(ﬁf HEWLETT

PACKARD

Hadamard Difference Sets in Nonabelian
2-Groups with High Exponent

James A. Davis!, Joel Iiams?
Network Systems Department
HP Laboratories Bristol

HPL-96-97
June, 1996

difference set,
nonabelian group,
representation theory

Internal Acce

Nontrivial difference sets in groups of order a
power of 2 are part of the family of difference
sets called Hadamard difference sets. In the
abelian case, the exponent of the group
completely determines whether the group
supports a Hadamard difference set. Recently,
a nonabelian example was constructed which
exceeded the (abelian) exponent bound. This
paper extends that result to demonstrate that
the asymptotic behavior of nonabelian groups
is different than that of abelian groups.

epartmen of R’B%%gggcs, University of Richmond
2Department of Mathematics, University of North Dakota
© Copyright Hewlett-Packard Company 1996






1 Introduction

Let G be a multiplicative group of order v and D be a k-subset of G; then D
is called a (v,k,\;n)-difference set in G provided that the differences dd'~? for
d,d € D,d # d' contain every nonidentity element of G exactly A times. The
parameter n = k— ) is included in the list of parameters for future convenience. See
[12] for results on difference sets. We shall consider (22442, 22d+1 4 24 224 4 0d; 92d).
difference sets (known as Hadamard, or alternatively as Menon, difference sets). In
the abelian case, the existence question was completely answered by the following

theorem due to Kraemer [11], Jedwab [9], and Turyn [18].

Theorem 1.1 The abelian group G has a (2%4+2,224+1 4 24 924 4 24 92d) if qnd

only if the ezponent of the group is less than or equal to 2%+2,

The nonabelian case has also been studied, and there are both existence and
nonexistence results. McFarland [17] provided a construction that was generalized
by Dillon [7], and they both have applications in nonabelian groups. Davis [4]
showed how the constructions that solved the abelian groups can be generalized
into nonabelian cases. Davis and Smith [6] showed that the example in Liebler and
Smith could be extended to an infinite family of difference sets in groups of order
224+2 and exponent 243, thus exceeding the exponent bound from the abelian case.

As for nonexistence, there are two known results. The first one is due to Turyn

[18].

Theorem 1.2 Let G be a 2-group of order 22**2 gnd H a normal subgroup so that
G/H is cyclic. If |H| < 2%, then G does not have a Hadamard difference set.

The second result, generalized by Ma [16], is due to Dillon [7].

Theorem 1.3 Let G be a 2-group of order 22%+2, and H a normal subgroup so that
G/H is dihedral. If |H| < 2¢, then G does not have a Hadamard difference set.
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These are the only known nonexistence results. It would be interesting to know if
there are any other conditions that will exclude a 2-group from having a Hadamard
difference set. In the cases that have been exhaustively studied, namely the groups
of order 16 [10] and the groups of order 64 [8], these are the only types of groups
that have been ruled out.

The aim of this paper is to construct difference sets in groups similar to the
Liebler and Smith example of very high exponent. We will show that asymptotically
the exponent can be |G|i, where |G| is the order of G. Previously the highest
possible exponent was IGl% asymptotically.

We will develop the representation theoretic point of view in the second section.
The third section introduces the family of groups that we will work with as well
as the representations associated to those groups. In addition to that, the third
section will cover a technical Lemma required to prove the construction. The fourth
section will give the difference set construction for the general group, and we will
prove that this construction works. The final section gives examples of difference
sets in a group of order 1024 and exponent 256 as well as a group of order 16,384
and exponent 2048.

2 Representation Theoretic Preliminaries

Consider the group ring Z[G]. If A is a subset of G, we will abuse notation by
writing A as a member of the group ring, A = 3,4 a. Similarly, we will define
the group ring element A = .., a~!. If D is a difference set in G, then the

definition of a difference set immediately yields the group ring equation

DDV =k - A+ \G

Now consider a representation of G, call it ¢. A representation is a homomor-

phism from G to the multiplicative group of m x m matrices over the complexes.



The degree of the representation is m, the size of the matrices. We can always
choose our basis so that the representation is unitary; namely, the inverse of the
matrix ¢(g) will be the conjugate transpose (see [2]). This homomorphism can be
extended to a ring homomorphism from the group ring Z[G] to the ring of m x m
matrices, and we will use the notation ¢(A) = ¥ ,c4 ¢(a). Note that G (the group
ring element that is the sum of the elements of G) is in the center of the complex
group ring C[G]. Thus for any irreducible representation ¢ of G, we have that
#(G) is in the center of My,xm(C), the ring of all m x m complex matrices. Hence
#(G) is a scalar matrix. A representation ¢ is called nontrivial if thereis an z € G
with ¢(z) # I, where I, is the m x m identity matrix and m is the degree of
¢. When ¢ is a nontrivial irreducible representation for G and é(z) # I, then
#(G) = ¢(zG) = ¢(z)¢(G) implies that ¢(G) = 0.

To generalize this slightly, for any subgroup H of G the restriction of ¢ to H is
a representation of H. Let h € H generate a normal cyclic subgroup of H. Then
if ¢|,,(h) # I, and ¢ does not contain the trivial representation of H as a direct
summand, then we also get ¢(H) = 0. We will use this property extensively in
section 4 by displaying an element h of a particular subgroup H. The existence of
h with the above property will ensure that the representation sum over the subgroup
will be zero. For more background on representation theory see [2].

If we apply an irreducible nontrivial representation, é, to the difference set

equation, we get
$(DDV) = ¢(D)¢(DYV) = ¢(k — A) + Ap(G) = nl,,

This fact and the next theorem explain why we want to look at representation

sums over D.

Theorem 2.1 Let D be a subset of size k of a group G. Let S be a complete set of
distinct, inequivalent, nontrivial, irreducible representations for G. If ¢(D)¢(D(V) =
nl, for all p € S, then D is a (v, k, A\;n)-difference set in G.
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Proof: Any subset D of G is completely determined by its image under the
regular representation. The regular representation decomposes as the direct sum
of a complete set of distinct, inequivalent, irreducible representations for G. Since
D has size k, D satisfies the difference set equation for the trivial representation.
If in addition, D satisfies the difference set equation for all ¢ € S, then D satisfies
the difference set equation for the right regular representation. Therefore D is a
difference set (see [13]). o

In the following sections, our strategy will be to use this result to build the
difference set a piece at a time. We will find a subset of the group which will give
us the correct representation sum for every representation of a certain degree, and

then we will show that the pieces put together have the correct representation sum.

