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Abstract

Quantum teleportation allows to transmit quantum information using classical information and
entanglement only. Port-based teleportation is a variation of this procedure that involves sim-
pler recovery operations to obtain the transmitted quantum information. This provides significant
advantages in different applications such as instantaneous non-local computation.

We study port-based teleportation for continuous variable systems. We connect this problem
to hypothesis testing, generalizing a result already known for finite-dimensional systems. Similarly,
we present a relation between entanglement fidelity and average fidelity valid for both finite and
infinite-dimensional systems. Finally, we present a protocol that reduces port-based teleportation
for infinite-dimensional systems to port-based teleportation of finite-dimensional systems which
allows us to show that the former task is, at least in principle, possible with a finite amount of

resources.
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1 Introduction

Quantum teleportation might be one of the most iconic features of quantum information. It al-
lows two people to perform quantum communication by sharing entanglement and using classical
communication. Apart from its obvious importance for potential quantum communication, quan-
tum teleportation figures prominently in quantum key distribution and quantum computing. This
justifies the interest of many researchers in this topic. As a consequence, several variations of the
original protocol have been developed.

One of the variations of the standard quantum teleportation scheme is port-based teleportation
[18, 19]. It has the advantage of greatly simplifying the post-processing required at the end of
the protocol. The asymmetry between the operations the two communicating parties need to do
is important. The sender must be able to perform measurements on quantum systems while the
receiver only needs to be able to discard quantum systems according to the classical information he
receives. No other correction operation is required and he obtains a high-fidelity approximation to
the input state. Therefore, it is easier to apply quantum operations on the teleported state, even if
the classical information as not yet reached the receiver.

Applications involving quantum teleportation benefit greatly from the operational asymmetry
between the sender and the receiver. One of these applications is instantaneous non-local compu-
tations. Two people are given half of a bipartite state each and their goal is to apply a non-local
unitary on their bipartite state using only one round of classical communication, local operations
and entanglement. Vaidman [31] explained how to accomplish this task by using standard quantum
teleportation, but his procedure required an amount of entanglement doubly exponential in the
number of qubits of the bipartite state. This task can be done more efficiently using port-based
teleportation. Indeed, Beigi and Koenig [17] showed that doing so would reduce the consumption
of entanglement by an exponential amount.

Another interesting application is the universal programmable processor, a scheme proposed by



Ishizaka and Hiroshima [19], the inventors of port-based teleportation. The idea is that it is possible
to store a quantum operation on the resource state and when performing teleportation, the quantum
operation will be applied automatically to the output state. Using standard quantum teleportation
gives a probabilistic processor with probability of success }l for a single qubit. Intuitively, this is
because the correction operation the receiver needs to apply will not in general commute with the
quantum operation that needs to be applied on the input state. Port-based teleportation however
does not have this problem [19] since the correction operation only involves choosing the right port
and discarding the rest. Because of this, port-based teleportation is more suited to this application
than the standard teleportation.

The first proofs of principle showing the potential power of quantum computing used finite-
dimensional systems because they are easier to handle mathematically than their infinite-dimensional
counterparts. Quantum key distribution [10], quantum teleportation [11] and Shor’s factorization
algorithm [12] were all first designed with finite-dimensional states in mind. The study of quantum
information is now in a phase where researches are trying to implement these algorithms in experi-
ments. However, finite-dimensional systems that were convenient to use in abstract proofs are not
necessarily the easiest systems to use in a laboratory. It is for this reason that one of the variations
of quantum teleportation was proposed for continuous variable systems. This was first shown by
Vaidman [25] and later on it was refined by Braunstein and Kimble [26].

Port-based teleportation relies on finite-dimensional systems and its fidelity depends explicitly
on the dimension of the state that is teleported. At first sight, it might seem like it would require
an infinite amount of entanglement to teleport continuous variable systems. In this thesis, we will
investigate the possibility of using port-based teleportation for infinite-dimensional systems. More
precisely, we will specialize our treatment to Gaussian states [28, 29|. Gaussian states are useful
because, even though they are states on infinite-dimensional systems, they can be compactly de-
scribed by their first and second moments. This greatly facilitate their manipulation in calculations.

Furthermore, Gaussian states arise naturally in quantum optics. For this reason, we would like to



learn whether it is possible to implement port-based teleportation with basic tools of quantum op-
tics. In this spirit, we will mainly talk about coherent states as our states to teleport because they
are easily generated with lasers and two-mode squeezed states as our entanglement resource since
they are ubiquitous in the description of entanglement in quantum optics.

The search for a good measurement to implement port-based teleportation can be rephrased
in terms of a certain quantum hypothesis problem, a fact that was previously observed [19] in the
finite-dimensional case. One of our main result is to provide a more general relation between the
fidelity of the teleportation process and a distinguishability problem. In the special case of finite-
dimensional systems, this allows us to recover the known relation. In the case of squeezed state
resources and teleportation of coherent states, we obtain a hypothesis testing problem involving an
ensemble of Gaussian states. Unfortunately, there are presently no good bounds for this problem,
but this specific case is at least easier to state and analyse. On a more conceptual level, we use the
relationship between fidelity and distinguishing success probability to relate port-based teleportation
to superdense coding. We find that port-based teleportation is equivalent to a port-based version
of the latter.

Finally, we consider a slightly different problem, where we relax the asymmetric requirements
for sender and receiver. We construct a protocol that provides a proof of principle of the possibility
of doing port-based teleportation in the infinite-dimensional case. However, it requires pre- and
post-processing by both parties. This protocol is constructed by reduction to the finite-dimensional
protocol. However, it does not rely solely on linear quantum optics components; finding (or even

showing existence of) such a realization is an open problem.

Outline

This document is organized as follow. Chapter 2 presents the basic concepts used in quantum infor-

mation (Section 2.1) and in the task of distinguishing a given ensemble of quantum states (Section



2.2). Chapter 3 gives an introduction to continuous variable systems, starting with the quantization
of electrical fields (Section 3.1) before giving various examples of one-mode states (Section 3.2). It
subsequently presents concepts such as Gaussian states (Section 3.3) and Gaussian operations (Sec-
tion 3.4) before giving an overview of entanglement (Section 3.5) in this specific context. Chapter
4 presents a reminder of teleportation both for finite-dimensional and infinite-dimensional systems
(Section 4.1 and Section 4.2) before focusing on the teleportation of coherent states (Section 4.3)
and the benchmarks to assess the quality of teleportation (Section 4.4). Chapter 5 focuses on
port-based teleportation (Section 5.1) and the relation it has to a quantum hypothesis problem
(Section 5.2) before giving appropriate lower bounds for its fidelity (Section 5.3) and exploring the
qubit case (Section 5.4). Afterwards, we discuss different applications of port-based teleportation
(Section 5.5) and the related superdense coding scheme associated with port-based teleportation
(Section 5.6). Chapter 6 presents most of our findings on port-based teleportation for continuous
variables such as the appropriate figure of merit (Section 6.1), the relation between entanglement
fidelity and average fidelity (Section 6.2) and more importantly, a protocol that provides an idea
of the resources necessary to do port-based teleportation with coherent states (Section 6.3). The

appendices provide complete calculations of some points that were not essential to the main text.

2 Preliminaries

This section is a presentation of basic tools that will be used throughout this document. For a more

complete review of quantum information, we recommend [1].

2.1 Quantum information concepts

Here we provide a brief introduction to basic concepts of quantum information. For more detailed

information, we refer the reader to the literature (see e.g. [1] and the introduction of [27]).



