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Abstract An optimal control problem for semilinear hyperbolic partial differential
equations is considered. The control variable appears in coefficients. Necessary con-
ditions for optimal controls are established by method of two-scale convergence and
homogenized spike variation. Results for problems with state constraints are also
stated.
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1 Introduction

The main purpose of this paper is to give necessary conditions of optimal controls for
semilinear hyperbolic partial differential equation (PDE) with coefficients containing
controls. Let us consider the following controlled hyperbolic PDE:
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z(t, x) − ∇ · (A(t, x,u(t, x))∇z(t, x)
)+ B(t, x,u(t, x)) · ∇z(t, x)

−∇ · (D(t, x,u(t, x))z(t, x)
)= f (t, x, z(t, x), u(t, x), v(t, x)), in �T ,

z(t, x) = 0, on [0, T ] × ∂�,

z(0, x) = z0(x), in �,

∂tz(0, x) = z1(x), in �,

(1.1)
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where �T = (0, T ) × �, T > 0 and � ⊂ R
n is a bounded domain with a smooth

boundary ∂�, A : �T × U → S n+, B,D : �T × U → R
n, f : �T × R × U × ×V →

R, with S n+ being the set of all n×n (symmetric) positive definite matrices and U ×V

being supposed later by (S2).
The control function (u(·), v(·)) is taken from the set

Uad ≡ {
u : �T → U

∣
∣u(·), ∂tu(·) ∈ L∞(�T ;U)

}× M(�T ;V ),

where M(�T ;V ) denotes the set of all measurable functions from �T to V .
Under some suitable conditions, for any (u(·), v(·)) ∈ Uad , (1.1) admits a unique

weak solution z(·) ≡ z(·;u(·), v(·)), which is called the state function corresponding
to (u(·), v(·)).

Consider the following cost functional:

J
(
u(·), v(·))=

∫

�T

f 0(t, x, z(t, x), u(t, x), v(t, x)) dt dx, (1.2)

where f 0 : �T × R × U × V → R. Our optimal control problem can be stated as
follows.

Problem (C). Find a (ū(·), v̄(·)) ∈ Uad such that

J (ū(·), v̄(·)) = inf
(u(·),v(·))∈Uad

J (u(·), v(·)). (1.3)

We call (ū(·), v̄(·)) ∈ Uad an optimal control if it satisfies (1.3), and (z̄(·), (ū(·), v̄(·)))
an optimal pair with z̄(·) ≡ z̄(·; ū(·), v̄(·)) being the state corresponding to (ū(·), v̄(·)).

If A(t, x,u), B(t, x,u) and D(t, x,u) are independent of u, then Problem (C) be-
comes a classical one. Though it seems there is no research work covering it, similar
problems were studied by many researchers before, see for examples, [8, 18] and the
references there.

Many works are related to the elliptic cases with leading term containing controls,
see [4, 5, 13] and [21] for examples. We would like to mention the special cases
named “shape optimization” or “structural optimization”. For such problems, control
variables are contained only in the leading term, and take values in a finite set. Each
element in control set stands for a kind of material and the optimization problem is
to lay out several materials throughout a given domain to maximize an integral func-
tional associated with the conductive state of an assembled medium. Many relevant
works are devoted to those problems. We refer to the books [2, 6, 15] and references
there. Works devoted to parabolic cases and hyperbolic cases are quite less than those
for elliptic cases. We mention [12] and [19] for parabolic cases. While readers can
find works for some special hyperbolic cases in [10] and [20]. See also [16].

For optimal control problems with coefficients containing controls, the spike vari-
ation technique does not work directly. We adopt the idea of homogenization for
PDEs. By carefully selecting some special type spike variations of controls, we can
obtain desired “differentiability” of the state with respect to the control. This method
is useful for the case of elliptic and parabolic equations (see [12] and [13]). However,
in this paper, the controls also appear in the first order coefficients. As far as we know,
there is no homogenization result on such kind of equations yet. One can find a result
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for hyperbolic PDE without terms of order one in [7]. To research the corresponding
homogenization equation, it is convenient to use the technique of two-scale conver-
gence. On the other hand, unlike those for elliptic and parabolic cases, to guarantee
the well-posedness of (1.1), one need additional assumptions on the smoothness of
coefficients on t . This also brings our problem some difference from the elliptic and
parabolic cases. For example, we need to suppose that u(·) has additional regularities
on t .

In this paper, we make the following assumptions.

(S1) Let T > 0 and � be a bounded domain in R
n with a smooth boundary ∂�.

(S2) Let U be a subset of U0 with U0 being a domain in R
m and V be a separable

metric space. Moreover, for any u0, u1 ∈ U , there exists a C1 map τ : [0,1] →
U , such that τ(0) = u0, τ (1) = u1.

(S3) Functions A(t, x,u) ∈ L∞(�T × U0; S n+), ∂tA, ∂uA ∈ L∞(�T × U ; S n) and
there exist � ≥ λ > 0 such that for almost all (t, x) ∈ �T ,

λ|ξ |2 ≤ A(t, x,u)ξ · ξ ≤ �|ξ |2, ∀ξ ∈ R
n,u ∈ U0. (1.4)

(S4) Functions B,D ∈ L∞(�T × U0;R
n). Moreover,

∂tB, ∂uB, ∂tD, ∂uD ∈ L∞(�T × U ;R
n).

(S5) Functions f (t, x, z, u, v) and f 0(t, x, z, u, v) are measurable in (t, x), contin-
uous in (z, u, v) ∈ R × U × V , continuously differentiable in z ∈ R. Moreover,
there exists a K > 0 such that

{ |f (t, x,0, u, v)| + |fz(t, x, z, u, v)| ≤ K,

|f 0(t, x,0, u, v)| + |f 0
z (t, x, z, u, v)| ≤ K,

∀(t, x, z, u, v) ∈ �T × R × U × V. (1.5)

Remark 1.1 It is easy to see that if (S2) holds, then for any u0, u1 ∈ U , there exists a
C1 map τ : [0,1] → U , such that τ(0) = u0, τ (1) = u1 and τ ′(0) = τ ′(1) = 0. Using
this observation, one can easily prove that for any measurable function u : �T → U ,
there exists a sequence of uk ∈ L∞(�T ;U) such that ∂tu

k ∈ L∞(�T ;U) and uk

converges to u almost everywhere in �T .

Our main result is the following theorem.

Theorem 1.2 Assume (S1)–(S5) hold, z0 ∈ H 1
0 (�), z1 ∈ L2(�) and (z̄(·), (ū(·), v̄(·)))

be an optimal pair of problem (C). Let ψ̄(·) be the weak solution of the following ad-
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joint equation
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tt ψ̄(t, x) − ∇ · (A(t, x, ū(t, x))∇ψ̄(t, x)
)− ∇ · (B(t, x, ū(t, x))ψ̄(t, x))

+ D(t, x, ū(t, x)) · ∇ψ̄(t, x) − fz(t, x, z̄(t, x), ū(t, x), v̄(t, x))ψ̄(t, x)

+ f 0
z (t, x, z̄(t, x), ū(t, x), v̄(t, x)) = 0, in �T ,

ψ̄(t, x) = 0, on [0, T ] × ∂�,

ψ̄(T , x) = 0, in �,

∂t ψ̄(T , x) = 0, in �.

(1.6)

Then when n = 1, for almost all (t, x) ∈ �T ,

H(t, x, z̄(t, x), ψ̄(t, x), ∂x z̄(t, x), ∂xψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x), ∂x z̄(t, x), ∂xψ̄(t, x), u, v)

≥ p(t, x, ū(t, x), u)q(t, x, ū(t, x), u)

A(t, x,u)
, ∀(u, v) ∈ U × V ; (1.7)

when n ≥ 2, for almost all (t, x) ∈ �T ,

H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u, v)

≥ 1

2

∣
∣
∣A(t, x,u)−

1
2 p(t, x, ū(t, x), u)

∣
∣
∣

∣
∣
∣A(t, x,u)−

1
2 q(t, x, ū(t, x), u)

∣
∣
∣

+ 1

2
A(t, x,u)−1p(t, x, ū(t, x), u) · q(t, x, ū(t, x), u), ∀(u, v) ∈ U × V,

(1.8)

where for (t, x, z,ψ, ξ, η,u, v) ∈ �T × R × R × R
n × R

n × U × V ,

H(t, x, z,ψ, ξ, η,u, v) = ψf (t, x, z, u, v) − f 0(t, x, z, u, v) − A(t, x,u)ξ · η
− B(t, x,u)ψ · η − D(t, x,u)z · ξ, (1.9)

and for (t, x,u1, u2) ∈ �T × U × U ,
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

p(t, x,u1, u2) = (
A(t, x,u1) − A(t, x,u2)

)∇ z̄(t, x)

+ (
D(t, x,u1) − D(t, x,u2)

)
z̄(t, x),

q(t, x,u1, u2) = (
A(t, x,u1) − A(t, x,u2)

)∇ψ̄(t, x)

+ (
B(t, x,u1) − B(t, x,u2)

)
ψ̄(t, x).

(1.10)

The rest of the paper is organized as follows. In Sect. 2, we present some prelimi-
nary results on two-scale convergence and give a homogenization theorem on a class
of semilinear hyperbolic equations. Section 3 is devoted to a proof of our main result.
Results for state constraints will be stated in Sect. 4. Finally, we will make a cursory
discussion on the existence of optimal controls in Sect. 5.
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2 Preliminaries

In this section, we will give some preliminary results needed in proving Theorem 1.2.
For notation simplicity, in this section, functions A,B , etc. are similar to but different
from those in other sections. The first result is concerned with the well-posedness and
regularity of linear hyperbolic equation.