3 Technical Lemma and Group

The groups we will be working with are semidirect products of two cyclic groups,
one of order 2%*2 and the other of order 2!. We call the group G; and define it as

P =y =Lyry Tl =2

Gi=(z,y |z 241y

In order to list the irreducible representations on this group, we need to establish
some notation. All irreducible representations are induced from characters on the
cyclic normal subgroup of order 2%+2 so we need to list the characters of this
subgroup. Define Fiu. to be the character table of the cyclic group of order 2%, where
a character of an abelian group is a linear (degree 1) representation. The rows of
the character table are indexed by the characters and the columns are indexed by
the group elements. We can think of this table being constructed inductively by
putting two copies of Fyu-1 next to each other to form the first 2*~! rows of the
table. These represent the nonfaithful characters, and all of the faithful characters

will fill in the last 2*~! rows.

Now let n be a primitive 2° root of unity, and let ¢t < s — 2. For each



j = 0,1,...,t, form the number ring RY) = Z[p*']. We induce an automor-
phism o; of order 27 on RY) by n% = n?* ™™+l We use o; to define an al-
gebra R;_; of 2!77 x 2!~J matrices generated by matrices B whose first row is
the vector (bg,by,...,by~;_1) and whose (i,k) entry is b:;_'_i, where k — 7 is read
mod2t=7, and bg, by, ..., by-s_q € R‘()j). For convenience, we will use the notation
m(bo, by, ..., by-i_;) for the matrix B. If the matrix is of the form m(z,0,...,0),
we will write it as mqe—;(z) for z € R((,j ). Finally, the automorphism 012-‘—’_1 on jo )
will be denoted by 7;.

Let @ = (ar0,@15---,0,24—1) denote the I'* row of Fpu. We then define E,; :=
m(aip,a1,1,--.,a12¢-1). By character orthogonality, E;Ey = 6;2*Ey. We also note
that B} = E; (as long as u < 3).

Set s = 3t + 2, let j range from 0 to ¢, and set u =t — j. The ring R;_; is the
image generated by Z[G,] in the ring of 2!~ x 2!~ matrices under an irreducible
representation ¢ of degree 2'=7. The following three Lemmas display a method for
generating a possible image of a difference set under ¢. The first Lemma constructs

an element of jo ) which satisfies a number theoretic equation: the fact that such

an element exists is a crucial step in the construction of a difference set in G;.

Lemma 3.1 Let 1 be a primitive 2°th root of unity. Let \y = py = 1,7 = (A +

n*aty )n® . Also let & = /=1n?, and for k > 2, let & = /Er—1. Finally for
k > 2 define the three quantities \p = Ap—y1 + Ekpty_ys by = —Ai—1 + Ekpt,_,, and
¥, = (Ax + 0¥ 1, )% for some integers a, and dx. Then as long as k < [ + 2,

%+ (VT =28

Proof: We show by induction that M+ wE, = 2% The k = 1 case is obvious,

so suppose that the claim is true for & — 1.

MAk = o1 i1 + PuesBoy + €kl Ak—1 + .f_ku,‘_,)\k-l



and
BBy = Mo Mo + oy By — Ekbb Mem1 — Ekias; M1

So
Ak}‘—k + pb = 2(’\k—l)‘k—l + #HW.T) = 2(2k_1) = 2*

The Lemma follows a similar argument, using the fact that 7; sends any odd
power of 7 to its negative. We only need k < [ + 2 so that the k™ root of 7, still
lies in Ry. 0

In order to apply this Lemma, let s = 3t+2,1 = 2t+j,k = 2t—25—1,a; = 2%,

and di =29 — 1. Put ¢t = 72" n2™"*’. Then the expression
L/

2k-1-1

= T (-1

m=0

defines a binary string g, whose mth entry is gx(m), where A, is the element defined

in Lemma 3.1. Similarly

2k-1_1

b= X (-

m=0

defines i, where u, is the element defined in Lemma 3.1. Recursively ¢ =r, =0,
g2 = 00,r2 = 10 and for £ > 3,

i) ge(m) = qe_1(m/2),m = 0,2,...,2F1 -2,

i) gu(m) = rea((m — 1)/2),m = 1,3,...,21 — 1.

iii) rg(m) = 1 + gx—1(m/2) modulo 2, m = 0,2,...,2¥1 — 2,

iv) re(m) = raos((m — 1)/2),m = 1,3,..., 21 — 1.

We now define two elements of Z[G,] whose representation sums have terms that

match v, from Lemma 3.1.

2k—-1_1 ‘ »
Hpms = {3 [N PPl 942545y

m=0



and

2k-1
th__j — $_2j+1{ Z [(z_23t+]—j )Qk(m) + m_(23t+1-—1+2j+1_1)(x_23t+1—j )Tk(m)]

m=0

(z= (@424 ym )

Lemma 3.2 Let Ay-; and By—; be defined as above. Then Ay-; and By.-; each
consist of 2%-2-1 distinct powers of x. Moreover the exponent of any power of z
in Ay, is congruent to 271 or 29%2 — 1 modulo 23%%, while the ezponent of any

power of & in Byi-; is congruent to —2711 or — (2712 — 1) modulo 23+% .

Proof: Let ( be a primitive 2%+2th root of unity, and x a character of (z) so
that x(z) = (¥ = 5. Then x(Az-;) = Y21-2j—1 and x(Bat-i) = Fa=z2;-17, as in
Lemma 3.1. By construction, 2:-2;—1 consists of 2%~2/-1 distinct roots of unity,
for our specific choices of s,! and k. The moreover part is obvious by inspection.O

When 0 < j < t, a character x as in the proof of the previous Lemma induces

an irreducible representation ¢ for G; of degree 2'~7. By Lemma 3.1,
¢(Age-i )(Aze-s) + ¢(Bae-3)¢(Bar-s) = 22t_2j12*-:’-

It is important to note that A,:—; and By:-; denote subsets of G;. The following
Lemma demonstrates that the combination of the representation values for Aj.
and .Bgu together with matrices associated to the character table Fy. will satisfy
a matrix equation. This matrix equation will be used in the next section to show

that certain subsets can be used to construct a difference set in G;.