2.1.1 Quantum states
A quantum state is described by its density operator p which satisfies the following properties

1. tr(p) = 1 (normalization)
2. p=p' (Hermitian)
3. p > 0 (positive).

Density matrices are more general than pure states because they contain the fundamental uncer-
tainty due to quantum mechanics as well as the uncertainty due to the lack of access to part of a
system. In this regard, the density matrix of a quantum state contains all the information available
to an observer doing measurements on this quantum state.

One way to illustrate this lack of information is to use the partial trace. Assume someone, say
Alice, prepared a quantum state on systems A and B. Alice has complete knowledge of the state
pap- Now suppose Alice sends the B system to another person, say Bob. He does not know how
the state was generated so the density matrix of his quantum state, from his perspective, is given

by the partial trace of pap

pB =tra(pan)-

After sending system B, Alice does not know anymore what is happening with system B. From her
point of view, it is equivalent to discarding system B. The quantum state she has in her possession

is also described using the partial trace

pa = tre(pas).

One note on the “church of the larger Hilbert space” [2], it is always possible to represent a

density matrix as being the result of discarding a subsystem of a pure state on a larger Hilbert



space

pa = trp([V){(]aB).

It can be argued whether it is physically always possible to embed one system into a larger one if

the universe is finite, but mathematically this concept is well defined and often useful.

2.1.2 Quantum operations

The most general operations p — E(p) that can be applied to quantum states are Completely
Positive Trace Preserving maps (CPTP maps for short). This is because such operators should
map quantum states to quantum states and therefore preserve unit trace and positivity. A popular
way to represent them is by Kraus operators: for every quantum operation p — £(p), there are

operators {A;} such that
Elp) =Y ApAl )

where ), AIAZ» = 1. Another useful point of view is given by Stinespring’s dilation theorem [3].
It relates CPTP maps to unitary transformations by saying that every such map can be seen as
adding an ancilla in state pg to a quantum state before applying a unitary Usp and then tracing

the ancilla

E(pa) =trp(Uas(pa @ pp)Ulp).

In this thesis we will often consider different measurements we can perform on a quantum state.
Measurements give an operational meaning to quantum systems as they describe how we interact

and collect information from them. The simplest measurement is the von Neumann measurement.



It assumes that for every physical observable there is an operator O with spectral representation

O = >, 0;]1)(¢]. The characteristics of the measurement are the following

1. Each possible result of the measurement yields the outcome o; and after the measurement,

the system is in the quantum state |7).
2. The probability of measurement outcome o; is given by p; = (i|p|i).

3. If we perform a measurement without checking the result, the density matrix of the quantum

state we have is given by p =Y. p;|i) (i].

Projective measurements are conceptually simple, but they are not the most general measure-
ments we can perform on a quantum system. There is an analogous theorem for measurements
to Stinespring’s dilation theorem for quantum maps. Neumark’s theorem [4] states that the most
general measurement one can apply can be seen as the result of adding an ancilla system to the
quantum state we want to measure, then applying a von Neumann measurement and discarding
the ancilla. The resulting operation is what we call a Positive Operator Valued Measure (POVM

for short). It is described by a set of operators { E;} Y, satisfying
1. Each operator is positive £; > 0 and they sum to the identity >, E; = 1.
2. We have one operator F; for every outcome i of the measurement.

3. Each outcome i occurs with probability p; = tr(£;p) and the normalized post-measurement

state is given by

o= VEpVE!
o t(Ep)



4. Should we make a measurement without looking at the result, we would then have the state
T
p'=> VEpVE;. (2)

As one can see, the form of (2) is a quantum map (1) with Kraus operators A4; = \/E;.

So far, we discussed the case of a finite number of measurement outcomes. If we expect a
continuum of values for a measurement, the properties we showed earlier are still valid if they
are adapted to continuous variables. For instance, if we have the positive operators {FE,},! with

measure do, then equation (2) would read

p = /doz\/Eap\/EaT.

2.1.3 Fidelities and norms

The fidelity F'(p, o) of two quantum states p, o is defined as

F(p,0) = [tr ( ﬁpﬁ)r 3)

and it is symmetric in its inputs 2. The fidelity is a measure of the closeness of two quantum states,

it is 1 if and only if the two states are identical and it is 0 if and only if they have orthogonal

!Sometimes we will want to identify the system on which the measurement will be applied. In these cases, the
system will always be identified by a subscript and the other index will be put in superscript. For instance, E} is
the POVM element E,, acting on system A.

2This is not obvious from (3). The proof follows from Uhlmann’s theorem, see below.



supports. For most of our purposes, one of the two inputs will be a pure state, in which case

F(p, [¥) (1) = tr(v/[¥) (@lpl) (¢])*
= tr(v/ (¢lpl) v/ [v) (¥])?
= (¥lpl) (4)

because the square root of any projector is the projector itself. If p = |¢)(¢| is also a pure state, the
fidelity is the probability of obtaining outcome |¢)) when we measure state |¢) with any measurement
involving the operator [¢) (1| in its Kraus decomposition. In other words, it is the overlap between
the two states. In general, we have an analogous interpretation given by Uhlmann’s theorem [5]

which states that

_ < 2
F(p,0) = max [(@])]

where [¢)) and |¢) are purifications of p and o. This means that the fidelity is the maximum overlap

between all possible purifications of the two inputs. Another equivalent formulation is

A /P’(p7 o’) = I{Iélzr}l Z \/tr(pEi)tr(aEi)

where the minimum is over all POVMs {E;}. This is related to the optimal POVM an experi-
mentalist can use to distinguish two quantum states. It provides a relation between the quantum
measurements one can apply to quantum states and the classical probability distribution that results
from the measurements.

We can lift this measure to channels. Consider two arbitrary channels & and &. The average



fidelity between these two channels is defined as

F(61.6) = / F(EEYD), Ex(1) (b)) du

where di) is the Haar measure on the set of states [¢). For a teleportation map, we desire that the
state at the output will be as close as possible to the input, so usually we will compute F(€,1), i.e.
we will compare £ to the identity channel I

Another measure of the distance of two channels is the entanglement fidelity which measures
how close a channel £ is to the identity channel. This measure quantifies how well entanglement
is preserved when a quantum channel is applied to one side of a maximally entangled state. Its

expression is
Fet(€,|27)) = F((I® E)(|P5 )(Dg]), [95) (D7 ])

where |®]) = Ld >;19)]7) for some orthonormal basis {|i)} and d is the input dimension. The

fidelity is not a metric since F'(p,p) # 0, but it can still be related to other norms to produce

interesting identities. One of these norms is the trace norm || - ||;, defined as

plli = tr/pfp = tr|p|.

Its interpretation will be discussed later in Section 2.2.1. What is of interest to us for the moment

is that the trace distance of two quantum states p and o can be bounded by expressions involving

the fidelity [1],

L=V F(p,0) <llp=als < V1= Flp,0). (5)

10



The trace norm induces a norm for superoperators £

1€]l: = max [|E(p)]lx

pillplli<1
and this further allows us to identify what we call the diamond norm || - ||,
1€]le = sup [[€ & L)1 (6)
k>1

This norm finds its relevance in the following interpretation. Given two CPTP maps & and &, the

quantity

1 1
5t ZH& —&llo (7)

is the probability of distinguishing the two channels when given one use of either of them with equal

probability. The diamond norm can be related to the entanglement fidelity by (as shown in [17])

1€ ~Tlls < ddy/1 — Fung(E,107)) (8)

where d is the dimension of the maximally entangled state, |®1) € C? ® C%. One can see that if

the entanglement fidelity is close to 1, the diamond norm will become close to 0.