Proposition 2.1 Assume (S1) hold. Let A ∈ L∞(�T ; S n+), B ∈ L∞(�T ;R
n), D ∈

L∞(�T ;R
n), c ∈ L∞(�T ;R), f ∈ L2(�T ;R), z0 ∈ H 1

0 (�) and z1 ∈ L2(�). More-
over, assume that ∂tA ∈ L∞(�T ; S n), ∂tD ∈ L∞(�T ;R

n) and for some � ≥ λ > 0,

λ|ξ |2 ≤ A(t, x)ξ · ξ ≤ �|ξ |2, ∀ξ ∈ R
n, (t, x) ∈ �T . (2.1)

Then, the following linear hyperbolic equation
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z(t, x) − ∇ · (A(t, x)∇z(t, x)) + B(t, x) · ∇z(t, x)

− ∇ · (D(t, x)z(t, x)) + c(t, x)z(t, x) = f (t, x), in �T ,

z(t, x) = 0, on [0, T ] × ∂�,

z(0, x) = z0(x), in �,

∂tz(0, x) = z1(x), in �

(2.2)

admits a unique weak solution z such that
⎧
⎪⎪⎨

⎪⎪⎩

z ∈ L∞(0, T ;H 1
0 (�)),

∂t z ∈ L∞(0, T ;L2(�)),

∂tt z ∈ L2(0, T ;H−1(�)).

(2.3)

Furthermore, there exists a positive constant M depending on λ, �, �T , ‖∂tA‖L∞(�T ),
‖B‖L∞(�T ), ‖D‖L∞(�T ), ‖∂tD‖L∞(�T ), ‖c‖L∞(�T ), ‖f ‖L2(�T ), ‖z0‖H 1

0 (�) and
‖z1‖L2(�), such that

‖z‖L∞(0,T ;H 1(�)) + ‖∂t z‖L∞(0,T ;L2(�)) + ‖∂tt z‖L2(0,T ;H−1(�)) ≤ M. (2.4)

The existence of weak solution together with estimate (2.4) follows from standard
Galerkin approximations and energy estimates. The uniqueness of weak solution is
totally the same as that of Theorem 7.2.4 in [9].

In addition, (2.3) in fact implies

z ∈ C([0, T ];L2(�)), ∂t z ∈ C([0, T ];H−1(�)).

The above proposition can be easily generalized to semilinear cases. We have

Proposition 2.2 Assume that all assumptions of Proposition 2.1 hold. Moreover, sup-
pose that function f (t, x, z, v) is measurable in (t, x), continuously differentiable in
z ∈ R and there exists a K > 0 such that

|f (t, x,0)| + |fz(t, x, z)| ≤ K, ∀(t, x, z) ∈ �T × R. (2.5)
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Then, the following semilinear hyperbolic equation

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z(t, x) − ∇ · (A(t, x)∇z(t, x)) + B(t, x) · ∇z(t, x)

− ∇ · (D(t, x)z(t, x)) = f (t, x, z(t, x)), in �T ,

z(t, x) = 0, on [0, T ] × ∂�,

z(0, x) = z0(x), in �,

∂tz(0, x) = z1(x), in �

(2.6)

admits a unique weak solution z satisfying (2.3). Furthermore, there exists a posi-
tive constant M depending on λ, �, K , �T , ‖∂tA‖L∞(�T ), ‖B‖L∞(�T ), ‖D‖L∞(�T ),
‖∂tD‖L∞(�T ), ‖z0‖H 1

0 (�) and ‖z1‖L2(�), such that (2.4) holds.

The following theorem is a homogenization result which plays a critical role in
proving Theorem 1.2.

Theorem 2.3 Assume (S1) hold. For i = 1,2, Ai(·), Bi(·), Di(·), fi(·) satisfy condi-
tions in Proposition 2.2. Let δ ∈ (0,1), r : R → R be a periodic function with period
1 and

r(t) =
{

0, if {t} ∈ [0, δ),

1, if {t} ∈ [δ,1),
(2.7)

where {a} denote the decimal part of a real number a. Define

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

A(t, x, y) = (aij (t, x, y)) = A1(t, x) + r(y1)
(
A2(t, x) − A1(t, x)

)
,

B(t, x, y) = (bi(t, x, y)) = B1(t, x) + r(y1)
(
B2(t, x) − B1(t, x)

)
,

D(t, x, y) = (li(t, x, y)) = D1(t, x) + r(y1)
(
D2(t, x) − D1(t, x)

)
,

f (t, x, y, z) = f1(t, x, z) + r(y1)
(
f2(t, x, z) − f1(t, x, z)

)
.

(2.8)

Let zε be the weak solution of

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂tt zε(t, x) − ∇ · [A(t, x, x
ε

)∇zε(t, x)
]+ B

(
t, x, x

ε

) · ∇zε(t, x)

− ∇ · [D(t, x, x
ε

)
zε(t, x)

]= f
(
t, x, x

ε
, zε(t, x)

)
, in �T ,

zε(t, x) = 0, on [0, T ] × ∂�,

zε(0, x) = z0(x), in �,

∂tzε(0, x) = z1(x), in �

(2.9)

with z0 ∈ H 1
0 (�), z1 ∈ L2(�). Then

zε → z, weakly in L2(0, T ;H 1
0 (�))
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with z(·) being the weak solution of

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z(t, x) − ∇ · (A∗(t, x)∇z(t, x)) + B∗(t, x) · ∇z(t, x)

− ∇ · (D∗(t, x)z(t, x)) = f ∗(t, x, z(t, x)), in �T ,

z(t, x) = 0, on [0, T ] × ∂�,

z(0, x) = z0(x), in �,

∂tz(0, x) = z1(x), in �,

(2.10)

where

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A∗(t, x) = δA1(t, x) + (1 − δ)A2(t, x)

− δ(1−δ)[A1(t,x)−A2(t,x)]e1e
�
1 [A1(t,x)−A2(t,x)]

δe�
1 A2(t,x)e1+(1−δ)e�

1 A1(t,x)e1
,

B∗(t, x) = δB1(t, x) + (1 − δ)B2(t, x)

− δ(1−δ)[A1(t,x)−A2(t,x)]e1e
�
1 [B1(t,x)−B2(t,x)]

δe�
1 A2(t,x)e1+(1−δ)e�

1 A1(t,x)e1
,

D∗(t, x) = δD1(t, x) + (1 − δ)D2(t, x)

− δ(1−δ)[A1(t,x)−A2(t,x)]e1e
�
1 [D1(t,x)−D2(t,x)]

δe�
1 A2(t,x)e1+(1−δ)e�

1 A1(t,x)e1
,

f ∗(t, x, z) = δf1(t, x, z) + (1 − δ)f2(t, x, z)

+ δ(1−δ)[B1(t,x)−B2(t,x)]�e1e
�
1 [D1(t,x)−D2(t,x)]

δe�
1 A2(t,x)e1+(1−δ)e�

1 A1(t,x)e1
z.

(2.11)

In order to prove the above theorem, we need introduce briefly two-scale conver-
gence first. The original idea of this kind of convergence was introduced by Nguet-
seng in 1989 (see [17]). Later in 1992, Allaire developed the theory further by study-
ing some general properties of two-scale convergence (see [1]). Moreover he used
two-scale convergence to analyze several homogenization problems. It seems that
after that time, two-scale convergence method becomes the main tool to study ho-
mogenization problems. Let’s recall the definition and some useful propositions of
two-scale convergence. Let Y = [0,1]n and let {ei}1≤i≤n be the canonical basis of
R

n. We call a function f (y) Y -periodic if it is 1-periodic in each direction ei . Denote
by M#(Y ) the space of all measurable Y -periodic functions in R

n. Moreover, denote

C#(Y ) = C(Rn) ∩ M#(Y ),

C∞
# (Y ) = C∞(Rn) ∩ M#(Y ),

L2
#(Y ;C(�)) =

{

g : � × R
n → R

∣
∣
∣g(x, ·) ∈ M#(Y ),

∫

Y

‖g(·, y)‖2
C(�)

dy < ∞
}

,

D(�;C∞
# (Y )) =

{

g ∈ C∞(� × R
n)

∣
∣
∣
⋃

y

supp g(·, y) ⊂⊂ �,g(x, ·) ∈ M#(Y )

}

.
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Definition 2.4 We say that a sequence zε in L2(�) two-scale converges to a limit
z ∈ L2(� × Y) if

lim
ε→0

∫

�

zε(x)ϕ
(
x,

x

ε

)
dx =

∫

�

∫

Y

z(x, y)ϕ(x, y) dy dx (2.12)

for every ϕ ∈ L2(�;C#(Y )). We denote it by zε
T −S−−→ z (in � × Y).

This notion of “two-scale convergence” makes sense because of the next compact-
ness proposition (see [1]).

Proposition 2.5 From each bounded sequence zε in L2(�), one can extract a sub-
sequence that two-scale converges to some z ∈ L2(� × Y).

Now we will show some useful results about the two-scale convergence. They can
be found in [14].

Proposition 2.6 Let zε be a bounded sequence in L2(�) such that

lim
ε→0

∫

�

zε(x)ϕ
(
x,

x

ε

)
dx =

∫

�

∫

Y

z(x, y)ϕ(x, y) dy dx

for every ϕ ∈ D(�;C∞
# (Y )). Then zε two-scale converges to z.

Proposition 2.7 If zε ∈ L2(�) two-scale converges to z, then (2.12) holds for every
ϕ ∈ L2

#(Y ;C(�)).

Proposition 2.8 Let zε be a sequence in L2(�) which two-scale converges to z ∈
L2(� × Y). Then

(i)

lim inf
ε→0

‖zε‖L2(�) ≥ ‖z‖L2(�×Y).

(ii) Assume that

lim
ε→0

‖zε‖L2(�) = ‖z‖L2(�×Y)

and wε ∈ L2(�) two-scale converges to w ∈ L2(� × Y). Then

lim
ε→0

∫

�

zε(x)wε(x)ϕ
(
x,

x

ε

)
dx =

∫

�

∫

Y

z(x, y)w(x, y)ϕ(x, y) dy dx

for every ϕ ∈ D(�;C∞
# (Y )).

Proposition 2.9 Let zε ∈ L2(�) be a sequence strongly converges to z in L2(�).
Then zε two-scale converges to z̃ ∈ L2(� × Y) with z̃(x, y) = z(x). Particularly, for
any w ∈ L2(�) and ϕ ∈ L2(�;C#(Y )) ∪ L2

#(Y ;C(�)), we have

lim
ε→0

∫

�

w(x)ϕ
(
x,

x

ε

)
dx =

∫

�

∫

Y

w(x)ϕ(x, y) dy dx. (2.13)
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We see that the above proposition can be looked as a generalization of the well-
known Riemann-Lebesgue’s Lemma.

Proposition 2.10 Let zε ∈ H 1(�) such that

zε → z, weakly in H 1(�).