Lemma 3.3 Let v, be as in Lemma 3.1. Let z generate the cyclic group of order

2% and let x; be the I** character of Cou. Let ¢; = (p?'™")%~, fori=0,1,...,2*" 1 —

l,e;€Z and¢; = (Uzs—u)e‘("Y_k)Tj fori=2v"1 2141, ..., 2%~1,e, €1. Ifu< %,
2u_1

and S = Y mau(c;)E;, then SST = grw+k [,
1=0



Proof: We freely use the orthogonality properties for the character table of a

group.
T 21 %1
SS = Z mgu(C,')E,' Z E,'mzu('c_,-)
=0 =0
2¥-1
= 2% Z mgu(C,‘)EimQu(C_,‘)
=0
2u—1_1 - u—l_l zu 1
=2m7 L xi(®,-. oW Y x(E
=0 =0
2%—-1 2v-1 2u 1
m(¥7 D xi(2°), - E xi(z° -
I=2v-1 1=2u-1

= 2*[m(2*74,7;,0,...,0,2* 1, 7,7,0,...,0)+
m(2*7'7,7]7,0,...,0,-2*"13.7,,0,...,0)]

= 2'mau (2 (0T, + (1.70))
= Q%utk ],
The last equality comes from the first Lemma. O

Note that A = (1 + +/—1)§ satisfies AAT = gk,

Finally in this section, we define a complete set of distinct, inequivalent, irre-
ducible representations for our groups G;. In this instance, all of our representations
are induced from linear representations of K := (z).

To begin we let 7 be a 2%**2th root of unity. When a linear character of K
sends z to an odd power of 7, the resulting induced representation ¢ is of degree
2. We can define ¢ simply by presenting the images of z and y. All irreducible

representations of degree 2! are in the set
20 = {(8)/16(z) = ma(n), 6(¥) = n* T **Im(0,1,0,...,0),

k=1,...,t;:=0,1...2"% —1,i = 0 when k = 0}

where 0 < f < 2%+! — 1, and ¢*/*! denotes replacing by 2/*1. Up to replacing
y by =" @2+1)y we can take ¢(y) = m(0,1,0,...,0). Also ¢ is equivalent to
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2642
277°+1 we have that

¢**! whenever n¥*! = 3% for any power e. Since 7% = g
the first 22+! values of f run through all the inequivalent representations in this
set. Thus ® o contains 2%**! distinct, inequivalent representations. These cover
(21)22241 = 24+1 dimensions of the group ring.

In general, there will be 2/ conjugacy classes of irreducible representations of
degree 2'~7. We will use two subscripts to decribe each class of irreducible repre-
sentations. The first subscript will be the degree of a representation. The second
subscript will indicate which conjugacy class the representation belongs to. The
second subscript, b, will have values ranging from 0 to 2/ — 1. For convenience we
will write b= 23 where 0 < a < j—1and 8 € {1,3,...,29> — 1}. We make the
convention that the b = 0 case corresponds to @ = j and f = 1. When a linear

character of K sends z to an odd power of 772,' the resulting induced representations

will have degree 2¢~7. These representations are in the sets

By-s gmp = {(6)"/418(2) = mas (),
¢(y) — (n22z+2+a(21-a+1,~+(g+nzj—a)))m(0’ 1, 0, . 0)

i=0,1,...,2"777 - 10<a<j-1,€{1,3,5...,2 - 1},n = 0,1.}

Dye-sp = {(0)*|¢(z) = mz‘-i(ﬂzj)a
b(y) = (" EFOMm(0,1,0,....,0)
i=0,1,...,20"1 = 1,n = 0,1},
where 0 < f < 2%+177 — 1 for each ®y:-; .
As before, the inequivalent representations in these sets use the first 22+ values
of f. Thus, each set uses up (2!77)% - 22+1 = 24+1-% dimensions of the group ring,
and there are 27 classes. The degree 2!~/ representations collectively account for

24+1-J dimensions of the regular representation, half as many as the degree 2!-7+1

representations.
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Lastly, when j = t we get the linear representations for G; which are defined by

t\m 2t42 | 9a
Xm,a,ﬂ(z) = ("72 ) ’Xm,a,ﬁ(y) = (772 )2 ﬁ’

for0<m <2242 _10<2*<20-1,=1,3,...,27 — 1.

By theorem 2.1 if we can find a subset of G; so that each representation sum
times its conjugate transpose is 2% times the identity, then the subset will be a
difference set. By the results in this section, namely the Lemma above, if we can
get the representation sums to be 0 on most of the subset and something similar
to S on the remaining part for every representation, then we will have the proper

sums. That is the subject of the next section.

4 Construction

Recall that G; = (z,y|z?™"* = y? = 1,yzy~! = 227+ and define the subgroup
H, = (2", y). We will define a subset of G; with the property that every coset
of H; intersects the subset in 2% elements with one exception which has empty
intersection. This subset will be the difference set in G;. We will show that it is a
difference set by using representation theory as well as the Lemmas proved in the

previous section.

4.1 The Nonlinear Pieces

In this subsection we use Lemmas 3.2 and 3.3 to help build the pieces of our
difference set which correspond to conjugacy classes of nonlinear irreducible repre-
sentations for G;. First, we list the pieces. Next, we prove that the union of the
pieces is a set. Finally, we show that the representation sums are correct.

For the single conjugacy class of irreducible degree 2* representations for G; we
set k = 2t—1 in Lemma 3.1. We also select ay;,_; = 2 and dy;_; = 0. Set h = 2t +1.

Then the degree 2* piece of our difference set is
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2t-1 2f-1_1
Do = (14 2%)[ Ay > (mzh)’(z’22'+3’y) + By > (x2h)'(z'22'+2(2'+1)y>]
- =0 =0
To see that Dy g is a set, notice that the expressions Ay and By consist of
distinct powers of z which lie in distinct cosets of H;,. These obviously won’t
overlap. So suppose there are elements from different cosets which are the same
group element. Because all of the subgroups are generated by elements of the form

2=y (the z-P**(%+1y case is similar) and the powers of y must be the same,

22t+1 )i(x_zzﬁ-aiy)j and (m22t+1 )il($_22t+3ily)jx23tk

the two elements are of the form (z
where 0 < ¢, < 2! — 1,k = 0,1. Matching the exponents of z, we get that
22+l _ Q335 Q21! 4 9243y/5 = 0 mod 2%. This implies that (i —')(1 —4j) =
0 mod 27!, so 1 = ¢’. Thus, the elements were not really distinct (they are from
the same coset). Note that there are 2!~! cosets in each sum making up Dy o, each
with 2! elements. The total is multiplied by (1 + z2*), so there are 22 elements in
each coset zF H;, where k = £2 and £3 (mod 8).