2.2 Distinguishing quantum states

The multiple hypothesis testing problem is the following task: we have to correctly identify one
state from the ensemble {p;, p;} using a given POVM {E;}. The average probability of success is
easy to represent. It is given by the prior probability p; of being given the state p; multiplied by

11



the probability of obtaining outcome i (given that p; is measured),
Psuce = sztr(Esz)

We can try to find the optimal probability of success p?%ma given by an optimal POVM, i.e. the
one that maximizes this expression. This optimization over POVMs is in general non-trivial, so we

will discuss a few techniques to study this problem.

2.2.1 Helstrom measurement

Let us first consider the simplest distinguishing task we can think of. We are given either state
po or state p;, each with probability one half and our task is to find a measurement to maximize
our (average) probability of correctly identifying the quantum state given to us. Helstrom investi-
gated this question [6] and had the following reasoning. Consider a POVM {E, 1 — E} , then the

probability of success is

1 1
Psuce = étr<Ep0) + 5(1 — tl’(Epl))
1
= 51+ tr((po = p1) E)).
Then it is obvious that we want to maximize tr((po — p1)F) to maximize the probability of success.
Since the trace is the sum of the eigenvalues of an operator and E < 1, the optimal strategy consists

in projecting the state onto its eigenspace of positive eigenvalues only. Also, because tr(py—p1) = 0,

the sum of the positive eigenvalues is minus the sum of the negative eigenvalues, therefore

1+1t| |
succe — S —tr - .
b 5 1 Po — P1

12



The second term is related to the trace distance so we have pg,.. = %+ % lpo— p1|l1- This is analogous

to the relation (7) we had for the diamond norm.

2.2.2 Pretty good measurement

The pretty good measurement [7]| (abbreviated PGM), as its name suggests, is a measurement that
will perform fairly well® in many cases. It is especially suitable when the states to distinguish are
almost orthogonal. If we have N states to distinguish with uniform prior, the POVM elements for

the pretty good measurement read

voNt sn
E; = (Z Pj) Pi <Z pj) :
j=1 j=1

This measurement is useful for two reasons. First it is directly defined in terms of the states
to distinguish. Secondly, the pretty good measurement is involved in many bounds which can
themselves be used to bound the optimal probability of success. These bounds are often easier to
evaluate than the success probability itself. For instance, Barnum and Knill [8] showed that

PGM optimal \2
Psyce Z ( succ )

PGM

uee 1 the probability of success of the PGM. This measurement will appear frequently in

where p

this thesis.

3Tt performs “fairly well” in the sense that the mutual information between the probability distribution of the
states and the probability distribution of the outcomes from the measurement has a vanishing gradient in terms of
the variations of the measurement basis.

13



3 Quantum information with continuous variables

Quantum information processing can be done in two ways, digitally (nuclear spins, photon polar-
ization...) or analogously (position, momentum...). In the latter case, the information is encoded
in a system with infinitely many degrees of freedom. A typical example is quantum optics, where
photons are used as information carriers. This section will focus on the different mathematical
tools to represent some of the resources used in quantum optics which are described by continuous

variables. Again, we refer the reader to [28, 29| for more information.

3.1 Quantization of the electrical field

In quantum optics, every quantum state is related to an electrical field and so we start by introducing
quantized fields and the quantum states arising from them. Assuming the classical electrical field
is restricted to some volume with appropriate boundary conditions, Maxwell’s equations offer a

solution for the expression of this field
E(Ft) =) (cpiin(F)e™ ™+ + chiiy (7))
k

where {u} are a discrete set of orthogonal mode functions respecting the boundary conditions
of the problem and the constants {c;} are the Fourier coefficients of the decomposition of the
electrical field. The idea behind the quantization of the electrical field is to have the field promoted
to operators. This is done by replacing the Fourier coefficients {c;} characterizing the presence
of each mode in the overall field by creation and annihilation {aLak} operators describing the

quantum modes in the overall field

14



where a proportionality constant has been introduced to make a;, and aL dimensionless. Photons

being bosons, the commutation relation for the a; and aL should be

ar,af) =1 and  [aj,q}] =0 (j # k) (10)

—

so operators associated with different modes commute. The energy of the electromagnetic field (H

being the magnetic field) is given by

]' =4 T —
=3 [ (<l + wl A7) dr

and this implies using (9) that the Hamiltonian is

1

k

In other words, every mode constitutes a quantum harmonic oscillator. Quantum optics usually
refers to the different quadratures of a mode

1 —1
z, = —(ay, + a}) and e = —(ax — a}) (11)

V2 V2

whose interpretation can be seen by reexpressing (9) in the case of a plane wave for a single mode

E(7,t) oz, cos(wit — k - ) + p sin(wyt — k - 7).

From this expression we see that x, and p; are the “in phase” component and “out of phase”

component of the electrical field.

15



3.2 One mode states
3.2.1 Coherent states and displacement operators

The harmonic oscillator is usually treated using the Fock basis, also known as the number basis

{In) }nen, i-e. eigenstates of the number operator afa. We have the eigenvalue equation
a'aln) = n|n) for n € Ny. (12)

The state |0) is the vacuum state and is determined up to a phase by a|0) = 0. Fock basis states are
useful in the mathematical treatment of the harmonic oscillator but they are difficult to generate
with quantum optics tools (with the exception of the vacuum). A more suitable candidate to work
with is the coherent state, which describes the light emitted from a laser. Coherent states, denoted

|a), are defined Vo € C as eigenstates of the annihilation operator
ale) = ala)

where « can be complex because a is not Hermitian. Alternatively, coherent states can be defined

by the displacement operator
D(a) = exp(aa’ — a*a) (13)

as displacement from the vacuum state

16



The operators D(«) are unitary
D™(a) = D'(a) = D(~a),
and their action on the creation and annihilation operators is
D(a)aD(a) = a+ ol and D(a)a'D(a) = a' + a*1. (14)
This allows us to see how the quadratures (11) are affected by a displacement D(«):
DY(a)zD(a) = = + V2Re(a)1 and DY a)pD(a) = p + v2Im(a)1.

Therefore the displacement operators translate any state in the phase space (x,p). These relations

can also be used to show that coherent states are eigenstates of the operator a because
ala) = D(a)D'(a)aD(a)|0) = D(a)(a + a)|0) = afa)

where we used the unitarity of D(«), equations (13) and (14). It is possible to express coherent

states as a superposition in the number basis

) = e 3 (15)

which can be used to infer some other properties of coherent states. For instance, we can see that
a coherent state has a mean photon number (a|a’a|a) = |a|?. Also, coherent states form a basis of

the Hilbert space in the sense that
~ [la)alta =1
— [ |a)(a]d®a =
T
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X X X

Figure 1: Illustrated on the plane (z,p) of the phase space, coherent states (left graph) are repre-
sented by a point of coordinates v/2(Re(a), Im(a)) centered in a circle of radius £ for the variance.
The uncertainty of squeezed states (middle graph) is given by an ellipse squeezed along the appro-
priate quadrature (p in this case). Thermal states (right graph) are centered around the origin with

circle variance with radius greater than %

(d*a being the Lebesgue measure on C?) but it is an overcomplete basis since different coherent

states are non-orthogonal,
1(Bla)2 =e1f"  for  a,BeC.