Then zε two-scale converges to z and there exist a subsequence zεj
and a z1 ∈

L2(�;H 1
# (Y )) such that

∂izεj
(x)

T −S−−→ ∂iz(x) + ∂yi
z1(x, y), i = 1,2, . . . , n.

Denote Ỹ = [0,1] × Y = [0,1]n+1. We have

Lemma 2.11 Let h1(·), h2(·) ∈ L2(�T ) and r(·) be defined by (2.7). Define

h(t, x, y) = h1(t, x) + r(y1)[h2(t, x) − h1(t, x)].
Then

h
(
t, x,

x

ε

)
T −S−−→ h(t, x, y), in �T × Ỹ (2.14)

and
∥
∥
∥h
(
·, ·

ε

)∥
∥
∥

L2(�T )
= ‖h‖L2(�T ×Ỹ ). (2.15)

Proof For any ϕ ∈ D(�T ;C∞
# (Ỹ )), we have

∫

�T

h
(
t, x,

x

ε

)
ϕ
(
t, x,

t

ε
,
x

ε

)
dx dt

=
∫

�T

[
h1(t, x) + r

(x1

ε

)
(h2(t, x) − h1(t, x))

]
ϕ
(
t, x,

t

ε
,
x

ε

)
dx dt

=
∫

�T

h1(t, x)ϕ
(
t, x,

t

ε
,
x

ε

)
dx dt

+
∫

�T

(h2(t, x) − h1(t, x))r
(x1

ε

)
ϕ
(
t, x,

t

ε
,
x

ε

)
dx dt.

By Proposition 2.9 and noting that rϕ ∈ L2
#(Ỹ ,C(�T )), we have

lim
ε→0

∫

�T

h
(
t, x,

x

ε

)
ϕ
(
t, x,

t

ε
,
x

ε

)
dx dt

=
∫

�T

∫

Ỹ

h1(t, x)ϕ(t, x, s, y) dy ds dx dt

+
∫

�T

∫

Ỹ

(h2(t, x) − h1(t, x))r(y1)ϕ(t, x, s, y) dy ds dx dt
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=
∫

�T

∫

Ỹ

h(t, x, y)ϕ(t, x, s, y) dy ds dx dt.

Moreover, h(·, ·
ε
) is bounded uniformly in L2(�T ) since h1(·) and h2(·) are bounded

in L2(�T ). Then we obtain (2.14) by Proposition 2.6.
In order to prove (2.15), we calculate ‖h(·, ·

ε
)‖L2(�T ):

∥
∥
∥h
(
·, ·

ε

)∥
∥
∥

2

L2(�T )
=
∫

�T

[
h1(t, x) + r

(x1

ε

)
(h2(t, x) − h1(t, x))

]2
dx dt

=
∫

�T

[
h2

1(t, x) + 2r
(x1

ε

)
(h2(t, x) − h1(t, x))

+ r
(x1

ε

)
(h2(t, x) − h1(t, x))2

]
dx dt.

By Proposition 2.9, we have

lim
ε→0

∥
∥
∥h
(
·, ·

ε

)∥
∥
∥

2

L2(�T )

=
∫

�T

∫

Ỹ

(
h2

1(t, x) + 2r(y1)(h2(t, x) − h1(t, x))

+ r(y1)(h2(t, x) − h1(t, x))2
)

dy ds dx dt

=
∫

�T

∫

Ỹ

h(t, x, y)2 dy ds dx dt = ‖h‖2
L2(�T ×Ỹ )

. �

Now we will prove Theorem 2.3.

Proof of Theorem 2.3. Since zε is the weak solution of (2.9),
⎧
⎪⎪⎨

⎪⎪⎩

zε ∈ L∞(0, T ;H 1
0 (�)),

∂t zε ∈ L∞(0, T ;L2(�)),

∂tt zε ∈ L2(0, T ;H−1(�))

(2.16)

and
∫

�

[
∂tt zε(t, x)ϕ(x) + A

(
t, x,

x

ε

)
∇xzε(t, x) · ∇ϕ(x)

+ ϕ(x)B
(
t, x,

x

ε

)
· ∇xzε(t, x) + zε(t, x)D

(
t, x,

x

ε

)
· ∇ϕ(x)

]
dx

=
∫

�

f
(
t, x,

x

ε
, zε(t, x)

)
ϕ(x)dx (2.17)

for all ϕ ∈ C∞
c (�), a.e. 0 ≤ t ≤ T , where we denote ∂tt zε(t, ·) and ϕ(·) pairing be-

tween H−1(�) and H 1
0 (�) by

∫

�
∂tt zε(t, x)ϕ(x) dx.
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When (2.16) holds, the above equation is equivalent to
∫

�T

[
∂tt zε(t, x)ϕ(x) + A

(
t, x,

x

ε

)
∇xzε(t, x) · ∇ϕ(x)

+ ϕ(x)B
(
t, x,

x

ε

)
· ∇xzε(t, x) + zε(t, x)D

(
t, x,

x

ε

)
· ∇ϕ(x)

]
ρ(t) dx dt

=
∫

�T

f
(
t, x,

x

ε
, zε(t, x)

)
ϕ(x)ρ(t) dx dt (2.18)

for all ρ ∈ C∞
c (0, T ).

By Proposition 2.1, there exists a constant M which is independent of ε, such that

‖zε‖L∞(0,T ;H 1(�)) + ‖∂t zε‖L∞(0,T ;L2(�)) + ‖∂tt zε‖L2(0,T ;H−1(�)) ≤ M. (2.19)

Then, along a subsequence ε → 0,

zε −→ z, weakly∗ in L∞(0, T ;H 1
0 (�)), strongly in L2(�T ), (2.20)

∂t zε −→ ∂t z, weakly∗ in L∞(0, T ;L2(�)), (2.21)

∂tt zε −→ ∂tt z, weakly in L2(0, T ;H−1(�)) (2.22)

for some z. Further, it follows from (2.19)–(2.21) that along a subsequence ε → 0, zε

converges to z weakly in H 1(�T ). By Proposition 2.10, along a subsequence ε → 0,

∂xi
zε(t, x)

T −S−−→ ∂xi
z(t, x) + ∂yi

z1(t, x, s, y), i = 1,2, . . . , n (2.23)

for some z1 ∈ L2(�T ;H 1
# (Ỹ )\R).

Now, choose ϕ(x) = ϕ0(x) + εϕ1(x, x
ε
), ϕ0 ∈ C∞

c (�), ϕ1 ∈ D(�;C∞
# (Y )). Then

∫

�T

{
A
(
t, x,

x

ε

)
∇xzε(t, x) · ∇x

[
ϕ0(x) + εϕ1

(
x,

x

ε

)]}
ρ(t) dx dt

=
∫

�T

{
A
(
t, x,

x

ε

)
∇xzε(t, x) ·

[
∇xϕ0(x) + ∇yϕ1

(
x,

x

ε

)

+ ε∇xϕ1

(
x,

x

ε

)]}
ρ(t) dx dt.

By Lemma 2.11, aij (t, x, x
ε
) two-scale converges to aij (t, x, y) and

lim
ε→0

∥
∥
∥aij

(
·, ·

ε

)∥
∥
∥

L2(�T )
= ‖aij‖L2(�T ×Ỹ ).

Thus, we deduce from Proposition 2.8 that

lim
ε→0

∫

�T

{
A
(
t, x,

x

ε

)
∇xzε(t, x) · ∇x

[
ϕ0(x) + εϕ1

(
x,

x

ε

)]}
ρ(t) dx dt

=
∫

�T

∫

Ỹ

[
A(t, x, y)

(
∇xz(t, x) + ∇yz1(t, x, s, y)

)
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×
(
∇xφ0(x) + ∇yφ1(x, y)

)]
ρ(t) dy ds dx dt. (2.24)

Similarly,

lim
ε→0

∫

�T

[
B
(
t, x,

x

ε

)
· ∇xzε(t, x)

] [
ϕ0(x) + εϕ1

(
x,

x

ε

)]
ρ(t) dx dt

=
∫

�T

∫

Ỹ

[
B(t, x, y) ·

(
∇xz(t, x) + ∇yz1(t, x, s, y)

)]
ϕ0(x)ρ(t) dy ds dx dt

(2.25)

and

lim
ε→0

∫

�T

{
D
(
t, x,

x

ε

)
· ∇x

[
ϕ0(x) + εϕ1

(
x,

x

ε

)]}
zε(t, x)ρ(t) dx dt

=
∫

�T

∫

Ỹ

[
D(t, x, y) ·

(
∇xϕ0(x) + ∇yϕ1(x, y)

)]
z(t, x)ρ(t) dy ds dx dt.

(2.26)

Moreover, by assumptions on f1 and f2, one can see that zε converges strongly to z

implies that fi(t, x, zε(t, x)) converges strongly to fi(t, x, z(t, x)). Thus,

lim
ε→0

∫

�T

f
(
t, x,

x

ε
, zε(t, x)

)[
ϕ0(x) + εϕ1

(
x,

x

ε

)]
ρ(t) dx dt

= lim
ε→0

∫

�T

f
(
t, x,

x

ε
, zε(t, x)

)
ϕ0(x)ρ(t) dx dt

= lim
ε→0

∫

�T

f1(t, x, zε(t, x))ϕ0(x)ρ(t) dx dt

+ lim
ε→0

∫

�T

r
(x1

ε

)(
f2(t, x, zε(t, x)) − f1(t, x, zε(t, x))

)
ϕ0(x)ρ(t) dx dt

=
∫

�T

(
δf1(t, x, z(t, x)) + (1 − δ)f2(t, x, z(t, x))

)
ϕ0(x)ρ(t) dx dt. (2.27)

In addition, from (2.22), one can deduce that

lim
ε→0

∫

�T

∂tt zε(t, x)
[
ϕ0(x) + εϕ1

(
x,

x

ε

)]
ρ(t) dx dt

=
∫

�T

∂tt z(t, x)ϕ0(x)ρ(t) dx dt (2.28)

for all ϕ ∈ C∞
c (�) and ρ ∈ C∞

c (0, T ).
Combining (2.18) with (2.24)–(2.28), we have

∫

�T

{

∂tt z(t, x)ϕ0(x) +
∫

Ỹ

[
A(t, x, y)