For j =1,...,t —1 G, has 27 conjugacy classes of irreducible representations of
degree 2'~7. There will be a piece of the difference set for each. Let Dy-;, denote
the piece of the difference set which corresponds to the conjugacy class of ®ge-; ;.
Let Az, and By:—; be as in Lemma 3.2 where ay_5;—; = 2+! and dato1-2j = 27 —1.

Finally let A = 2t + 1 as above. Then

th—J'b = D2t—jy2aﬁ = (1 + $23'_j)

_ 2t—=1-s_1 . (jma) fnimadl s —a
[P Agens (Y (@) (e BTTUTI@ T ) 27
3=0
2t—1—j_1 . .
4o PR, (T (@) (PO T ey ey,
1=0

Dz!-:,o =(1+ xzat—])
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t—1—j2k—1_1

[A2¢_J(<z23t+2-j,y) +( Z Z z23‘—i—k(21’+1)(x—23:+2—1—"(2i+1)y,yz"))

k=1 1=0
#7171 ,
i —22t+2(9; te
+Bys( Y, 2t (e Ay )]
i=0

The union of these pieces will make up most of the difference set. Of course
it must be shown that the union will be disjoint so that we build a set and not a
multi-set.

We first argue that the sets Dyi—;, and Dy:—jr ), will not intersect if j # j'. By
Lemma 3.2 the subset Djy:—;; intersects all cosets of H; in G; which are labeled by
powers of  whose exponents are congruent to +27t! 4 29+3p or +(29t2 — 1) +27%3%
modulo 23t% and similarly for j’. Without loss of generality say j < j'. Then
none of exponents for the coset labels for Dy:-; ; are zero modulo 27'+1 while all of
them are zero for D, ,,. Thus these pieces must be disjoint.

The next Lemma shows that Dje—; and Daje—; p are disjoint if b # b'.
Lemma 4.1 Let0< j <t—1 andb# V. The sets Dyi-; y and Dye—; p are disjoint.

Proof: Suppose that there is an element g in the intersection of Dj:—; ) and

Dye—jp. Write b = 28 and b = 2¢'g’'. Tt suffices to consider the case where

2t +2 — j + min{e,a'} < 2j + 3. Otherwise Dy, ; will only intersect those cosets
of H, labeled by powers of  whose exponents are congruent to 2/+3b mod 2%*3, and
Dje-; » will intersect cosets labeled by powers of z whose exponents are congruent
to 293 mod 22+3. The two cosets are disjoint, 50 Dgi—; 5 and Dye—; 4 are disjoint
in this case.

So consider the powers of z mod 2%*3, Since 25 +3 < 2t + 1, the only terms we
need worry about are the terms z2'**® (resp.b') and z¥"** % (resp. b'k’) where k

(resp. k') is the power that appears in expressing the first generator of a subgroup
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in the sum for Dye-; , (resp. ¥). Our concern is that two of these describe the same

element g. If so, then

243 (b—b) = 2277 (bk — b'R')  (mod 2%+%).

Now since j <t —1,7+3 < 2t+2— j. The right hand side of the above
congruence is 0 mod 2%+2-i+min{aa’} 56 h = P mod 2%-2-1+min{xe’}  Because
2t—25—12>1, we have b = ¥ mod gi+min{aa’}  Without loss of generality a < o'.
So & = 2%B + r2!** for some r. This implies that ¥ is divisible by 2* but not by
2!*e_ By our convention for writing the subscripts b, we see that a = <.

So since b # b’ it must be that 8 # A'. Continuing under the assumption that g
is an element in both sets, we now compare the powers of y appearing in g. Use k

and k' as the powers of the first generator of the subgroups where g exists. Because

o = o, the second generators must be y2 ™. Thus y*+2'™* = y¥+2"* for some
LU. So k = k' mod 2t~°.
Now read the powers of z modulo 22/+3, We get
2t3+e(f — ') = 2¥42-ite(Bk — B'k')  (mod 2%13),
Say 2°||(B— ') where1 <a<j—a—-1<t—oa. Sincek—k'=0 (mod 2:7%),

k—k'=0 (mod 2°). Thus Bk-— 'k’ = B(k — k') =0 (mod 2*). Furthermore
j<t—1implies2t+2—j+a+a 2j+4+a+a. Then 27+3+2(8 — f') is not
congruent to zero modulo 27t#+e+e while 2%#+2-7+%( 8k — B'k') is congruent to zero
modulo 2/*4+e+2_ This contradiction demonstrates that g cannot exist. O

The next Lemma shows that there is no internal overlap.
Lemma 4.2 There are ezactly 2*(|Aye-;| + |Bae-i|) elements of G, in Dye—; .

Proof: Each subgroup used to build Dy:-;; has order 2!+, There are 2¢—7-1

subgroups attached to each of Az, and By-;. The factor (1 + x’at_j) doubles the

14



number of elements from the rest of the expression, so there are 2 - 2t+7 . 2t=7-1.
(|Agi-5] + | Bys~i|) = 2%(JAge~i| + | Byt-i|) elements in the expression. To prove the
Lemma, we must show that there are no duplicated elements.

Suppose that there is an element g € G, that appears twice. We consider the
case that g appears in the A,—; piece twice, (the other cases are similar), so that
we can write

g= xa+22'+1i+22‘+2°(1-°)(2i-°+1i+ﬂ)k yk+2"°m

_ mal+22¢+lil+22t+2—(j—a)(2j—a+1il+ﬁ)klykl+2t—aml

where z° and z* appear in Aj-;.
Equate the exponents on y to see that £ = k' mod 2¢~%. Write k — k' = 279§

for some é. Then the two expressions for g imply

:ra_a’ — z22:-{»1 (i—i')—22t+2_(j_°)[2j'°+1(ik—i'k')+ﬁ(2"'°5)]y0

= g (=) -2 (k=i'K) - (222 36)

The right hand side of the previous equation is in H;. Therefore the left hand
side is in H;. Thus a = d’.

Next write 1 — ' = 2°¢, where 0 < p <t —j —2, and 2*||(z —¢') so that c is odd.
We examine the exponents of z in the expressions for ¢ modulo 2%+2+#, Because
2t+2+p < 3t—j the term (1 + xzs'—j) at the beginning of Dy:-; } is of no concern
here. Also, the case j =t — 1 has one subgroup in each part of the block so there
is no chance of intersection there. Therefore we are interested in those values of j
between 0 and t — 2. (The j = t case comes later.)