Coherent states are also sometimes called quasi-classical states for the following reason. Heisenberg’s

uncertainty principle tells us the standard deviations of the quadratures Az := /{(x — (z))?) and
Ap = +/{(p— (p))?) in any state [¢) satisfy the fundamental relation
1
AxAp > 7 (16)

(Here (A) denotes the expectation value (1|Al).) Computing AzAp with the definition of the
quadratures (11) shows that the bound is saturated for coherent states. Therefore, they are states
of minimum uncertainty and in this sense can be seen as best characterized in the phase space. In

Figure 1, we illustrate some examples of one mode states in the phase space.
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3.2.2 Squeezed states

Note that the uncertainty in either of the quadratures is not constrained, only their product is by
equation (16). It is natural to expect that one may reduce the uncertainty in one quadrature at
the cost of an increase in the uncertainty of the other quadrature. Squeezed states are an example
of states with this feature. They can be generated from the vacuum by applying the squeezing

operator
*a2 o aTQ
510 = o (£2542°)

where ¢ = re’®. In general, a squeezed state can also be displaced, in which case it is denoted by

la, ¢) := D(a)S(¢)]0). Squeezing transforms the creation and annihilation operators as follows
ST(¢)aS(¢) = acoshr — a'e™ sinhr and ST()a'S(¢) = a' coshr — ae " sinhr.
In the case where ( is real, the quadratures are mapped to
S QzS(¢)=ez  and  SHOPS(Q) = €'p. (17)
Using (17), we can conclude that the uncertainties are affected by this transformation as follows
Ar — e "Ax and Ap — e"Ap.

It is clear now that the product of the uncertainties remains invariant under a squeezing trans-
formation although the uncertainty in each quadrature changes. In the limit where » — oo, the

squeezed state |, r) is then perfectly defined on its  quadrature while the p quadrature becomes
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completely random. This is a (at least conceptual) tool to generate eigenstates of the quadratures

. x . . D
z)=lim D | — | S(r)|0 and = lim D (1—= | S(—r)|0).
o) = lim D (5 ) S6)0 ) = Jim D (i) 500
However this statement is a little bit misleading, because the calculation of the expectation value

for the number of photons (n) = (a'a) yields
(n) = (a,Cla’ala, ¢) = |a|* + sinh®r

which diverges if r — co. In fact |z) and |p) are non-normalizable and hence non-physical states.
They will be mostly used as a convenient conceptual tool when trying to measure the x or p
quadrature by projecting on relevant eigenstates, but it should be kept in mind that this is an
idealization. As a matter of fact, the error that might be present in real life applications can be

modeled by assuming imperfect squeezing of the resources used.

3.2.3 Thermal states

Coherent states and squeezed states saturate Heisenberg’s uncertainty relation (16) i.e. their com-
bined uncertainties in their quadratures are minimal. An important example of a state that does

not have minimal uncertainty is a thermal state. It can be represented as a Gaussian mixture of

pv= [

The value of N represents the mean photon number in the thermal state. It has zero displacement

coherent states

(18)

as one may intuitively expect from the fact that the Gaussian distribution is rotationally invariant

in phase space (it only depends on the norm of «). It has non-minimal uncertainty since the
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distribution spreads over all the phase space (with variance N/2) even though the thermal state

has zero displacement. Both of the quadratures have a variance

1
Aa::Ap:N+§

which can be arbitrarily large depending on the mean photon number. The matrix elements of py

in the Fock basis are given by

1 N \"
= Opm .
(nlpwlm) N+1(N+1>

This means that py is diagonal in the same basis as the number operator a'a and therefore they
commute. Defining N = (¢® — 1)~!, we can rewrite the thermal state as

e—ﬂaTa
Pthermal = W

and the relation to canonical ensembles in statistical mechanics becomes obvious. This state can
be thought of as a state in thermal equilibrium at temperature 1/ determining the spread in the

Gaussian distribution in (18).

3.3 (Gaussian states

In the last section, important quantum states in quantum optics have been studied without a general
framework. This was sufficient because the states had nice properties, but this will not always be
the case. For this reason, it is necessary to develop tools to analyse more general states. One
way to begin this presentation is to exploit the idea that density operators represent some sort
of generalized probability distribution representing physical systems. To motivate the definition of

Gaussian characteristic functions and states [28] , let us first discuss analogous concepts for classical
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probability distributions.

3.3.1 Characteristic functions

Given a probability distribution p(z) over R, its characteristic function ¢x(t) is given as the expec-

tation value of e®¥ (

or equivalently as the Fourier transform of the probability distribution)

bx (1) = EleX] = / p(x)e*d. (19)

The characteristic function is useful because it generates all the moments from the probability

distribution via the following formula

ak

EX" = ik%

ox (1)

t=0

A probability distribution is completely defined by its moments and therefore by its characteristic
function. In fact, one can recover the probability distribution p(x) directly from ¢x(t) by inverting

the Fourier transform

p(z) = % / ox (e dt. (20)

The extension of this concept to quantum states requires us to define the Weyl operators.
Consider a system of n modes with mode operators {a;, a} }j—, satisfying the canonical commutation

relations (10). Define the Weyl operators
We=eT€""  for  ¢eR™

0
Here o is the block diagonal matrix o = @], and r = (x1,p1, .., Tn, Pn) 18 & vector of
-1 0
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operators representing the quadratures in the different modes (cf. (11)).* Weyl operators can be

multiplied using the following relation
WeW, = e 28 MWey,.
and they respect the orthogonality relation
tr[W_eW,] = (21)"6®" (¢ — n)

where 6™ (€) is the Dirac delta in R,
The characteristic function x, of a quantum state p is defined as the expectation value of the

Weyl operator W:

Xp(§) = tr(pWe), &€ R™

This expression is the quantum analog of (19). It is possible to recover the state from its charac-

teristic function (in the same sense it is possible to invert the Fourier transform, (20))

1
= dPEXH(—E) W 21
This relation will be useful in the following sections.

3.3.2 Gaussian characteristic functions

(z—p)?

For a classical Gaussian distribution p(x) = e™ 2.2 | the characteristic function is given by

1
Ox(t) = exp (—502152 + z',ut)

4This notation offers a compact way to express the commutation relations between the quadratures: [ry, r;] = iog.
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2

with first moment p and second moment p® + o2, Since this characteristic function is uniquely

defined by its first and second moments, the variance and the mean are all that is needed to
completely describe a Gaussian distribution. It is with this idea in mind that we define a Gaussian
characteristic function for quantum states. A quantum state is said to be a Gaussian state if its

characteristic function has the form
Xp(€) = exp(— €70 308 — id" o). (22)
In this formula, d € R?" is called the displacement vector of the Gaussian state and is given by
d; = tr(pr;).

If d =0 Vi, we will say that p is a centered Gaussian state. The matrix ~ is a 2n x 2n matrix

called the covariance matrix. It is given by

Vi = tr{p{ri — di,r; — d;}]

where {A, B} = AB + BA.
Consider a Weyl operator W acting on one mode only, then the argument of the exponential

can be expanded as

We = e~iléw=60) — oy ((@rtig)al~(@-ia)a)

Then it is obvious that the Weyl operator is just another form of the displacement operator (13),
We = D(\%(& +i&5)). This makes the calculation of the characteristic function for coherent states
and squeezed states much easier. In fact, coherent states, displaced squeezed states and thermal

states are three important examples of Gaussian states. For a coherent state |a) (cf. (13)), the
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covariance matrix and the displacement vector are
Yo =1 and do = V2(Re(a), Im(a))?. (23)

For a one mode squeezed state [¢)) = |a, ), it reads

Yo = and dy = V2(Re(a), Im(a))T.

For a thermal state py we have

v = (2N 4+ 1)1 and dy = (0,0)7.