(∇xz(t, x) + ∇yz1(t, x, s, y)
)
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× (∇xϕ0(x) + ∇yϕ1(x, y)
)]

dy ds

+
∫

Ỹ

[
B(t, x, y) · (∇xz(t, x) + ∇yz1(t, x, s, y)

)]
ϕ0(x) dy ds

+
∫

Ỹ

[
D(t, x, y) · (∇xϕ0(x) + ∇yϕ1(x, y)

)]
z(t, x) dy ds

}
ρ(t) dx dt

=
∫

�T

(
δf1(t, x, z(t, x)) + (1 − δ)f2(t, x, z(t, x))

)
ϕ0(x)ρ(t) dx dt. (2.29)

Consequently, setting ϕ1 = 0 in (2.29), we get that

∂tt z(t, x) − ∇ ·
∫

Ỹ

A(t, x, y)(∇xz(t, x) + ∇yz1(t, s, x, y)) dy ds

+
∫

Ỹ

B(t, x, y) · (∇xz(t, x) + ∇yz1(t, s, x, y)) dy ds

− ∇ ·
∫

Y

D(t, x, y)z(t, x) dy

= δf1(t, x, z(t, x)) + (1 − δ)f2(t, x, z(t, x)) (2.30)

holds in the weak sense. If we set ϕ0 = 0 in (2.29), then we get that for almost all
(t, x) ∈ �T ,

∇y ·
[
A(t, x, y)(∇xz(t, x) + ∇yz1(t, x, s, y)) + D(t, x, y)z(t, x)

]
= 0 (2.31)

holds in the weak sense.
Now we will resolve (2.31). Noting that
∫

Ỹ

∇y · (A(t, x, y)∇xz(t, x) + B(t, x, y)z(t, x)) dy ds = 0, a.e. (t, x) ∈ �T ,

we can get that up to an additive function of (t, x), z1(t, x, ·) is the unique peri-
odic solution of (2.31) for fixed z(t, x) (see Remark 2.1 in Chapter 1 of [3]). Since
A(t, x, y) and B(t, x, y) do not depend on y2 · · ·yn and s, we may let z1(t, x, s, y)

be independent of y2 · · ·yn and s, i.e. z1(t, x, s, y) = z1(t, x, y1). Then (2.31) can be
rewritten as

∂y1

[
e�

1

(
A(t, x, y)(∇xz(t, x) + ∂y1z1(t, x, y1)e1) + D(t, x, y)z(t, x)

)]
= 0,

which leads to

e�
1

[
A(t, x, y)(∇xz(t, x) + ∂y1z1(t, x, y1)e1) + D(t, x, y)z(t, x)

]
= ζ(t, x).

Hence

∂y1z1(t, x, y1) = ζ(t, x) − e�
1 [A(t, x, y)∇xz(t, x) + D(t, x, y)z(t, x)]

e�
1 A(t, x, y)e1

. (2.32)
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By the periodicity of z1, we require

∫ 1

0

ζ(t, x) − e�
1 [A(t, x, y)∇xz(t, x) + D(t, x, y)z(t, x)]

e�
1 A(t, x, y)e1

dy1 = 0.

Thus,

ζ(t, x) =
[∫ 1

0

1

e�
1 A(t, x, y)e1

dy1

]−1

×
∫ 1

0

e�
1 [A(t, x, y)∇xz(t, x) + D(t, x, y)z(t, x)]

e�
1 A(t, x, y)e1

dy1.

For notation simplicity, we denote δ1 = δ, δ2 = 1 − δ in the following. By (2.8), we
have

∫ 1

0

1

e�
1 A(t, x, y)e1

dy1 =
2∑

j=1

δj

e�
1 Aj(t, x)e1

and
∫ 1

0

e�
1 [A(t, x, y)∇xz(t, x) + D(t, x, y)z(t, x)]

e�
1 A(t, x, y)e1

dy1

=
2∑

j=1

δj e
�
1 [Aj(t, x)∇xz(t, x) + Dj(t, x)z(t, x)]

e�
1 Aj(t, x)e1

,

which means

ζ(t, x) =
2∑

j=1

δj e
�
1 [Aj(t, x)∇xz(t, x) + Dj(t, x)z(t, x)]

e�
1 Aj(t, x)e1

/
2∑

j=1

δj

e�
1 Aj(t, x)e1

.

(2.33)
Then

∫

Ỹ

A(t, x, y)
(∇xz(t, x) + ∇yz1(t, s, x, y)

)
dy ds

= δA1(t, x)∇xz(t, x) + (1 − δ)A2(t, x)∇xz(t, x)

+
∫

Y

A(t, x, y)e1∂y1z1(t, x, y1) dy.

By (2.32) and (2.33), we have
∫

Y

A(t, x, y)e1∂y1z1(t, x, y1) dy

=
∫

Y

A(t, x, y)e1
ζ(t, x) − e�

1 (A(t, x, y)∇xz(t, x) + D(t, x, y)z(t, x))

e�
1 A(t, x, y)e1

dy
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=
2∑

j=1

δjAj (t, x)e1[ζ(t, x) − e�
1 (Aj (t, x)∇xz(t, x) + Dj(t, x)z(t, x))]
e�

1 Aj(t, x)e1

=
(

2∑

j=1

δjAj (t, x)e1

e�
1 Aj(t, x)e1

)(
2∑

j=1

δj e
�
1 (Aj (t, x)∇xz(t, x) + Djz(t, x))

e�
1 Aj(t, x)e1

)

/(
2∑

j=1

δj

e�
1 Aj(t, x)e1

)

−
2∑

j=1

δjAj (t, x)e1e
�
1 (Aj (t, x)∇xz(t, x) + Dj(t, x)z(t, x))

e�
1 Aj(t, x)e1

=
2∑

k=1

{[(
2∑

j=1

δjAj (t, x)e1

e�
1 Aj(t, x)e1

)/(
2∑

j=1

δj

e�
1 Aj(t, x)e1

)

− Ak(t, x)e1

]

× δke
�
1 (Ak(t, x)∇xz(t, x) + Dk(t, x)z(t, x))

e�
1 Ak(t, x)e1

}

= −δ(1 − δ)(A1(t, x) − A2(t, x))e1e
�
1 (A1(t, x) − A2(t, x))

δe�
1 A2(t, x)e1 + (1 − δ)e�

1 A1(t, x)e1
∇xz(t, x)

− δ(1 − δ)(A1(t, x) − A2(t, x))e1e
�
1 (D1(t, x) − D2(t, x))

δe�
1 A2(t, x)e1 + (1 − δ)e�

1 A1(t, x)e1
z(t, x).

Consequently,

∫

Ỹ

A(t, x, y)(∇xz(t, x) + ∇yz1(t, s, x, y)) dy ds

= δA1(t, x)∇xz(t, x) + (1 − δ)A2(t, x)∇xz(t, x)

− δ(1 − δ)(A1(t, x) − A2(t, x))e1e
�
1 (A1(t, x) − A2(t, x))

δe�
1 A2(t, x)e1 + (1 − δ)e�

1 A1(t, x)e1
∇xz(t, x)

− δ(1 − δ)(A1(t, x) − A2(t, x))e1e
�
1 (D1(t, x) − D2(t, x))

δe�
1 A2(t, x)e1 + (1 − δ)e�

1 A1(t, x)e1
z(t, x). (2.34)

Similarly,

∫

Ỹ

B(t, x, y) · (∇xz(t, x) + ∇yz1(t, s, x, y)) dy ds

= δB1(t, x) · ∇xz(t, x) + (1 − δ)B2(t, x) · ∇xz(t, x)

− δ(1 − δ)(B1(t, x) − B2(t, x))�e1e
�
1 (A1(t, x) − A2(t, x))

δe�
1 A2(t, x)e1 + (1 − δ)e�

1 A1(t, x)e1
∇xz(t, x)
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− δ(1 − δ)(B1(t, x) − B2(t, x))�e1e
�
1 (D1(t, x) − D2(t, x))

δe�
1 A2(t, x)e1 + (1 − δ)e�

1 A1(t, x)e1
z(t, x) (2.35)

and
∫

Y

D(t, x, y)z(t, x) dy ds = δD1(t, x)z(t, x) + (1 − δ)D2(t, x)z(t, x). (2.36)

Combining (2.30) with (2.34)–(2.36), we obtain

∂tt z(t, x) − ∇ · (A∗(t, x)∇z(t, x)
)+ B∗(t, x) · ∇z(t, x)

− ∇ · (D∗(t, x)z(t, x)
)= f ∗(t, x, z(t, x)), (2.37)

where A∗(t, x), B∗(t, x), D∗(t, x) and f ∗(t, x, z) are defined by (2.11).
Now, we verify z(0, x) = z0(x) and ∂t z(0, x) = z1(x). For any function ρ ∈

C∞([0, T ]) with ρ(T ) = ρ′(T ) = 0 and ϕ ∈ C∞
c (�), it follows from (2.37) that

∫

�T

[
z(t, x)ϕ(x)ρ′′(t) +

(
A∗(t, x)∇z(t, x) · ∇ϕ(x) + (B∗(t, x) · ∇z(t, x))ϕ(x)

+ (D∗(t, x) · ∇ϕ(x))z(t, x) + c∗(t, x)z(t, x)ϕ(x)
)
ρ(t)

]
dx dt

=
∫

�T

f (t, x)ϕ(x)ρ(t) dx dt −
∫

�

z(0, x)ϕ(x)ρ′(0) dx

+
∫

�

∂tz(0, x)ϕ(x)ρ(0) dx. (2.38)

Similarly, we deduce from (2.9) and (2.17) that
∫

�T

{
zε(t, x)ϕ(x)ρ′′(t) +

[
A
(
t, x,

x

ε

)
∇zε(t, x) · ∇ϕ(x)

+ ϕ(x)B
(
t, x,

x

ε

)
· ∇zε(t, x)

+ zε(t, x)D
(
t, x,

x

ε

)
· ∇ϕ(x) + c

(
t, x,

x

ε

)
zε(t, x)ϕ(x)

]
ρ(t)

}
dx dt

=
∫

�T

fε(t, x)ϕ(x)ρ(t) dx dt −
∫

�

zε(0, x)ϕ(x)ρ′(0) dx

+
∫

�

∂tzε(0, x)ϕ(x)ρ(0) dx

=
∫

�T

fε(t, x)ϕ(x)ρ(t) dx dt −
∫

�

z0(x)ϕ(x)ρ′(0) dx +
∫

�

z1(x)ϕ(x)ρ(0) dx.