Since a £ j,t — a > t — j, which combined with p < t — j — 2 implies that

t—a> p. Thus k£ = k' mod 2°. Also ¢ = ¢’ mod 2°, so tk = i'k' mod 2°. Therefore
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(tk—1'k') = 0 mod 2%+2+*, Thus by equating exponents of z in the two expressions

for g

2¥¥¥ee = 93H1(j — i) = 92+2-U~2)g(k — k') mod 27747,

We first consider the case b # 0. This forces @ < j sothat 2t +2 —(j —a) <
2t + 1 + p. Divide both sides of the previous congruence by 2%+2-(=¢} to get

2i=~1+0¢ = B(k — k') mod 297+

Since B and c are odd, this implies that k—k’ = 29-*~1*# mod 2/~***. Since p <
t—j—2, we have that j—a+p < t—a—2, s0 k—k' = 2/-*+1+p 4 /25-2+P mod 2!,
for some ¢. However this contradicts the fact that k — &’ = 0 mod 2!=*. This
establishes the Lemma for b # 0.

When b = 0 we adapt the previous arguments to reduce to the case where g

appears twice in
Q3423 LT 23407 (2i41) ¢ ~ 234207 (2i41) 20
Agess ((z WH(Y, Y = (z v,¥°))
n=1l =0

Now viewing the exponents of z in two expressions for g modulo 23~7~! shows that

k = k'. Thus we obtain
%97t (3 — o) = 2%7972((20 4 1)m — (2¢' + 1)m/] mod 2397 "H2+e

where p is as above. We argue as before to show that :m = 'm’ mod 2° by using
the exponents on y in the two expressions for g and restrictions on m.

Then because m — m' is at most divisible by 2"~2 we get that m — m' =
2°~1 mod 2°(p > 1) But now n > n — 2 > p which implies that m — m' is not zero
modulo 2*. Examination of the exponents of y in the two expressions for g shows
that m — m’ must be zero modulo 2". So again we reach a contradiction.

Finally when p = 0 the above argument leads to the contradiction that 1

0 mod 2. o

As a consequence of Lemmas 4.1 and 4.2 we have
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t—127-1
Corollary 4.1 The set P := Z Z Dye-;y intersects a coset of H, in either 2%
3=0 b=0
elements, or not at all. Moreover the cosets of H, which P misses are ezactly those
labeled by powers of  where the exponents are congruent to 0,£1 and 2'*! modulo

ot+2

Proof: The choices of ag_z;—; and dy_3;_; yield the fact that the powers of

r appearing in Aj—; and Bse-; are congruent to £2/+1, 42772 — 1 modulo 23+%,
0<;<t-1.

For the cosets which P intersects nontrivially there are two cases. Namely
2+2—-34+a>2j4+3o0r2t+2-j4+a+s=23+3fors>1.

In the first case, Dy 4 fills each coset z* H; with 2% elements where z* appears
in 227 P Ay or =¥ BB,

In the second case, each subgroup used to build Dj:-; 245 is partitioned among
2° cosets o H,, ..., z* H,, where all the z*’s appear in z2"***F Ay, or they all
appear in g2t Byi-;. This is also true for Dyt~ sa(gtraima-s) for 0 < r < 2°— 1
Since the D’s do not overlap, each coset z*H, intersects P in the proper number of
elements in this case.

Collectively P intersects each coset zFH, in 2% elements where z* appears in
¥ B Ay, or 2P *FB,_;. The cosets of H; which do not intersect P are
precisely those listed in the final claim of the Corollary. O

We now prove that any nonlinear irreducible representation applied to P will
give the proper representation sum. The next Lemma shows that whenever a
nonlinear irreducible representation is applied to P, it sums to zero except on its

corresponding piece.

Lemma 4.3 Let ¢ € 9y~ be a nonlinear irreducible representation for G,. Then

¢(P) = 6(Dat-1)-
Proof: 1) First we show that if j # j', then ¢(Dye—jr ) = 0.
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If j < j' then each subgroup in the definition of D,;-; ;, has an element of the
form (a:zmz"(jl""')(""—j,_“""*"@')y)QM'(y""_m)‘1 = 2?7 (@"=*'+8) This element is
mapped by @ to my—;({) where ( is a primitive 2/ ~7th root of unity. By the special
fact mentioned prior to Theorem 2.1, the sum of a representation over a subgroup
is zero whenever there is an element of this form. Hence ¢ is zero on Dye—s .

If j > j', then there are two cases two consider.

First if j = j'+1, then ¢(1+2%77") = (1 = 1)Ip-; = 0. So ¢(Dye-yr ) = 0 since
(14 2-7") is a factor of Dye_y 4.

Second, if j > j' + 2, then we consider cosets of two subgroups used to define
Dy, which are indexed by 7 and i’ where : —¢' = 2t=3. (5 > j' + 2 implies
t—j < t—j — 2 so we can do this.) For the subgroups involved the second
generators are the same, so ¢ maps those generators to the same matrix. The
first generators differ by gPHEIGI s P i group element
is mapped to the identity matrix by @, so ¢ takes the same value on the first
generators. Since ¢ takes the same values for both generators of the subgroups, the
sum over the two subgroups must be the same. The coset representatives of the

93t+1—j

subgroups differ by z . This group element is mapped to —1I,, by ¢, so the
representation sum of the two cosets collectively is zero.

All subgroups are paired in this manner. The sum of the cosets of the subgroups
over ¢ is zero, which implies that the sum of D,.;: ,, over ¢ is zero.
2) Now suppose that j = ;' and b # ¥. Write b = 2°8 and ¥ = 2*'8’. Let
K =< h,g > be a subgroup used to define Dy:-; pr, where h = g @ i),
and g = y?~°. There are three cases to consider.
a) If @ > o, then ¢(h*™’) = my-;({), where ¢ is a primitive 27~°"th root of
unity. Using the special fact prior to Theorem 2.1, this implies that ¢(K) = 0, so
¢(Dat-s ) = 0.
b) If a < o, then ¢(g2°'-°-l) = (—=1)"I5-; for some odd n. Summing over the

powers of g in K we get ¢(K) = 0, so again ¢(Dge—j pr) = 0.
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c) When o = o but 8 # B, write 8 — 8’ = 2%p, where p is odd. By the restrictions

_22t+2-(j—a)(21-a+1 i+6

on Bwegetthat 0 <6< j—a—1. If we apply ¢ to z )y, we

get

17_22t+2+a(2j-a+1il+ﬂl)(n22t+2+a(2j—a+li+ﬁl))m(o, 1, O, . 0) —
pEHe@ T =20 00, 1,0, ., 0).