3.4 (Gaussian operations

We have discussed the formalism for representing states arising in many protocols of interest. It
remains to describe how this representation transforms when we operate on the states. This is the
focus of the present section. The most relevant operations for this work are Gaussian operations

i.e. operations £ that sends Gaussian states to Gaussian states.

3.4.1 GGaussian unitaries

Consider first the special case where the operation £(p) = UpUT is evolution under a unitary U.
If the unitary preserves the property of being Gaussian, we call U a Gaussian unitary. These
unitaries arise from Hamiltonians which are quadratic in the mode operators. It can be intuitively
understood because higher order terms would affect higher than second-order moments. Gaussian
unitaries are convenient because of the following theorem which is a consequence of the Stone-von

Neumann theorem [29].
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Theorem 3.1 (Metaplectic representation) Given a symplectic transformation S (a symplec-
tic transformation preserves o, SoST = o) and H the Hilbert space the Weyl operators act on, there

exists a unique Gaussian unitary Ug (up to a phase) acting on H such that
UsWeUl = Wee. (24)

Conversely, every Gaussian unitary U acts on Weyl operators as (24) for some symplectic trans-
formation S. More explicitly, it is always possible to interpret a Gaussian transformation on a
quantum states as a transformation acting on the quadratures. By looking at the expression for
the characteristic function, it should be clear that such a transformation can also be written on the

covariance matrix and displacement vector
v—STyS  and d— STd

It is this last description of the effect of a Gaussian unitary that we will use most often.

It is possible to describe a general n mode symplectic transformation in an intuitive manner by
the results shown in [13, 14] . It says that any symplectic transformation S can be decomposed
by a multi-mode beam-splitter represented by the matrix K followed by simultaneous single-mode

squeezers with parameters {s;} and another multi-mode beam-splitter represented by the matrix L

S:Ké e;) "1

e’

This formulation is especially useful when combined with Williamson theorem [15].

Theorem 3.2 (Williamson theorem) Every real and positive definite 2n x 2n matriz vy can be
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diagonalized by a symplectic transformation S such that

s =@ [

i=1 \ 0 v
This diagonalized form should be recognized as the covariance matrix of a n mode thermal state.
Since this applies to every covariance matrix possible, that means it is possible to generate any Gaus-
sian state by having a n mode thermal state and applying in succession a beam-splitter, one mode
squeezing on each mode and another beam-splitter before applying the appropriate displacement.

This is called the normal mode decomposition.

3.4.2 Gaussian channels

A more general Gaussian operation i.e. a CPTP map £ preserving Gaussianity is also characterized
by its action on the covariance matrix and displacement vector of the input state. This action can

be expressed as
v—= XvXT+Y and d— Xd.

Here X and Y are real 2n x 2n matrices. The X part of the transformation represents more or less
everything that might be considered amplification, attenuation or rotation in the phase space while
Y represents noise introduced by the use of the channel. This noise is often necessary to make the
channel physical because complete positivity of £ implies a relation which must be respected by X

and Y [30]

Y +i0—iXoXT > 0.
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3.4.3 Examples

Partial trace The reduced density operator p, after tracing out part of a multi-partite Gaussian
state pap is still a Gaussian state. This implies that the partial trace £(pap) = tre(pas) is a
Gaussian operation. The action on the covariance matrix and displacement is quite simple: assume
the covariance matrix has the block form

YA 0AB
YAB =

6£B B

and the displacement is the combination

dap = (da,dp)".

The characteristic function of the reduced density operator p,4 is then simply v4 and d 4.

The same idea can be used to find the covariance matrix of the joint product state of two
Gaussian states. If p4 has covariance matrix v4 and displacement d4 and pp has covariance matrix
~vp and displacement dg, then the state ps ® pp has block diagonal covariance matrix v4 & vg and

displacement (d,dg)?.

Beam-splitter All the operations that are covered in this section are related to actual operations
that can be performed in a quantum optics lab. One example of a device inducing such an operation
is a beam-splitter with transmittivity 7'. Its action is well understood; a beam of light goes through
a semi-transparent mirror such that part of the photons are reflected by the mirror and the leftover
part goes through the mirror unaffected. It is possible to combine two beams of light using this
technique, the reflected part of the first beam is combined with the unaffected part of the second

beam and vice versa. This operation is described by a Gaussian unitary U with an associated
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symplectic transformation S acting on the quadratures as follow

T1 _ ﬁ:ﬂ. \/1—T]]. T1 ‘ (25)

o —V1-T1 VT1 o

out mn

r1 and 7y are the quadrature vectors (z, p)” for mode 1 and mode 2 respectively and 1 is the 2 x 2
identity matrix. A different, but physically equivalent, convention is to have the minus sign on the
upper right entry instead of the lower left entry. The most common occurrence of a beam-splitter
is given for T = %, this is when the same amount of light is transmitted and reflected by the

semi-transparent mirror. For this reason it is referred to as a 50:50 beam-splitter.

Quadrature measurement Quadrature measurement is a measurement which is commonly con-
sidered in quantum optics. The goal is to measure the observable Re(«)x+ Im(«)p for some o € C.
Usually we will take the special case where « is purely real or purely imaginary. We will explain
how to do this with beam-splitters and photon detectors.

Suppose the mode to be detected is described by creation and annihilation operators a and a'.
The first step is to combine the mode to be measured with a strong local oscillator using a 50:50
beam-splitter. A strong local oscillator is a beam of light in a coherent state |«) with a high mean
photon number |a|?. Because of this, the local oscillator can be treated classically using a complex
amplitude « rather than creation/annihilation operators. After the beam-splitter, the operators of

the modified modes are given by (in the Heisenberg picture)

al +a al —a

and Ay =
V2 ’ V2

a; =

The intensities of the modes are then measured by two photodiodes which convert light intensity

into an electrical current. Measuring this current iy,i, for the two modes is then equivalent to
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measuring

ihWwoxn=aa = (" +a)(a+a)/2 and iy o< n = abay = (a* — a")(a — a)/2.

Looking at the difference between these two currents, one can see that
6i =iy — iy o (a*a + aal).

Taking an appropriate value for the phase of a = |ale, it is possible to measure any linear

combination of the creation and annihilation operator. In particular, taking the phase 6 = 0 will

™

produce a measurement of the x quadrature and the phase 6 = 7 will give a measurement of the

quadrature p. The measurement of the x or p quadrature is called a homodyne measurement.

3.4.4 Projective measurement

More generally, a measurement can involve a projection on some arbitrary pure state |¢) and could
be applied to some arbitrary modes of a multimode state p. The corresponding probability and

post-measurement state are determined by the following lemma.

Lemma 3.3 (Projective measurement on Gaussian states) Let pap be a state of na + ng
modes on systems A and B, and let |)p be a pure state on B. Consider a POVM which has
an element proportional to |1){(|g. Denote by pa = trp((1a @ [){(Y|5)pap)/p() the normalized
post-measurement state on A after performing a measurement on B with outcome 1) and p(¢) =

trap((1a ® |¥){(Y|B)pan) the normalization. Then

1

/ Xoun (€ MXiwpi (=) for all € € R¥. (26)
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In particular, if pap is Gaussian with covariance matrix and displacement

5
g = | AP dap = (da, dg) € R2"4 x RS (27)

5AB :]

and |¢) is Gaussian with covariance matriz v, and displacement dy, then pa is Gaussian with

covariance matrix
7 =74 —0ap(vB + Y0) ' 4p
and displacement
da = da+0ap(vp +7) "' (dy — dp).

Furthermore the probability of obtaining the outcome associated with the POVM element |¢) (1] is

p() = ! exp (—(dy — ) (v + 7o) " (dy — d))

7o /et (75 + 7y)

where dy, is the displacement vector of |1¢)(¢].