Recall (2.24)–(2.27) and (2.34)–(2.36), we have
∫

�T

[
z(t, x)ϕ(x)ρ′′(t) +

(
A∗(t, x)∇z(t, x) · ∇ϕ(x) + (

B∗(t, x) · ∇z(t, x)
)
ϕ(x)
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+ (
D∗(t, x) · ∇ϕ(x)

)
z(t, x) + c∗(t, x)z(t, x)ϕ(x)

)
ρ(t)

]
dx dt

=
∫

�T

f (t, x)ϕ(x)ρ(t) dx dt −
∫

�

z0(x)ϕ(x)ρ′(0) dx +
∫

�

z1(x)ϕ(x)ρ(0) dx.

(2.39)

Comparing (2.38) with (2.39), we deduce z(0, x) = z0(x) and ∂t z(0, x) = z1(x). This
ends the proof of Theorem 2.3. �

In order to prove Theorem 1.2, we need the following lemma:

Lemma 2.12 Let n ≥ 2 and ξ, η ∈ R
n. Then

sup
|x|=1

x�ξη�x = |ξ ||η| + ξ�η

2
.

The proof of the above lemma is easy. See [13], for example.

3 Proof of the Main Theorem

In this section, we present a proof of Theorem 1.2. Having established Theorem 2.3,
we can prove Theorem 1.2 similarly as in [13]. The proof is divided into four steps.
Let (ū(·), v̄(·)) ∈ Uad be an optimal control and z̄(·) be the corresponding optimal
state. Let (u(·), v(·)) ∈ Uad be fixed in Steps I–III.

I. Homogenizing spike variation of the control. Let δ ∈ (0,1) and ε > 0. For
any (t, x) = (t, x1, x2, . . . , xn) ∈ �T , define

(uε,δ(t, x), vε,δ(t, x)) =
{

(u(t, x), v(t, x)), if { x1
ε

} ∈ [0, δ),

(ū(t, x), v̄(t, x)), if { x1
ε

} ∈ [δ,1).
(3.1)

Then (uε,δ, vε,δ) ∈ Uad . Let zε,δ be the state corresponding to (uε,δ, vε,δ), i.e.,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z
ε,δ(t, x) − ∇ · (A(t, x,uε,δ(t, x))∇zε,δ(t, x))

+ B(t, x,uε,δ(t, x)) · ∇zε,δ(t, x) − ∇ · (D(t, x,uε,δ(t, x))zε,δ(t, x))

= f (t, x, zε,δ(t, x), uε,δ(t, x), vε,δ(t, x)), in �T ,

zε,δ(t, x) = 0, on [0, T ] × ∂�,

zε,δ(0, x) = z0(x), in �,

∂tz
ε,δ(0, x) = z1(x), in �.

(3.2)
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Noting that

f (t, x, zε,δ(t, x), uε,δ(t, x), vε,δ(t, x))

= f (t, x, zε,δ(t, x), u(t, x), v(t, x)) + r
(x1

ε

)(
f (t, x, zε,δ(t, x), ū(t, x), v̄(t, x))

− f (t, x, zε,δ(t, x), u(t, x), v(t, x))
)

and

A(t, x,uε,δ(t, x)) = A(t, x,u(t, x)) + r
(x1

ε

)(
A(t, x, ū(t, x)) − A(t, x,u(t, x))

)
,

B(t, x,uε,δ(t, x)) = B(t, x,u(t, x)) + r
(x1

ε

)(
B(t, x, ū(t, x)) − B(t, x,u(t, x))

)
,

D(t, x,uε,δ(t, x)) = D(t, x,u(t, x)) + r
(x1

ε

)(
D(t, x, ū(t, x)) − D(t, x,u(t, x))

)
,

we can apply Theorem 2.3 to (3.2) and get that as ε → 0+,

zε,δ(·) −→ zδ(·), weakly in L2(0, T ;H 1
0 (�))

with zδ(·) being the weak solution of

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z
δ(t, x) − ∇ · (Aδ(t, x)∇zδ(t, x)) + Bδ(t, x) · ∇zδ(t, x)

− ∇ · (Dδ(t, x)zδ(t, x)) = f δ(t, x, zδ(t, x)), in �T ,

zδ(t, x) = 0, on [0, T ] × ∂�,

zδ(0, x) = z0(x), in �,

∂tz
δ(0, x) = z1(x), in �,

(3.3)

where

Aδ(t, x) = δA(t, x,u(t, x)) + (1 − δ)A(t, x, ū(t, x))

− δ(1 − δ)(A(t, x,u(t, x)) − A(t, x, ū(t, x)))e1e
�
1 (A(t, x,u(t, x)) − A(t, x, ū(t, x)))

δe�
1 A(t, x, ū(t, x))e1 + (1 − δ)e�

1 A(t, x,u(t, x))e1
,

Bδ(t, x) = δB(t, x,u(t, x)) + (1 − δ)B(t, x, ū(t, x))

− δ(1 − δ)(A(t, x,u(t, x)) − A(t, x, ū(t, x)))e1e
�
1 (B(t, x,u(t, x)) − B(t, x, ū(t, x)))

δe�
1 A(t, x, ū(t, x))e1 + (1 − δ)e�

1 A(t, x,u(t, x))e1
,

Dδ(t, x) = δD(t, x,u(t, x)) + (1 − δ)D(t, x, ū(t, x))

− δ(1 − δ)(A(t, x,u(t, x)) − A(t, x, ū(t, x)))e1e
�
1 (D(t, x,u(t, x)) − D(t, x, ū(t, x)))

δe�
1 A(t, x, ū(t, x))e1 + (1 − δ)e�

1 A(t, x,u(t, x))e1
,

f δ(t, x, z) = δf (t, x, z, u(t, x)) + (1 − δ)f (t, x, z, ū(t, x))

+ δ(1 − δ)(B(t, x,u(t, x)) − B(t, x, ū(t, x)))�e1e
�
1 (D(t, x,u(t, x)) − D(t, x, ū(t, x)))

δe�
1 A(t, x, ū(t, x))e1 + (1 − δ)e�

1 A(t, x,u(t, x))e1
z.
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By (1.5),

∣
∣f 0(t, x, zε,δ(t, x), uε,δ(t, x), vε,δ(t, x)) − f 0(t, x, zδ(t, x), uε,δ(t, x), vε,δ(t, x))

∣
∣

≤ K|zε,δ(t, x) − zδ(t, x)|, (t, x) ∈ �T (3.4)

and

∣
∣f 0(t, x, zδ(t, x), uε,δ(t, x), vε,δ(t, x))

∣
∣≤ K + K|zδ(t, x)|, (t, x) ∈ �T . (3.5)

On the other hand,

zε,δ(·) −→ zδ(·), strongly in L2(QT )

since it follows from Proposition 2.1 that zε,δ(·) is bounded uniformly in H 1(QT ).
Thus, by (3.4),

lim
ε→0+

∫

�T

[
f 0(t, x, zε,δ(t, x), uε,δ(t, x), vε,δ(t, x))

− f 0(t, x, zδ(t, x), uε,δ(t, x), vε,δ(t, x))
]
dx dt = 0.

Therefore, by (3.5) and the optimality of (ū(·), v̄(·)), we have

J (ū(·), v̄(·)) ≤ Jδ ≡ lim
ε→0+ J (uε,δ(·), vε,δ(·))

= lim
ε→0+

∫

�T

f 0(t, x, zε,δ(t, x), uε,δ(t, x), vε,δ(t, x)) dx dt

= lim
ε→0+

∫

�T

f 0(t, x, zδ(t, x), uε,δ(t, x), vε,δ(t, x)) dx dt

=
∫

�T

(
δf 0(t, x, zδ(t, x), u(t, x), v(t, x))

+ (1 − δ)f 0(t, x, zδ(t, x), ū(t, x), v̄(t, x))
)

dx dt. (3.6)

II. Variations of state and cost functional. We try to calculate

lim
δ→0+

J δ − J (ū(·), v̄(·))
δ

.

To this aim, we need study the variation of state first. Denote

Zδ(t, x) = zδ(t, x) − z̄(t, x)

δ
, (t, x) ∈ �T .
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Then it follows from (3.3) that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ttZ
δ(t, x) − ∇ · (A(t, x, ū(t, x))∇Zδ(t, x)) + B(t, x, ū(t, x)) · ∇Zδ(t, x)

− ∇ · (D(t, x, ū(t, x))Zδ(t, x)) − ∇ · (Aδ(t,x)−A(t,x,ū(t,x))
δ

∇zδ(t, x)
)

+ (
Bδ(t,x)−B(t,x,ū(t,x))

δ
· ∇zδ(t, x)

)− ∇ · (Dδ(t,x)−D(t,x,ū(t,x))
δ

zδ(t, x)
)

= f (t, x, zδ(t, x), u(t, x), v(t, x)) − f (t, x, zδ(t, x), ū(t, x), v̄(t, x))

+ ∫ 1
0 fz

(
t, x, z̄(t, x) + β(zδ(t, x) − z̄(t, x)), ū(t, x), v̄(t, x)

)
dβ Zδ(t, x)

+ �δ(t, x)zδ(t, x), in �T ,

Zδ(t, x) = 0, on [0, T ] × ∂�,

Zδ(0, x) = 0, in �,

∂tZ
δ(0, x) = 0, in �,

(3.7)
where

�δ(t, x) = (1 − δ)(B(t, x,u(t, x)) − B(t, x, ū(t, x)))�e1e
�
1 (D(t, x,u(t, x)) − D(t, x, ū(t, x)))

δe�
1 A(t, x, ū(t, x))e1 + (1 − δ)e�

1 A(t, x,u(t, x))e1
.

One can verify directly that

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Aδ(t,x)−A(t,x,ū(t,x))
δ

−→ �(t, x),

Bδ(t,x)−B(t,x,ū(t,x))
δ

−→ �(t, x),

Dδ(t,x)−D(t,x,ū(t,x))
δ

−→ �(t, x),

�δ(t, x) −→ �(t, x),

strongly in L∞(�T ), (3.8)

where

�(t, x) = A(t, x,u(t, x)) − A(t, x, ū(t, x))