Raise this matrix to the 2=7th power to make it a diagonal matrix. The j,j entry
will be =" Gince§<j—a—1,3t+2+a+6—j <3t+1. Asin the
previous cases, this combined with the special fact prior to Theorem 2.1 implies
that the representation sum over K yields zero, so ¢(Dye-s ) = 0. O

The last Lemma of this section shows that the remaining representation sums

are correct.

Lemma 4.4 Let ¢ € ®y—,, be a nonlinear irreducible representation for G;. Then

M := ¢(Dye-;}) satisfies MM' =2%],.;.

Proof: It suffices to show that M corresponds to 2/(1 4+ \/=1)S where S is as
in Lemma 3.2, with k = 2¢ - 27 — 1.

First, by construction ¢(Agi—i) = mge—;(Yas—2j-1). Similarly we see that ¢(Bye~;) =
My (Taimz;=17 ). Next, the elements z2'****fg2**'k

(n* "), Third, ¢(1 + z~9) = (1 + /=1)I5:-;. Finally, each subgroup K of G,

used in the definition of Dy:-; gets mapped by ¢ to 27E,, for some m. Moreover

correspond to the numbers

each 2/E,, has a subgroup K as pre-image in Dyt~ 3, m =0,1,...,2"77 — 1. ]

4.2 The Linear Piece

In this section we define the part of the difference set which corresponds to the
linear representations for G, (i.e. those of degree 1).
We begin with some remarks on the behavior of the characters. First, when

22t+l )

m is 0odd, Xmas(z = —1 and when m is even, xmaps(z¥") = 1. Second,
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the linear representations of G; which are not principal on H; fall into conjugacy
classes. These classes are indexed by their shared kernels when viewed as characters
of H,.

For convenience we set p(m) to be the remainder of m after dividing by 2. The
kernel of X a5 restricted to H; is denoted by Kp(m),o. For a < t—1 this is the group

241 ot _ 2642
22¢ y2‘ @=Am) ond y2' ®. When a = t, we have K, = <$2 2 Y)s

generated by z
and Ko = H;.

For each (p(m),a) # (0,t) we define a subset A,(m),o. This is the piece of our
difference set which corresponds to the conjugacy class of linear representations
indexed by Ky(m),a-

These subsets are defined as

-2t 24e iy (2i-1);
Al,a = Kl,a Z z’ Y ( M

0<i,j<2t—a-1-1

and

t424a is( o
Y D D
0<i,j<2t—a-1-1

These are referred to as K-matrices in the literature [3]. We note that Ay is defined
to be empty (if we chose it to be H;, then the corresponding subset would be the
complement of a Hadamard difference set as defined in the introduction).

The coset representatives z72'**** y+(2i=1)i form a (22t-2-2 9 92-2-2a 92-3-2a)

2¢+2+a’ y) /Kp(m).o: relative to (yz'—c_l Kp(m)ya>.

relative difference set in the quotient group (z
This leads to the following Lemma concerning linear representation sums of the

Ayim),a’s-

Lemma 4.5 Let X := Xm,a,5 be a linear representation for G, which is not principal

on H;. Then

228 4if p(m) = p(m') end a = o
IX(Bp(mer)| = '
0  otherwise.
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Proof: We prove the last part of the Lemma first.
1) To begin with let us suppose that p(m) # p(m’). We show the argument for the
case where p(m) = 0 and p(m') = 1. The case where p(m) = 1 and p(m') = 0 is
similar.

92t41 2:-0'—1
y .

The first generator of Kpm)o = Kio is T If a < o, then
x(z¥*) =1 but x(yzt_"'—l) # 1. So x is nonprincipal on Ky and there-
fore x(Apm’)r) = 0. If @ > o, then x is principal on Kp(m),o- The corresponding

gt+24a’

representation on the quotient group (z ,y)/ K1, is principal on the forbidden

subgroup (yzt"’l_lK 1a')- Therefore

X( Z zj.2,+2+ay,'+(2—2i)j) = 0.

0<i,j<2t—a=1_1

2) Secondly, let us suppose that p(m) = p(m’) and @ < o'. Then x(yzt_u,) =
n23'+2+°_°'ﬁ. . This is a primitive 2*'~th root of unity. So X is nonprincipal on
Kpmny,ar. Thus x(Apmn,er) = 0.

3) Next, let us suppose that p(m) = p(m') and o > o'. If p(m') = 1, then
x(zzuﬂyz'_alﬂ) = —1. Therefore x(K1) = X(Apmn,ar) = 0. If p(m') = 0,
then x is principal on Kg,. We now consider the corresponding representation
on the quotient group G:/Ko. In particular we focus on the restriction of the

2t+2+a

corresponding representation to the subgroup (z ,¥)/ Koo Since a > o, x

2'-"’_1). So the fact that we have a relative difference set in the

is principal on (y
quotient group implies that the representation sum will be zero. (This corresponds
to saying that the representation sums to zero down a column of the K-matrix.)

4) Finally, if p(m) = p(m') and a = o, then x is by construction principal on
Kp(m),ar- Moreover the corresponding representation on the quotient group in this
case is nonprincipal on the forbidden subgroup. The existence of our relative dif-
ference set assures us that x(Aym)’) has the proper modulus. 0

Our difference set D will be the union of P from Corollary 4.1 and shifts of the

subsets Ap(m),o. It remains to be shown that this union will be disjoint. We must
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also prove that x(P) = 0 for any linear representation of G, that is nonprinicipal
on H; and that ¢(Apm)«) = 0 for any nonlinear irreducible representation ¢ and

any subset Apm)q. That is the subject of the following two Lemmas.