We present the proof in Appendix A.
The result of a measurement on a Gaussian state can be used to make conditional operations
on the post-measurement state. Consider for example the POVM {FE,,d**#m} with the rank-one

operators

1

Ep=
(2m)2ns

D(m)[¢){|D(m)!  meC (28)
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where 1)) is an arbitrary pure state of ng modes and d*"Em is the Lebesque measure on R?*"5.

Then the following statement extends Lemma 3.3.

Lemma 3.4 (Average state for conditional displacement) Suppose |1) is the centered Gaus-
sian state of (28) with covariance matriz vy. Fiz some linear map T' : R*"5 — R*™4 and consider

the following process:

1. Measure the system B of pap using the POVM on B defined by (28), getting outcome m €
R2"5,

2. Apply D(I'm) to A.

In other words, this process is described by the CPTP map € : B(A® B) — B(A) defined by
E(pap) = /D(Fm)trB((]lA ® E)pap)D(Tm) d* em. (29)

Let pap be a Gaussian state of na + ng modes with covariance matriz and displacement as
in (27). Then the state E(pap) resulting from this process is Gaussian with covariance matriz and

displacement

Ya =94+ T (v +7)T" + 045 + dapl"

da=ds+Tdp.
We present the proof of this lemma in Appendix B.

3.4.5 Homodyne measurement

As a special case of Lemma 3.3, it is possible to get an expression for the covariance matrix of the

post-measurement state after homodyne measurement. The main challenge of this calculation is
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that the projection on quadrature states is an idealization and this requires to consider the limit of

infinite squeezing.

Corollary 3.5 (Homodyne measurement) Assume we have a Gaussian state pap (here A con-
sists of n - modes and B is one mode) with covariance matriz yap and displacement dap as defined
in Lemma 3.3. After doing a measurement of the x quadrature on the last mode B, the covariance

matrix and displacement of the post-measurement state is given by

Y =74 — 0ap(mypms) 0hp

where T, = . The displacement is given by

. —d
d:dA‘f‘uwABh (30)
VB11

where [04p]1 is the column vector obtained by taking the first column of dap while yp11 and dp;

represent specific entries of the matriz and vector respectively. A measurement of the p quadrature

produces the same result, with m, replaced by m, = and all indices 1 by 2 in (30).
01
: Bii B : : .
Proof Assuming v5 = , the calculation of the new covariance matrix involves the
By Ba
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following factor (see lemma 3.3)

-1
1 ) Bi1 By e 0
(v +74)” = lim +

"7 1\ Bar Bao 0 e
3 1 B22 + 627" —B21
= lim — —
reo (Bll +e =" )(BQQ + e ) — B2 Bo; — By, Blle_gTI
1
= 0
B (31>
0 O

which leads to the simplified form for the covariance matrix

Y =ya — Sap(mypms) ' 4p

0
where m, = and the inverse is defined on the support of the matrix. There also is a nice

00
simplification for the displacement of the post-measurement state. Because of the form of (31), it

is fairly easy to compute dap(vp + 7¢) ' This produces the final result

d“:dA+33—dB1

[0aB)1
YB11

with [ap]1 being a column vector when only considering the first column of §4p.

The case of the measurement of |p) (p| is very similar. The squeezing is now in the perpendicular
direction from the x quadrature case. The calculation used for the measurement of z can simply
be modified by taking the limit » — —oo instead of »r — +o00. In this case, the result is that the

covariance matrix of the post-measurement state is

Y ="va— 5AB(7TP’YB7TP)_15£B
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00
where 7, = . Then it is trivial to see that the indices 1 will be replaced by 2 and x by p in
01

(30). |

3.5 Entanglement for two-mode states

The most popular example of entanglement between two qubit systems is given by the Bell states

by b

#5) = —=(00) + 1)
_ 1

#5) = —5(100) = J11)
b

) = 5 (101) + J10)

W5) = —(jo1) - [10}).

S

2

Entanglement is also available in quantum optics and is in fact crucial for the protocols that
will be studied in the subsequent sections, but it usually comes in a different form. The immediate
naive generalization of |®7) to infinite-dimensional (as the superposition of correlated kets on two

subsystems) is

[10la)d = [ 6 y)ia)ly)dody

so the wave function is ¥ (xy,22) = Cd(x; — x). This represents a two-mode state perfectly
correlated in position (x; = x9) and anticorrelated in momentum (p; + po = 0). This, however, is
not a physical state since it is not normalizable. Therefore we only have “approximate” maximal
entanglement when we consider infinite-dimensional states.

In a finite-dimensional setting, the CNOT gate is used as an entangling gate. Indeed, using

this gate on the separable state W will yield the inseparable and hence entangled state |®3).
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The CNOT gate makes sense when working with qubits, but we do not have an unambiguous
generalization for continuous variables. We must use other resources to generate entanglement for
infinite-dimensional systems. We will now show how to do this with operators common in quantum
optics. Using the Heisenberg picture, we start with two two-mode system with quadratures x, py
and xo, po and we want to show that at the end of the procedure, the quadratures are correlated in
x (x1 = z5) and anti-correlated in p (p; = —po).

The state with these properties will be called a two-mode squeezed state. We will create this state
by introducing separate squeezing on the individual modes and then applying a 50:50 beam-splitter.
Intuitively, the squeezing should allow us to control the quality of entanglement by enhancing the
correlations of the quadratures. The beam-splitter, by forcing the description of each new mode
as a combination from the initial ones, should act as our entangling operator. Squeezing the first

mode in p and the second mode in z gives
a; = coshra, + sinhral and al, = coshray — sinh ral
and then applying the beam-splitter
af = (dy +ay)/V2  and  ay=(d] —ay)/V2
and upon combining these operators to obtain the quadratures at the output yields

ry = (e"my + <9_T$2)/\/§ and zy = (e"ry — 6_%2)/\/E

Pl = (e "p1 + eTPQ)/\/ﬁ and Py = (e"p1— GTP2)/\/§-

From these quadratures, it is evident that each one of them individually only get noisier (the

variance acquires an exponential factor) when the squeezing is large, but the relative position and
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total momentum however
Yl =2, and PPy =V2e

become well-defined, ((x] — 25)?) = e~2"/2, {(p] + p5)?) = e 2" /2 as we wanted.
Formally, the entanglement generating process can be represented by a single operator, the

two-mode squeezing operator (with ¢ = re®); applied on a two-mode vacuum state |0) ® |0)

S2(¢) = exp(Craras + Ca{ag).

The generated state is a centered Gaussian state |®(r)) which we call the two-mode squeezed state
with parameter r. Its representation in the number basis is given by

|D(7)) Ztanh” )ny|n). (32)

Cosh

The covariance matrix of the two-mode squeezed state is given by

cosh2rl sinh2ro,
Y2mode =
sinh 2ro, cosh2r1

1 0

0 -1
To illustrate the properties of the state |®(r)) a little more, the observation of the z quadrature

where o, =

on one of the modes is equivalent to the projection of the state |z’) on one mode of the squeezed

state. This case is covered by Lemma 3.3 and yields for the x quadrature of the untouched mode

sinh 2r

~ /_
T=omtla xQ)coshQr
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which goes to & = (z1 — z2) + 2’ in the limit of perfect squeezing r — oo (perfect entanglement).
If the initial displacement of the two mode squeezed state vanishes, then the mode that was not

measured exhibits the same quadrature as the mode that was measured.