− (A(t, x, u(t, x)) − A(t, x, ū(t, x)))e1e
�
1 (A(t, x, u(t, x)) − A(t, x, ū(t, x)))

e�
1 A(t, x,u(t, x))e1

,

�(t, x) = B(t, x,u(t, x)) − B(t, x, ū(t, x))

− (A(t, x, u(t, x)) − A(t, x, ū(t, x)))e1e
�
1 (B(t, x, u(t, x)) − B(t, x, ū(t, x)))

e�
1 A(t, x,u(t, x))e1

,

�(t, x) = D(t, x,u(t, x)) − D(t, x, ū(t, x))

− (A(t, x, u(t, x)) − A(t, x, ū(t, x)))e1e
�
1 (D(t, x, u(t, x)) − D(t, x, ū(t, x)))

e�
1 A(t, x,u(t, x))e1

,

�(t, x) = (B(t, x, u(t, x)) − B(t, x, ū(t, x)))�e1e
�
1 (D(t, x, u(t, x)) − D(t, x, ū(t, x)))

e�
1 A(t, x,u(t, x))e1

.
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On the other hand, zδ(·) is bounded uniformly in L2(0, T ;H 1
0 (�)). Thus, we can

prove step-by-step that as δ → 0+, Zδ is bounded uniformly in L2(0, T ;H 1
0 (�)),

zδ(·) converges strongly to z̄(·) in L2(0, T ;H 1
0 (�)), and Zδ(·) converges weakly to

Z(·) in L2(0, T ;H 1
0 (�)) with Z(·) being the weak solution of

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ttZ(t, x) − ∇ · (A(t, x, ū(t, x))∇Z(t, x)) + B(t, x, ū(t, x)) · ∇Z(t, x)

− ∇ · (D(t, x, ū(t, x))Z(t, x)) − ∇ · (�(t, x)∇ z̄(t, x))

+ (�(t, x) · ∇ z̄(t, x)) − ∇ · (�(t, x)z̄(t, x))

= f (t, x, z̄(t, x), u(t, x), v(t, x)) − f (t, x, z̄(t, x), ū(t, x), v̄(t, x))

+ fz(t, x, z̄(t, x), ū(t, x), v̄(t, x))Z(t, x) + �(t, x)z̄(t, x), in �T ,

Z(t, x) = 0, on [0, T ] × ∂�,

Z(0, x) = 0, in �,

∂tZ(0, x) = 0, in �.

(3.9)

Thus, it follows from (3.6) that

0 ≤ lim
δ→0+ lim

ε→0+
J (uε,δ(·), vε,δ(·)) − J (ū(·), v̄(·))

δ
= lim

δ→0+
J δ − J (ū(·), v̄(·))

δ

= lim
δ→0+

[∫

�T

(
f 0(t, x, zδ(t, x), u(t, x), v(t, x))

− f 0(t, x, zδ(t, x), ū(t, x), v̄(t, x))
)

dx dt

+
∫

�T

dx dt

∫ 1

0
f 0

z (t, x, z̄(t, x) + β(zδ(t, x)

− z̄(t, x)), ū(t, x), v̄(t, x))Zδ(t, x) dβ
]

=
∫

�T

(
f 0(t, x, z̄(t, x), u(t, x), v(t, x)) − f 0(t, x, z̄(t, x), ū(t, x), v̄(t, x))

+ f 0
z (t, x, z̄(t, x), ū(t, x), v̄(t, x))Z(t, x)

)
dx dt. (3.10)

III. Duality. We introduce the adjoint equation (1.6). By (S3), (S4) and Proposi-
tion 2.1, (1.6) has a unique weak solution ψ̄(·). Then (3.10) can be rewritten as

0 ≤
∫

�T

{
f 0(t, x, z̄(t, x), u(t, x), v(t, x)) − f 0(t, x, z̄(t, x), ū(t, x), v̄(t, x))

−
[
∂tt ψ̄(t, x) − ∇ · (A(t, x, ū(t, x))∇ψ̄(t, x)

)− ∇ · (B(t, x, ū(t, x))ψ̄(t, x)
)

+ D(t, x, ū(t, x)) · ∇ψ̄(t, x))

− fz(t, x, z̄(t, x), ū(t, x), v̄(t, x))ψ̄(t, x)
]
Z(t, x)

}
dx dt



392 Appl Math Optim (2012) 65:371–402

=
∫

�T

{
f 0(t, x, z̄(t, x), u(t, x), v(t, x)) − f 0(t, x, z̄(t, x), ū(t, x), v̄(t, x))

−
[
∂ttZ(t, x) − ∇ · (A(t, x, ū(t, x))∇Z(t, x)

)+ B(t, x, ū(t, x)) · ∇Z(t, x)

− ∇ · (D(t, x, ū(t, x))Z(t, x)
)− fz(t, x, z̄(t, x), ū(t, x))Z(t, x)

]}
ψ̄(t, x) dx dt

=
∫

�T

{
f 0(t, x, z̄(t, x), u(t, x), v(t, x)) − f 0(t, x, z̄(t, x), ū(t, x), v̄(t, x))

−
[
∇ · (�(t, x)∇ z̄(t, x)

)− (
�(t, x) · ∇ z̄(t, x)

)+ ∇ · (�(t, x)z̄(t, x)
)

+ �(t, x)z̄(t, x) + f (t, x, z̄(t, x), u(t, x), v(t, x))

− f (t, x, z̄(t, x), ū(t, x), v̄(t, x))
]
ψ̄(t, x)

}
dx dt

=
∫

�T

{(
f (t, x, z̄(t, x), ū(t, x), v̄(t, x))ψ̄(t, x) − f 0(t, x, z̄(t, x), ū(t, x), v̄(t, x))

)

−
(
f (t, x, z̄(t, x), u(t, x), v(t, x))ψ̄(t, x) − f 0(t, x, z̄(t, x), u(t, x), v(t, x))

)

+
(
�(t, x)∇ z̄(t, x) · ∇ψ̄(t, x) + �(t, x)ψ̄(t, x) · ∇ z̄(t, x)

+ �(t, x)z̄(t, x) · ∇ψ̄(t, x) − �(t, x)z̄(t, x)ψ(t, x)
)}

dx dt

=
∫

�T

{[(
f (t, x, z̄(t, x), ū(t, x), v̄(t, x))ψ̄(t, x) − f 0(t, x, z̄(t, x), ū(t, x), v̄(t, x))

− A(t, x, ū(t, x))∇ z̄(t, x) · ∇ψ̄(t, x) − B(t, x, ū(t, x))ψ̄(t, x) · ∇ z̄(t, x)

− D(t, x, ū(t, x))z̄(t, x) · ∇ψ̄(t, x)
)

−
(
f (t, x, z̄(t, x), u(t, x), v(t, x))ψ̄(t, x) − f 0(t, x, z̄(t, x), u(t, x), v(t, x))

− A(t, x,u(t, x))∇ z̄(t, x) · ∇ψ̄(t, x) − B(t, x,u(t, x))ψ̄(t, x) · ∇ z̄(t, x)

− D(t, x,u(t, x))z̄(t, x) · ∇ψ̄(t, x)
)]

− e�
1 p(t, x, ū(t, x), u(t, x))q(t, x, ū(t, x), u(t, x))�e1

e�
1 A(t, x,u(t, x))e1

}
dx dt.

That is,

0 ≤
∫

�T

[
H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u(t, x), v(t, x))

− e�
1 p(t, x, ū(t, x), u(t, x))q(t, x, ū(t, x), u(t, x))�e1

e�
1 A(t, x,u(t, x))e1

]
dx dt, (3.11)
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where H , p and q are defined by (1.9)–(1.10).
IV. Maximum condition. When we try to yield (1.8) or (1.7) from (3.11), we need

to mention the definition of Uad is quite different from those in elliptic and parabolic
cases. For a control (u(·), v(·)) in Uad , u(·) is demanded to be differentiable in t . This
makes some difficulties. However, under assumption (S2), as Remark 1.1 indicated,
we can see easily that for any

(u(·), v(·)) ∈ L∞(�T ;U) × M(�T ;V ),

there exists a sequence uk(·), such that (uk(·), v(·)) ∈ Uad and uk(·) converges to u(·)
almost everywhere in �T . Consequently, we can deduce from (3.11) that

0 ≤
∫

�T

[
H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u(t, x), v(t, x))

− e�
1 p(t, x, ū(t, x), u(t, x))q(t, x, ū(t, x), u(t, x))�e1

e�
1 A(t, x,u(t, x))e1

]
dx dt,

∀(u(·), v(·)) ∈ L∞(�T ;U) × M(�T ;V ). (3.12)

Then a standard discussion leads to

H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u, v)

≥ e�
1 p(t, x, ū(t, x), u)q(t, x, ū(t, x), u)�e1

e�
1 A(t, x,u)e1

, ∀(u, v) ∈ U × V, a.e. (t, x) ∈ �T .

(3.13)

If n = 1, the above gives (1.7).
If n ≥ 2, noting that the unit sphere Sn−1 of R

n is separable, we can generalize
(3.13) to the following:

H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u, v)

≥ sup
e∈Sn−1

e�p(t, x, ū(t, x), u)q(t, x, ū(t, x), u)�e

e�A(t, x,u)e
,

∀(u, v) ∈ U × V, a.e. (t, x) ∈ �T .

Then (1.8) follows from Lemma 2.12. This completes the proof of Theorem 1.2. �

Remark 3.1 If U is only a subset of U0, we can still get (3.11). And then we can get

0 ≤
∫ T

0

[
H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))
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− max
v∈V

(
H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u(t), v)

)

− max
e∈Sn−1

e�
1 p(t, x, ū(t, x), u(t))q(t, x, ū(t, x), u(t))�e1

e�
1 A(t, x,u(t))e1

)]
dt,

∀u(·) ∈ W 1,∞([0, T ];U), a.e. x ∈ �.

4 Problem with State Constraints

In this section, we will give a necessary optimality conditions for the cases of state
constraint. We only state the result in this section since the proof is a combination of
that for Theorem 1.2 and that for Theorem 5.1.2 in [11].