Lemma 4.6 Let ¢ € @5, be an irreducible representation for G, of degree 27,

where 0 < j < t. Then ¢(ADpm),a) =0 for any Apim)a-

92t4 92t+2 ) _

Proof: Each subgroup K, . contains the element g = z i , where ¢(z

g2t42+4;
Moyt—; (77

). Since j < t this is a diagonal matrix with entries which are prim-
itive 2!7th roots of unity. By the special fact prior to Theorem 2.1, this implies
that the representation sum over the subgroups is 0 for each Ky(m),o- This implies

the Lemma. O

Lemma 4.7 Let x := Xm.a,p be a linear representation for G; which is nonprincipal
on H;. Also let Dyi-; 5015 be a subset associated to a conjugacy class of irreducible
nonlinear representations for G, as in subsection 4.1. Then either x(Dyi-; ga15) = 0

or for some B", x(Dyi-s ga' g + Dyi—; gat gn) = 0.

Proof: The proof naturally breaks into cases.
1) If p(m) = 1, then the argument will be similar to that for the previous Lemma.

If j=t—-1, then x(1+ =

2*1) = 0 and we’re done. So suppose that j < t — 1.

For a fixed o’ and ', x is either principal on each of the subgroups used to define
D,:-; yarp or it is principal on none of them. When x is nonprincipal on each
subgroup, then clearly x(Dj:—; gars) = 0. If x is principal on each -subgroup, the
image of any subgroup under y is its size 2+7. In this case x(z2**') = —1. The
sum over the subgroups is zero under x, 50 X(Dy-j ga'p:) = 0.

2) Suppose that p(m) = 0. Since x is nonprincipal on H, , x(y) # 1. As before x

is either principal on all the subgroups defining D,:—; ya'5 or nonprincipal on them

all.
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a) If x is nonprincipal on a subgroup, that subgroup maps to zero. So Dy, 5o

would map to zero.

b) If x is principal on all of the subgroups, each subgroup under x gets sent to 2:+7.

2m) = 1. We turn our attention to z2*’*** where 0 < s < 22(2-i-1)_1,

Moreover x(z?
These group elements are the powers of z which separate elements of Aj-; and

B,:—;. There are now three cases to consider.

i) If x(z%°*") # 1 then x(Ag-s) = x(Bae~s) = 0. So X(Dyi-s gargr) = 0.

i) If x(z¥’*°) =1 and 2j + 3 < 2t + 2 — j + ', then the first generator of every
subgroup used to define Dy sor5 Will get sent to x(y) # 1. Thus the subgroup

will go to zero under Y.

i) If x(z22’+3) =1and 25+3 > 2t+2—j+ <, then the only subgroups which do
not map to zero under x are those for which x(:l:22'+2-j+°,) = x(y)(# 1).
Note that since § < t —1, that  +3+ o < 2t + 2 — j + o'. Therefore

2H“‘") # 1. Let s be the power of this group element which gets mapped to

x(z
—1 under x. (This group element is the separator for the elements appearing in
Ag-; and By—; for any subset Dy.—; yar,, as w varies.) Let 8" satisfy ' — " = s
(read modulo 2/-%').

Next consider the behavior of x on the subgroups used to define Dy:-; 5o’ gs. The

first generator of a subgroup here differs from a first generator of a subgroup for

g2t42—j+a’y 2j+3+a‘a)

Dyi-; garp by . Since x(z =—-land2t+2—-j+a >j+3+¢

we see that x(z?* 7"

= 1 The second generators of any subgroup have the
same image under x because o has been fixed. Therefore for any subgroup used
to define Dy, yor there is a corresponding subgroup used to define Dyi-; gargu
which has the same image under x. Thus the fact that ' — 3" = s implies that
X(Dat; ga' g + Dyee; 3ot gn) = 0. O

Next we describe how to shift the subsets Ay to insure their disjointness

from P and subsequently to insure that the representation sums will be correct for
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all linear representations of G; which are principal on H;.
The conclusion of Corollary 4.1 says that the cosets of H; in G, which are
labeled by powers of z whose exponents are congruent to 0,+1, and 2*! modulo
2'*2 do not intersect P. We shift the Apm),a’s to fill each of these cosets with 22t
elements of the difference set, with one exception which is empty. We can do this
by multiplying Ago by 1, Ay by 22, Ag; by 1, Ay by 227+, Ag, by 271, and
Ay by 2714277 Finally, for 3 < a <t set ¢, = 02_‘52””" and multiply Ap(m)a by
polHp(m)ztet e =e
Lemma 4.8 Ifp(m) # p(m') ora # o, then g=1P(m)2" " 4a A\ and x‘1+”(m')2'+°l+l+‘a'A,,

have empty intersection.

Proof: We show only the case where p(m) = p(m’) = 1. The other cases are sim-
ilar. Also without loss of generality we take o < o’. The set z=1+P(m)2** 4sap )
contains elements from the cosets of H; whose representatives are powers of z whose
exponents are

__1 + S + 2t+a+l + 2t+2+aj

for 0 < j < 2'71=2 — 1. For the second set these exponents are
__1 +§a’ +2t+a’+l +2t+2+a'jl

for 0 < j' <2t _1.

The nonzero part of the first set modulo 2t+**! js —1 + ¢, which clearly cannot
equal —1 + ¢ (modulo 2t+*+1). So the two sets never lie in the same coset of H,
in Gy. Therefore they are disjoint. a

The previous Lemma shows that, after these shifts, only the coset of H; labeled
by z~1+2*'-2*2 has trivial intersection with all of the sets we have defined for

t > 3. Every other coset of H; in G; intersects the union of our sets in exactly 22

elements. This proves the main theorem of this paper.
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Theorem 4.1 The set

2t+2

D:=P+[Aop+ :rzmAl,o + 2001+ 2T A+ Az + :73_1+2‘+3A1,2+

1 t
- m)2ttatl -
+ Z Zz 14+p(m)2t +s Ap(m),a]

p(m)=0a=3

is a (24142 22 (22+1 _ 1), 22¢(2% — 1),2%) Hadamard difference set in G;.

Proof: Let ¢ be any representation from our complete list of distinct, inequiv-

alent, irreducible representations for G;.

If ¢ € @y is nonlinear, then ¢(D) = ¢(Dy-5) by Lemmas 4.4 and 4.7.
#(Dy:-; ) satisfies the difference set equation under ¢ by Lemma 4.5.

If $ = Xm,a,p is nonprincipal on H,, then by Lemma 4.8 ¢(P) = 0. Lemma 4.6
implies that |¢(D)| = |#(Apim).a)| = 2% as required.

Finally, if @ = X .q,p is principal on H,, then ¢(D) has proper modulus because
D intersects every coset of H; in 2% elements with one exception, so the character
sum has modulus 2%.