4 Quantum teleportation

Quantum teleportation is an impressive primitive of quantum information processing; it allows two
people to communicate quantum information by using shared entanglement and classical communi-
cation only. This section will go over the details of the procedure to transmit (teleport) a quantum

state, both in the finite-dimensional case and the infinite-dimensional case.

4.1 Finite-dimensional systems

For simplicity, we will only cover the protocol for qubits, but it is possible to generalize it to the
teleportation of qudits using the same ideas. Suppose Alice and Bob share a Bell state |®5) and
Alice would like to transfer an arbitrary state |¢)) = «|0) + 5|1) to Bob. The protocol for quantum

teleportation proceeds as follows [11], see Figure 2.

Protocol 4.1: Quantum teleportation of qubits
Input: maximally entangled state |®3) and arbitrary quantum state [¢)). Output: [¢) at

another location.

1. Alice does a Bell measurement on the qubit she has to teleport and her half of the Bell

state. She obtains some classical result.
2. Alice sends that classical information to Bob via a classical channel.

3. Bob receives the outcome and depending on it, applies a conditional operation on his

half of the Bell state.
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Alice Bob

[¥)

12

T2 +T1
0.°0%

time

Figure 2: A schematic representation of the teleportation Protocol 4.1. The dotted line represents
entanglement between two systems. The time flow is upward.

After the last step, Bob has in his possession a perfect copy of the state Alice wanted to teleport.
More specifically, the state of the whole system |S) before the protocol starts is

1) = [4)]®F) = (]0) + 6I1>)% %(amom T al011) + B1100) + B111))

= %(I‘P§>(a|0> +BI1) + 23 )(l0) = BI1)) + [T3)(510) + 1)) + [¥5)(8]0) — o[1)))

(100) + |11)) =

where the last expression was obtained via the following,

100) = 7(|<1>+>+|<1> 2))
1) = 7(|<1>+> [5))
01) = \7(!‘If+>+|‘1’ 2))
10) = 7(|\I’> W3))-
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Now if Alice does a measurement in the Bell basis, Bob’s part of the state will collapse to one
of the combinations «|0) + 5|1), a|0) — B|1), 5]0) + «|1) or B|0) — «|1), each containing all the
information about the state |¢). Bob does not know which combination he has. This is what
prevents this protocol from doing any faster-than-light communication. Calculating the mixture
Bob has without any information of Alice’s measurement indicates that he has a completely mixed
state so he cannot infer any information about the input state. He still needs Alice’s two bits of
classical information to know what transformation to apply to recover |¢), the Not gate (o, ) and/or
Phase Flip gate o, or just the identity operation.

Note also that in every case, the state is perfectly teleported every time. The fidelity of quantum
teleportation is always 1, independently of the input state. For this reason, the fidelity averaged
over input states or Alice’s measurement is also 1 in any case. This result stays true if the input is
not a pure state. This is because the teleportation map is a linear map. Since any mixed state can
be decomposed as a mixture of pure states p = >, p;[1;)(¢;| and each one is teleported perfectly,
Bob obtains p without distortion.

4.2 Infinite-dimensional systems

This protocol can be extended to continuous variables systems. We will call the resulting scheme
the Vaidman-Braunstein-Kimble Protocol [25, 26]. The main ideas for the procedure are identical.
Let us discuss the resources we need in the infinite-dimensional case.

First, entanglement is required to teleport a quantum system. In the finite-dimensional case it
was provided by a Bell state whereas in infinite-dimensional setting, entanglement is supplied in
the form of a two-mode squeezed state. Secondly, we needed to be able to do a Bell measurement.
When working with qubits, a Bell measurement is accomplished by a CNOT gate and then a
Hadamard gate on the control wire before measuring both qubits in the computational basis. We

have established earlier in Section 3.5 that the analogue of the CNOT as the entangling gate is
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given by the 50:50 beam-splitter. The Hadamard gate is necessary so it is possible to distinguish
states in the bases {|0),|1)} and {\%(]0} + |1))} respectively. Seeing that each element in the
first basis is a superposition of the elements in the second basis, we can associate each basis with
either quadrature z or p. Since localized x implies delocalized p and vice versa, this is analogous
to the finite-dimensional case. Therefore, we need to be able to do measurements of the z and p

quadratures, i.e. homodyne measurement.

4.2.1 The Vaidman-Braunstein-Kimble protocol

Here is the protocol used by Alice and Bob (see Figure 3). It uses three modes which we index by
1,2, 3; we also indicate by A and B who the mode belongs to.

Protocol 4.2: Vaidman-Braunstein-Kimble protocol
Input: Two-mode squeezed state |®(r)) 4,5, shared between Alice and Bob (i.e., on modes 1
and 2). One-mode unknown quantum state |¥)4, for Alice. Output: Quantum state |V’)p,

on Bob’s side

1. Alice combines the two modes (one from the two-mode squeezed state and one from the

unknown quantum state) in her possession with a beam-splitter.

2. Alice performs homodyne measurement on her two modes, x on one mode and p on the

other one which produces the classical outcome (z, p.).
3. Alice transmits to Bob the outcome via classical communication.

4. Bob displaces his mode by v/2z. and v/2p, in the z and p direction respectively. The

resulting state is the output state |U’).
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4.2.2 Analysis assuming perfect entanglement

In the limit » — oo of infinite squeezing, the analysis of the Vaidman-Braunstein-Kimble protocol
is especially simple. We can analyze it in the Heisenberg picture. Suppose Alice wants to teleport
mode 3 while having mode 2 from the two-mode squeezed state, leaving Bob with mode 1. Since
it is an EPR pair, the quadratures are correlated: x;y — x5 = 0 and p; + p, = 0. Alice first uses the

beam-splitter which creates the new modes

x/:$2+$3 and p/zp2+p3

2 \/i 2 \/5
,7—ZE2+$3 /7_p2+p3
ty= 218 and gy = 208

V2

>

and then she measures p = Ziﬁp?’ on mode 2 and x = _Q”QT;“ on mode 3. Because of the properties

of the EPR pair, the measurement has the following effect on Bob’s modes
o = x5 — 2z and Pl =ps—V2p.

Then Bob displacing his mode by v/2(x, p) will complete the teleportation as his mode is identical
to mode 3 that was to be teleported.

4.2.3 Analysis assuming imperfect entanglement

In practice, the squeezing r of the resource state |®(r)) is finite. Here we discuss how this affects
the quality of teleportation: the amount of squeezing available will determine how close Bob’s final
state is to the one Alice tried to teleport. Their resource is now the two-mode squeezed state |®(r))
rather than a perfect EPR pair. The idea for the mathematical demonstration is the same, except
that we have the following relation for the EPR pair z; — 25 = v/2e 29 and p; + py = v2e7"p!.

Here the superscript 0 indicates the modes of independent states before being entangled. Using
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Pinsdin, |(‘I)(r)>

Figure 3: This is the Vaidman-Braunstein-Kimble Protocol 4.2 for teleportation of continuous
variables. The input is an arbitrary state with covariance matrix v;, and displacement d;,. The
half circles represent homodyne detection. The hashed box is a 50:50 beamsplitter. Bob has mode
By from the two-mode squeezed state while Alice has mode As from the two-mode squeezed state
and mode Az from the unknown state.

these relations means that Bob will have the following modes after displacement

o = w3+ ey and Pl =ps+e"ph.
From this, it is evident that imperfect squeezing will introduce noise in the teleported modes.

The Heisenberg picture offers a simple way to demonstrate how quantum teleportation works
using continuous variables but it is useful to have a description of the protocol in phase space. The
Heisenberg picture gives information about the mean values of operators where in many cases it
may be necessary to have information about, say, the fidelity for the teleportation of a given state.