The state constraint is given by

F(z(·)) ∈ E, (4.1)

where F : L2(0, T ;H 1
0 (�)) → Z with Z being a Banach space, and E is a subset of

Z . We need the following assumption about Z , F and E:

(S6) Let Z be a Banach space with strictly convex dual Z ∗, F : L2(0, T ;H 1
0 (�)) →

Z be continuous Fréchet differentiable, and E ⊂ Z be closed and convex.

We call (z(·), (u(·), v(·)) an admissible pair if it satisfies (1.1) and (4.1). Denote
Pad the set of all the admissible pair. Define the set of admissible controls by

Uad ≡ {(u(·), v(·))∣∣(z(·), (u(·), v(·)) ∈ Pad}.
Problem (SC). Find a control (ū(·), v̄(·)) ∈ Uad such

J (ū(·), v̄(·)) = inf
(u(·),v(·))∈Uad

J (u(·), v(·)). (4.2)

Before stating necessary conditions for optimal control of Problem (SC), we need to
recall the notion of finite co-dimensional (see Chapter 4 of [11], for example).

Definition 4.1 Let X be a Banach space and X0 be a subspace of X. We say that X0
is finite co-dimensional in X if there exist x1, x2, . . . , xm ∈ X, such that

span {X0, x1, . . . , xm} ≡ the space spanned by{X0, x1, . . . , xn} = X.

A subset S of X is said to be finite co-dimensional in X if for some x0 ∈ S, span (S −
{x0}) ≡ the closed subspace spanned by {x − x0|x ∈ S} is a finite co-dimensional
subspace of X and co S ≡ the closed convex hull of S −{x0} has a nonempty interior
in this subspace.

Let (z̄(·), (ū(·), v̄(·))) be an optimal pair of Problem (SC). Let Z = Z(·;u(·),
v(·)) ∈ L2(0, T ;H 1

0 (�)) be the unique weak solution of the variational equation
(3.9). Define the reachable set of variational system (3.9) by

R = {Z(·;u(·), v(·))∣∣(u(·), v(·)) ∈ Uad}.
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Now, we can state the analog result of Theorem 1.2 for Problem (SC) as follows:

Theorem 4.2 Assume (S1)–(S6) hold. Let (z̄(·), (ū(·), v̄(·))) be an optimal pair of
Problem (SC) and

F ′(z̄(·))R − E ≡ {ξ − η
∣
∣ξ ∈ F ′(z̄(·))R, η ∈ E}

be finite co-dimensional in Z . Then there exists a triple (ψ̄0, ψ̄(·), ϕ̄(·)) ∈ R ×
L2(0, T ;H 1

0 (�)) × Z ∗ satisfying

⎧
⎪⎪⎨

⎪⎪⎩

ψ̄0 ≤ 0,

(ψ̄0, ϕ̄(·)) �= 0,

(ψ̄0, ψ̄(·)) �= 0, if F ′(z̄(·))∗ is injective,

〈ϕ̄(·), η − F(z̄(·))〉Z ∗,Z ≤ 0, ∀η ∈ E,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tt ψ̄(t, x) − ∇ · (A(t, x, ū(t, x))∇ψ̄(t, x)) − ∇ · (B(t, x, ū(t, x))ψ̄(t, x))

+ D(t, x, ū(t, x)) · ∇ψ̄(t, x) − fz(t, x, z̄(t, x), ū(t, x), v̄(t, x))ψ̄(t, x)

− ψ̄0f
0
z (t, x, z̄(t, x), ū(t, x), v̄(t, x)) + F ′(z̄(·))∗ϕ̄ = 0, in �T ,

ψ̄(t, x) = 0, on [0, T ] × ∂�,

ψ̄(T , x) = 0, in �,

∂t ψ̄(T , x) = 0, in �,

(4.3)

such that when n = 1,

H(t, x, z̄(t, x), ψ̄(t, x), ∂x z̄(t, x), ∂xψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x), ∂x z̄(t, x), ∂xψ̄(t, x), u, v)

≥ p(t, x, ū(t, x), u)q(t, x, ū(t, x), u)

A(t, x,u)
, ∀(u, v) ∈ U × V,a.e. (t, x) ∈ �T ,

(4.4)

and when n ≥ 2,

H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), ū(t, x), v̄(t, x))

− H(t, x, z̄(t, x), ψ̄(t, x),∇ z̄(t, x),∇ψ̄(t, x), u, v)

≥ 1

2

∣
∣
∣A(t, x,u)−

1
2 p(t, x, , ū(t, x), u)

∣
∣
∣

∣
∣
∣A(t, x,u)−

1
2 q(t, x, ū(t, x), u)

∣
∣
∣

+ 1

2
A−1(t, x,u)p(t, x, ū(t, x), u) · q(t, x, ū(t, x), u),

∀(u, v) ∈ U × V, a.e. (t, x) ∈ �T , (4.5)

where for (t, x, z,ψ, ξ, η,u, v) ∈ [0, T ] × � × R × R × R
n × R

n × U × V ,
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H(t, x, z,ψ, ξ, η,u, v) = ψf (t, x, z, u, v) + ψ̄0f
0(t, x, z, u, v) − A(t, x,u)ξ · η

− B(t, x,u)ψ · η − D(t, x,u)z · ξ

and for (t, x,u1, u2) ∈ [0, T ] × � × U × U ,

p(t, x,u1, u2) = [A(t, x,u1) − A(t, x,u2)]∇ z̄(t, x)

+ [D(t, x,u1) − D(t, x,u2)]z̄(t, x),

q(t, x,u1, u2) = [A(t, x,u1) − A(t, x,u2)]∇ψ̄(t, x)

+ [B(t, x,u1) − B(t, x,u2)]ψ(t, x).

5 A Cursory Discussion on the Existence of Optimal Controls

It is generally considered that usually optimal control does not exist for optimal con-
trol problem with leading term containing controls. However, we think that there are
still many cases that admit optimal controls.

If f and f 0 are independent of (u, v), then an optimal control exists if

{(A(·;u(·)),B(·;u(·)),D(·;u(·)))|u(·) ∈ {w : �T → U |w(·), ∂tw(·) ∈ L∞(�T ;U)}}

is closed in some sense like G-closedness (see [4] for the elliptic cases).
If A,B , and D are independent of u, then a Cesari-type condition and some mild

conditions would guarantee the existence of an optimal control.
For general cases, an effective method to study existence theory is the relaxed

control theory. Usually, optimal relaxed control exists.
When A,B,D are independent of the control variable, a relaxed control can be

described as a probability measure valued function. If we can prove that an optimal
relaxed control takes Dirac measures almost everywhere, then we get an optimal
control. In particular, if for any (t, x, z,ψ, ξ, η),

H(t, x, z,ψ, ξ, η, ū, v̄) = max
(u,v)∈U×V

H(t, x, z,ψ, ξ, η,u, v)

always admits a unique solution (ū, v̄), then the support of an optimal relaxed con-
trol will be a singleton for any (t, x). And consequently, an optimal control exists.
Particularly, this would happen when the control domain U × V is a convex subset
of R

m × R
k and as a function of (u, v), H(t, x, z,ψ, ξ, η,u, v) is strictly concave.

Unfortunately, when A,B and D depend on the control variable, relaxed control
could not be described simply as a probability measure valued function. It should
contain two parts, a probability measure valued function and the corresponding coef-
ficients A∗,B∗ and D∗. More precisely, the relaxed system of Problem (C) would be



Appl Math Optim (2012) 65:371–402 397

described in the following form

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂tt z(t, x) − ∇ · (A∗(t, x)∇z(t, x)
)+ B∗(t, x) · ∇z(t, x) − ∇ · (D∗(t, x)z(t, x)

)

= ∫

U×V
f (t, x, z(t, x), u, v)σ (t, x)(du)μ(t, x)(dv), in �T ,

z(t, x) = 0, on [0, T ] × ∂�,

z(0, x) = z0(x), in �,

∂tz(0, x) = z1(x), in �

(5.1)

while the relaxed cost functional would be

J
(
σ,μ,A∗,B∗,D∗)=

∫

�T

dt dx

∫

U×V

f 0(t, x, z(t, x), u, v)σ (t, x)(du)μ(t, x)(dv),

(5.2)
where (σ (·),μ(·)) is a probability measure valued function on �T and (A∗,B∗,D∗)
depends on (σ (·),μ(·)) but it is not determined uniquely by (σ (·),μ(·)). In particular,
usually,

(A∗(t, x),B∗(t, x),D∗(t, x)) �=
∫

U

(A(t, x,u),B(t, x,u),D(t, x,u))σ (t, x)(du),

which makes the relaxed control theory of Problem (C) much different from that of
problems with no control in coefficients. Thus, suppose n ≥ 2 for simplicity, even if

H(t, x, z,ψ, ξ, η, ū, v̄) = max
(u,v)∈U×V

H(t, x, z,ψ, ξ, η,u, v)

always admits a unique solution, we can not get naturally that the support of
(σ̄ (t, x), μ̄(t, x)) is a singleton for an optimal relaxed control (σ̄ , μ̄,A

∗
,B

∗
,D

∗
).

Nevertheless, one can expect that

∥
∥
∥
∥A

∗(t, x) −
∫

U

A(t, x,u)σ (t, x)(du)

∥
∥
∥
∥

≤ C

∫

U

∥
∥
∥
∥A(t, x,w) −

∫

U

A(t, x,u)σ (t, x)(du)

∥
∥
∥
∥

2

σ(t, x)(dw)

holds under some mild conditions (we can see from (2.11) that the above inequality
holds for some simple cases). Then, if H is “concave enough” (for example, as a
function of (u, v), H +M‖u‖2 is strictly concave for some M large enough), we can
get from optimal conditions of an optimal relaxed control (σ̄ , μ̄,A

∗
,B

∗
,D

∗
) that the

corresponding (σ̄ , μ̄) takes Dirac measures. And then we will get the existence of
optimal control.
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Appendix

Proof of Proposition 2.1

Existence. Step 1: Galerkin approximations. Define the time-dependent bilinear form
B[x,w; t] by

B[z,w; t] =
∫

�

[
A(t, x)∇z(t, x) · ∇w(t, x) + (B(t, x) · ∇z(t, x))w(t, x)

+ (D(t, x) · ∇w(t, x))z(t, x) + c(t, x)z(t, x)w(t, x)
]
dx. (A.1)

Write

zm(t, x) =
m∑

k=1

dm,k(t)wk(x),

where {wk}∞k=1 is an orthogonal basis of H 1
0 (�) and an orthonormal basis of L2(�). It

is well-known, such a base exists. Similar to the proof of Theorem 7.2.1 in [9], we can
find unique W 2,2(0, T ) coefficients dm,k(t) (0 ≤ t ≤ T , k = 1,2, . . . ,m) satisfying

dm,k(0) =
∫

�

z0(x)wk(x) dx,

d ′
m,k(0) =

∫

�

z1(x)wk(x) dx

and
∫

�

∂tt zm(t, x)wk(x) dx + B[zm,wk; t] =
∫

�

f (t, x)wk(x) dx. (A.2)

Step 2: Energy estimates. By (A.2), we have

m∑

k=1

d ′
m,k(t)

(∫

�

∂tt zm(t, x)wk(x) dx + B[zm,wk; t]
)

=
m∑

k=1

d ′
m,k(t)

∫

�

f (t, x)wk(x) dx, a.e. t ∈ [0, T ].