In all cases the representation sums are correct. Therefore by Theorem 2.1 D
is a difference set. o

Note that the order of the group G, is 2***? and the exponent is 23*%. Asymp-
totically, this demonstrates that the exponent of the group can be at least | G l%

as claimed in the abstract.

5 Examples

5.1 t=1

When t = 1, Gy = (z,y|z** = y* = 1,zyz = z'7) the modular group of order 64.
In our construction of a (64,28,12)-difference set in this group we use H; = (z8,y).

We get
D = (14 2%)(z® + 2°)(y) + (1 + 2®)(z® + 2'°)(2'%) + (2°) + 2*(z®y) + 2°(z', )
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Note here that Ag; is empty, and that | D N z”H; |= 0. This is similar to the
difference set found by Liebler and Smith [15].

5.2 t=2
When t = 2,
Gz = (z,y[z*® = y* = 1L,yzy™" = 2%)
and
H2 = <x327y)

For the degree 4 part of the difference set
CAg=z? a4 g0 4 g\ g8y g2 | 122 B

B4 — .’15254 + .'E253 + m86 + 27213 + z174 + :13173 + 1,134 + 2:5

So
Dyo = (14 z®)[{Ad(='%y) + 2% (1)1} + {Ba[(z®y) + 2% (z'%%y)]}]

For the degree two part of the difference set

Ay =zt 417
and
By = 27?2 4 7185
So
Dy = (14 2%)[As(z™y,y?) + Ba(z'%, y)]
and

D3y = (1 + 2%2)[2'°Az(2®y) + 224° B,(z*%y))

The linear part of the difference set is
L =(z®+2")(=®y") (1 +y) + (1 +29°) (™) (1 + )+
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3:31(:1:64,3/) + :c17(:c32y,y2) + $<$32,y2).

Note that Ag, is empty, and that |D Nz Hy| = 0.
SO D= D4,0 + Dz,o + D2,l + L.

53 t=3
When t =3

Gs = (z,y[®™® = ¢® = 1,yy™" = 2*)
and

H3 = (‘1"128) y)

For the degree eight part of the difference set
Ag = 2+ 1077 4 578 | 71603 | (1814 4 201 | 866 | 1891 (1170 4 147 1746 4 723

1458 435 1010 2035 1098 1099 1674 1675 362 363
+z +z "+ +z +z +z +z +z +r +

+.’171962 + .’121963 + 131242 + 231243 + 11818 + $1819 +.’E1530 +.’II1531 + 1.1082 + .’L'1083
-BS — 12046 + 1,2045 + $1470 + 1‘1469 + 1,734 + $733 + $1182 + 11181 + $878 + .1!877-}-

1302 + z301 + :1:590 + 2:589 + 21038 + z1037 + :1:950+ 1.1973 + $374 +1:1397 + z1686
+xGGl + :1:86 + .’1:1109 + .’17806 + .’1:1829 +$230 + 31253 + .’2:518 + 1:1541 + $966 + $1989
Ds,o — (1 + 1,512){A8[<y) + :12128(1'_512];) + x256(m'1°24y) + :c384(z'1536y)]+
B8[<x—256y) +x128(x_768y) +$256($_1284y) +.’2384<(L'_1796y)]}
A4 — .’124 + 1:519 + :1:324 + 1‘839 + 3676 + :E679 + 1‘484 + 1,487
B4 — .1:2044 + z1017 + z1724 + :1:697 + z1372 + :1:857 + .'1:1564 + x1049
D4,o — (1 + $256){A4[(x1024,y) + $128<23—512y,y2>]+
Ba[(z7%y,y*) + 2% (%%, 3*)]}
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D4,1 —_ (1 + m256){:v16A4[<x--128y) + $128<$_640y>]+
2:2032‘B4[<:1:—384y> +$128<$_896y>]}
A2 - $8 + :1:15’32 _ x2040 + $1777
Dy = (14 2'%){Ax(2*%,y) + By(z™*%,3%)}
D2,l — (1 + 1128){$32A2($_64y) + x_3232<$_320y)}
D22 = (1+2'%){z%Ax(z7"y,y") + 27 By(zy, y")}

‘1)2,3 = (1 + $128){$96A2<$_192y> + 1'_96B2($_448y>}

:1:159A1’3 — .’1331 (1:256, y>

332047A0 g = :1:63(1:128, y2)

2®A,, = 2% (z1%8y, y?)
o1 = z(z' 2, y")(1 + y + z%y* + z%y)
2BA11 = 29Ty, ) (1 + y + 2%y + 25%?)
Doo = (218)(1 4y + 7 + v° + 2% + 2%y + 2 + 2%+
28%* + 2%y + 254 + 23 4+ 2%y + 2%y + %y* 4 2%y7)
2800 = 22 By (1 + y + v + 1° + 2% + 2297 + 25 + 254
250 + 2%y + 2 + 295 + 2%5 + 2%yt + 293 + 2%?)
The coset % H3 does not intersect any of the sets listed above.

Here follows the intersection pattern of D with cosets of H; labeled by the powers
of z, 29, ...,2'%". Each entry signifies which part of the difference set intersects the
coset. A negative sign indicates that the part of the difference set which interescts
the coset comes from a Bye—; part. The subscript denotes the conjugacy class. So
—4, in the position labeled by z’ will denote that a coset representative of Hjz’

appears in the By piece of Dy;.
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Cosets z°,...,z'° and 2%, ..., 2™

loo!lon | 8 1 8 | 408 -8 | 40| 20j~4:1| 8| 8 18 -8 | 2
loollo1 | 8 | 8 | 40-8 -8 | 40| 22(~41| 8 | 8 |4, -8 -8 | 2,

Cosets z'6,...,z3 and z%, ...,z

110 —23 8 8 41 -8 -8 41 -—23 -—40 8 8 "'40 —8 -8 113
liol~2,18 | 8 { 4,+8 -8 | 4;~2,1401 8 | 8 4o |-8 -8

Cosets z%2,...,z%7 and z%, ...

loo|lor | 8 | 8 | 40|-8 |-8 | 40] 21 ~4:| 8 | 8 41 [-8 -8 | 2
loo{loi| 8 | 8| 40~8 -8 |40 2341|8848 |-8]23

Cosets %8, ..., 2% and 212, ..., 2%

lio|-22| 8 | 8 | 4, -8 -8 | 4422140 8 | 8 —40|-8 [-8 |11z
lio|-20| 8 | 8 | 418 |-8 | 411-20|-40| 8 | 8 |40 |-8 -8 | 102
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