
i=1

Bidti, B̄ =

µ∑
i=1

Bīdtī. (13)
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(k). Cecotti-Vafa�§Ú”Û©�§”

Proposition 0.40

éäDi9�fBi ÷vCecotti-Vafa�§(tt∗ �§),=�KH ⊥k:

DīBj = DiBj̄ = 0, DiBj = DjBi, DīBj̄ = Dj̄Bī

[Di,Dj] = [Dī,Dj̄] = [Bi,Bj] = [Bī,Bj̄] = 0

[Di,Dj̄] = −[Bi,Bj̄].

∇i = Di + Bi, ∇̄i = Dī + Bī

éä:

∇t : H →H ⊗ Λ1(T∗S), ∇t̄ : H →H ⊗ Λ1(T∗S)

d±e½Â

∇t =
∑

i

dti ∧ ∇i, ∇t̄ =
∑

i

dt̄ ∧ ∇̄i, Dt = ∇t + ∇t̄
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Theorem 0.41
�fDi,Dτ,B,Uτ ÷v±e'X(¡�0Û©�§/),=�K mod H ⊥�
k,

(1) [Di,Uτ] + [Bi, τDτ] = 0, [Dī, Ūτ] + [Bī, τ̄Dτ̄] = 0

(2) [Di, Ūτ] = 0, [Dī,Uτ] = 0

(3) [τ̄Dτ̄,Bi] = [τDτ,Bī] = 0,

(4) [Bi,Uτ] = 0, [Bī, Ūτ] = 0

(5) [τDτ,Dī] = −[Uτ,Bī], [τ̄Dτ̄,Di] = −[Ūτ,Bi]

(6) [τDτ,Di] = [τ̄Dτ̄,Dī] = 0

(7) [τDτ, Ūτ] = [τ̄Dτ̄,Uτ] = 0

(8) [τDτ, τ̄Dτ̄] = −[Uτ, Ūτ]
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(l).Hodgemþ�éäD

∇τ = dτ ∧ (Dτ −
Uτ

τ
), ∇τ̄ = dτ̄ ∧ (Dτ̄ −

Ūτ

τ̄
), Dτ = ∇τ + ∇τ̄ (14)

∇ := ∇t + ∇τ, ∇̄ := ∇t̄ + ∇τ̄, D = ∇ + ∇̄. (15)

Theorem 0.42 (tt∗AÛ)

D´HodgemH → C∗ × SþC�²"éä,=D2 = 0, mod H ⊥ ½�d
�

∇2 = ∇̄2 = [∇, ∇̄] = 0, mod H ⊥. (16)
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/ÏHodgenØ§·��±)�§D · s = 0,��±ÏÝ
: =Ä�)
Ý
Π = (Π1, · · · ,Πµ).

Π�1��1�þΠ1kXe/ªµ

Π1 =


τ

n
2−1

∫
Γ1

eτft+τft dz1 ∧ · · · dzn

...

τ
n
2−1

∫
Γµ

eτft+τft dz1 ∧ · · · dzn


·�¡��”Ð©¥þ”,Ï�Πj = ∂jΠ1,∀j = 2, · · · , µ.

edim S = m = µ,KkÓ�Π̂ : TS→H

X → ιX(B) · Π1.

ÏLù�Ó�·��±r¤k�(�lH .�TS, -τ̄ → 0,K�
�TSþ�Frobenius6/(�.
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(m). 9ØÐm±9Û:�)ÛtorsionØCþ

��ÓÜ�§·���Xe(Jµ�W �Cn þ÷vqM − qm < 1/3�[
àgõ�ª,Kkµ

1 t → 0�§e−t∆f�9ØÐm�3

2 ∂̄f��Iúª¤á§¦�Milnorê�±L«�Cnþ�Gauss.È©.
3 �±½Â∆f�pgZeta¼êÚpg)ÛtorsionØCþ.
4 �Ü©�ÿ1gZeta¼ê�0.
5 z2�2gtorsionØCþ´ζ′R(−1). ù´LG�.�BCOV.torsionØC
þ.
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VIII-3. ¯K

¯K1: �Û:nØ¥�Ù¦nØ?1'�,'XK.Saito�primitive/
ª§Hertling�TERP(�,��È©�.

¯K2: �CYAÛ¥�±ÏÈ©?1'�.

¯K3: '�g = 1��TorsionØCþ£CY/LGéA¤

¯K4: |^,«­�zE|ïápº�ØCþµ¤ùã§DÂf.

¯K5: �Ä�Ñ[àgõ�ª½Laurentõ�ª�XÚ.

¯K6: �����¡-mXÚ
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IX.ÿÀ|nØ¥�¯KÚÐ"

ØCþ�E��µKuranishi(�éPolyfold(�

munØ��EµFukaya�Æ¶E6/þvà���Ñ�Æ¶
Ý
Ïfz£matrix facterization¤;LG�.¶ÓNº�é¡ßÿ
�Sheridan�ó�

LG�.�Û(nØ

2��.�p�5�nØ

��'5!
2014c11�5F¥��êÆ�XÚïÄ�
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