That is,
∫

�

∂tt zm(t, x)∂t zm(x) dx + B[zm, ∂t zm; t]

=
∫

�

f (t, x)∂t zm(t, x) dx, a.e. t ∈ [0, T ]. (A.3)

Since A is symmetric,
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B[zm, ∂t zm; t]
= d

dt

[∫

�

(1

2
A(t, x)∇zm(t, x) · ∇zm(t, x) + (D(t, x) · ∇zm(t, x))zm(t, x)

)
dx
]

−
∫

�

(1

2
∂tA(t, x)∇zm(t, x) · ∇zm(t, x) + (∂tD(t, x) · ∇zm(t, x))zm(t, x)

+ (D(t, x) · ∇zm(t, x))∂t zm(t, x) − (B(t, x) · ∇zm(t, x))∂t zm(t, x)

− c(t, x)zm(t, x)∂t zm(t, x)
)

dx. (A.4)

Noting that
∫

�

∂tt zm(t, x)∂t zm(x) dx = d

dt

(1

2
‖∂t zm(t, ·)‖2

L2(�)

)
(A.5)

and combining (A.3)–(A.5), we get

d

dt

(
‖∂t zm(t, ·)‖2

L2(�)
+
∫

�

(
A(t, x)∇zm(t, x) · ∇zm(t, x)

+ 2(D(t, x) · ∇zm(t, x))zm(t, x)
)
dx
)

≤ C(‖∂t zm(t, ·)‖2
L2(�)

+ ‖zm(t, ·)‖2
H 1

0 (�)
+ ‖f (t, ·)‖2

L2(�)
),

where C depends on ‖∂tA‖L∞(�T ), ‖B‖L∞(�T ), ‖D‖L∞(�T ), ‖∂tD‖L∞(�T ) and
‖c‖L∞(�T ).

Then, by the ellipticity of A and Poincaré’s inequality, we deduce

‖∂t zm(t, ·)‖2
L2(�)

+ ‖zm(t, ·)‖2
H 1

0 (�)

≤ C
(∫ t

0
(‖∂t zm(s, ·)‖2

L2(�)
+ ‖zm(s, ·)‖2

H 1
0 (�)

+ ‖f (s, ·)‖2
L2(�)

) ds

+ ‖zm(t, ·)‖2
L2(�)

+ ‖z0‖2
H 1

0 (�)
+ ‖z1‖2

L2(�)

)
.

Since

‖zm(t, ·)‖2
L2(�)

=
∫

�

(∫ t

0

d

ds
z2
m(s, x) ds + z2

m(0, x)
)

dx

= 2
∫ t

0

∫

�

zm(s, x)∂t zm(s, x) dx ds + ‖z0‖2
L2(�)

≤
(∫ t

0
(‖∂t zm(s, ·)‖2

L2(�)
+ ‖zm(s, ·)‖2

L2(�)
) ds + ‖z0‖2

L2(�)

)
,

we get

‖∂t zm(t, ·)‖2
L2(�)

+ ‖zm(t, ·)‖2
H 1

0 (�)
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≤ C
(∫ t

0
(‖∂t zm(s, ·)‖2

L2(�)
+ ‖zm(s, ·)‖2

H 1
0 (�)

) ds + ‖f ‖2
L2(�T )

+ ‖z0‖2
H 1

0 (�)
+ ‖z1‖2

L2(�)

)
.

Thus, by Gronwall’s inequality,

‖∂t zm(t, ·)‖2
L2(�)

+ ‖zm(t, ·)‖2
H 1

0 (�)
≤ C

(
‖f ‖2

L2(�T )
+ ‖z0‖2

H 1
0 (�)

+ ‖z1‖2
L2(�)

)
.

(A.6)
Now fix v ∈ H 1

0 (�), ‖v‖H 1
0 (�) ≤ 1, and write v = v1 + v2, where v1 ∈

span {wk}mk=1 and
∫

�

v2(x)wk(x) = 0, k = 1, . . . ,m.

Since {wk}∞k=1 is an orthogonal basis of H 1
0 (�), we have ‖v1‖H 1

0 (�) ≤ 1. Moreover,

〈∂tt zm(t, ·), v(·)〉 =
∫

�

∂tt zm(t, x)v(x) dx

=
∫

�

∂tt zm(t, x)v1(x) dx =
∫

�

f (t, x)v1(x) dx − B[zm, v1; t],

where 〈 , 〉 denote the pair between H−1(�) and H 1
0 (�). Thus

|〈∂tt zm(t, ·), v(·)〉| ≤ C(‖f (t, ·)‖L2(�) + ‖zm(t, ·)‖H 1
0 (�)).

Consequently,
∫ T

0
‖∂tt zm(t, ·)‖2

H−1(�)
dt

≤ C

∫ T

0

(
‖f (t, ·)‖2

L2(�)
+ ‖zm(t, ·)‖2

H 1
0 (�)

)
dt

≤ C
(
‖f ‖2

L2(�T )
+ ‖z0‖2

H 1
0 (�)

+ ‖z1‖2
L2(�)

)
. (A.7)

Combining (A.6) with (A.7), we have

‖∂t zm‖L∞(0,T ;L2(�)) + ‖zm‖L∞(0,T ;H 1
0 (�)) + ‖∂tt zm‖L2(0,T ;H−1(�))

≤ C
(
‖f ‖L2(�T ) + ‖z0‖H 1

0 (�) + ‖z1‖L2(�)

)
, (A.8)

where the constant C depend on ł, �, �T , ‖∂tA‖L∞(�T ), ‖B‖L∞(�T ), ‖D‖L∞(�T ),
‖∂tD‖L∞(�T ), ‖c‖L∞(�T ).

Step 3: According to the energy estimates (A.8), there exists a subsequence {zmk
}

and z ∈ L2(0, T ;H 1
0 (�)), with ∂t z ∈ L2(0, T ;L2(�)), ∂tt z ∈ L2(0, T ;H−1(�))

such that

zmk
−→ z, weakly in L2(0, T ;H 1

0 (�)),



Appl Math Optim (2012) 65:371–402 401

∂t zmk
−→ ∂t z, weakly in L2(0, T ;L2(�)),

∂tt zmk
−→ ∂tt z, weakly in L2(0, T ;H−1(�)).

Then we can prove that z is an weak solution of (2.2) in the same way of Theorem
7.2.3 in [9].

Uniqueness. We omit the proof since it is totally the same as that of Theorem
7.2.4 in [9].

By the energy estimate (A.8), we can deduce (2.4) by passing limits to m. �

Proof of Proposition 2.2

Existence. Let φ0 = 0. Define φk+1 be the weak solution of

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ttφk+1(t, x) − ∇ · (A(t, x)∇φk+1(t, x)) + B(t, x) · ∇φk+1(t, x)

− ∇ · (D(t, x)φk+1(t, x))

− ∫ 1
0 fz(t, x,βφk(t, x)) dβ φk+1(t, x) = f (t, x,0), in

OT ,

φk+1(t, x) = 0, on [0, T ] × ∂�,

φk+1(0, x) = z0(x), in �,

∂tφk+1(0, x) = z1(x), in �.

(A.9)

We have

‖φk+1‖L∞(0,T ;H 1(�)) + ‖∂tφk+1‖L∞(0,T ;L2(�)) + ‖∂ttφk+1‖L2(0,T ;H−1(�)) ≤ M.

(A.10)
for some positive constant M depending on λ, �, K , �T , ‖∂tA‖L∞(�T ), ‖B‖L∞(�T ),
‖D‖L∞(�T ), ‖∂tD‖L∞(�T ), ‖c‖L∞(�T ), ‖z0‖H 1

0 (�) and ‖z1‖L2(�).
Then along a subsequence,

φk −→ φ, weakly in L2(0, T ;H 1
0 (�)), strongly in L2(�T ),

∂tφk −→ ∂tφ, weakly in L2(0, T ;L2(�)),

∂ttφk −→ ∂ttφ, weakly in L2(0, T ;H−1(�)).

Then it follows easily from (A.9) that

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂tt z(t, x) − ∇ · (A(t, x)∇z(t, x)) + B(t, x) · ∇z(t, x) − ∇ · (D(t, x)z(t, x))

− ∫ 1
0 fz(t, x,βz(t, x)) dβ z(t, x) = f (t, x,0), in �T ,

z(t, x) = 0, on [0, T ] × ∂�,

z(0, x) = z0(x), in �,

∂tz(0, x) = z1(x), in �.

(A.11)
That is, z is a weak solution of (2.6).
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Uniqueness. Let ẑ be an another weak solution of (2.6). Then Ẑ ≡ ẑ − z satisfies

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂tt Ẑ(t, x) − ∇ · (A(t, x)∇Ẑ(t, x)) + B(t, x) · ∇Ẑ(t, x) − ∇ · (D(t, x)Ẑ(t, x))

= ∫ 1
0 fz(t, x, z(t, x) + β(ẑ(t, x) − z(t, x))) dβ Ẑ(t, x), in �T ,

Ẑ(t, x) = 0, on [0, T ] × ∂�,

Ẑ(0, x) = 0, in �,

∂t Ẑ(0, x) = 0, in �.

(A.12)
Then Proposition 2.2 implies Ẑ = 0 and we get the uniqueness. �
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