In Appendix C, we give a description and analyze teleportation in terms of characteristic func-
tions. In particular, we show that when teleporting a Gaussian state |¥), the teleported state |¥')
is also Gaussian. We also compute the covariance matrix 7,,; and the displacement d,,; of |¥’) as a

function of 7;,, d;, (the covariance matrix and the displacement of |¥)) and the squeezing param-
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eter r of the resource state. The calculation is based on Lemma 3.4 to compute the characteristic
function at the output averaged over the results of homodyne detection. Because of the imperfect
squeezing in the resource, the final state will depend on the values obtained for the homodyne

measurement.

4.3 Teleportation of coherent states

Assuming we want to teleport |«) (which has displacement and covariance matrix given by (23)),
we can specialize the result of appendix C (a = d =1, b = ¢ = 0 for Lemma C.1) and show that
the output state is a thermal state (see (60)).

One important quantity that can be calculated is the fidelity averaged over the measurement
results (see also Appendix C). From the results in appendix D, the fidelity of two Gaussian states

(covariance matrices ; and displacements d;, i = 1,2) when one of them is pure is given by (61)

b 200 (= = do)" (1 +92) 7 (dh — o))
det(y1 + 72)

. (33)
Therefore the fidelity between the two Gaussian states (one of them being pure) with identical
displacement and covariance matrices ~;, and 7., can be written as

2
F= )
\/det (’an + Vout)

(34)

Calculating the fidelity of the teleportation map 7 applied to a coherent state |a) gives us

1
F(T, o) = 1=

This fidelity is interesting because it does not depend on the initial coherent state we wanted to

teleport, therefore this formula is valid for any coherent state |«). It can also be seen that in the
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limit of infinite squeezing, » — 0o, we obtain unit fidelity as expected.

4.4 Benchmark

We want to be sure that our quantum strategies will be better than what could be done without
entanglement. This brings us to the subject of benchmarks quantum teleportation has to surpass
in order to beat any such strategy. There are different criteria to check to establish this and they
usually depend on which class of states we try to teleport. For instance, Horodecki et al [16] found
the fidelity a teleportation process has to beat in order to surpass any measure and prepare scheme
(Alice measures the input state to obtain as much information as possible about the state and
sends the classical information to Bob who uses this knowledge to prepare a copy of that state) to

transmit a quantum state distributed according to the uniform Haar measure over C,

2

Fbenchmark - m (35)

The best strategy Alice and Bob can do to send a coherent state without entanglement (as
quantum communication) is a measure and prepare protocol. Chiribella and Xie [23] developed

a benchmark for the case of amplification of coherent states (taking |a) to |ga) where g is the

7 2
XAl

amplification gain) with Gaussian prior py(a) = 2 for a general quantum map. Specializing

to teleportation (¢ = 1), it implies that the optimal average fidelity achievable by means of local

quantum operations and classical communication without entanglement (i.e. a measure and prepare

A+l

S Therefore, given enough squeezing for the EPR pair, the fidelity for

protocol) is given by F =

teleportation of a coherent state is always be better than the classical case.
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5 Port-based teleportation

Port-based teleportation is different from the previously studied “standard” quantum teleportation.
This time Bob has N outputs ports and he gets the quantum state Alice wants to send him by
selecting one of the N ports, this choice depending on the outcome of Alice’s measurement. This
protocol is useful for applications because Bob does not need to apply any transformation on his
system, he only needs to pick the right port to find the teleported state. This advantage comes
with a cost, the protocol succeeds with unit fidelity only in the limit of infinite entanglement, even

in the finite-dimensional case.

5.1 Protocol

The execution of the protocol is similar in spirit to what is done for standard quantum teleportation.
Assume Alice and Bob share N Bell states (every qudit from these Bell states is called a port)
D) ap = \/Lg > i 11)a,%) B, and Alice has to teleport a state |1))g. Here A = U;A; and similarly for

Bob. The procedure is as follows

Protocol 5.1: Port-based teleportation
Input: arbitrary quantum state |¢))s to be teleported. Shared resource state entanglement

(@) ap Output: quantum state |¢p) g close to [1))g

1. Alice does a measurement on SA by performing some POVM { E;} and obtains outcome

i € {1,..., N}. She sends the index i to Bob

2. Bob discards every port except for the i¢th one, which is mathematically equivalent to

tracing out B; = B\B;. No further action is required by Bob.

After the last step, Bob has in his possession a state [¢)') close to the state |[¢)). Mathematically

speaking, the port-based teleportation CPTP map can be written as (in what follows, [1)(] is
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Figure 4: A schematic representation of Protocol 5.1. Alice has system SA while Bob has system
B and S’ for the output.

written as ¢ for brevity and B; stands for B\B; )
T(ps) = ZtrSABZ- (B ® 1p)(ps @ ®53)] -

We wish to learn how close the input and the output given by this map are. To do this, we will use

a different formulation of the problem in the next section.

5.2 Relation to distinguishability

The study of the port-based teleportation map is in general complicated as we do not yet know
what the POVM {E;} looks like. Our goal is to maximize the fidelity of this map by choosing a
good POVM. We relate this task to our ability to distinguish ensembles of quantum states which
is a better understood and more conventional problem.

We give a statement that can be used both for finite and infinite-dimensional systems and that

can also be used either for the average fidelity or for the entanglement fidelity. Such statements
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already existed for specific cases but our contribution provides a single relation that is valid in more
general cases. This way we are able to recover the known results in finite dimension (see Corollary
5.2). For this reason, we will cast our results in terms of a more general quantity which we will call

the general fidelity f of the map T,

F (T [, dpla)) = / Ap()(alps (Ip ® Ts)(65s) [a) ps: (36)

for a given ensemble of state {dp(«), |ta)ps} with probability measure dp(«). We introduced a
reference system D to be able to express the entanglement fidelity with this relation by using
[Ya)ps = |®F)ps for all . Since the maximally entangled state does not depend on the parameter
a, the probability distribution can be arbitrary. The integral and the probability distribution will
cancel out. In general, one can take an input state |1) pg that does not depend on « if we do not want
an average fidelity. On the other hand, if we do not want to calculate the fidelity on a bipartie state,
we can define the input as a tensor product of two normalized pure states |¢,)ps = |¢) p|1),)s where
|¢) is arbitrary. Since the map [p ® Tg acts only on S, the D systems will be projected onto each
other and cancel out. Therefore, we can use equation (36) to treat the fidelities of the teleportation
map in full generality.

The relation between port-based teleportation and hypothesis testing is then given by the fol-

lowing theorem.

Theorem 5.1 (Port-based teleportation and hypothesis testing) Assume that Alice and Bob
share @%ﬁ , where |®) ap is a bipartite entangled resource state. Consider the port-based teleporta-
tion protocol 5.1 for teleporting a state on S (at Alice’s side) to a system S" = B (at Bob’s side).

Let T : B(S) — B(S’) be the corresponding CPTP map, that is,

T(ps) = Z troas, [(E5a @ 15) (ps ® O55)]
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where {E% MY | is some fivred POVM. Assume that Alice wants to teleport system S from an en-
semble {dp(«), |a)ps} of bipartite pure states characterized by the continuous parameter o (here

dp is a probability measure). Then the general fidelity (36) can be expressed as

F(T, [a), dp(@)) = CNpsuce,
where Psyce = % > Eipi is the probability of successfully distinguishing the states
pi = % { / dp<a>Qa9§A¢] @7y
using the POVM {E§ Y, . The different terms in this expression of p; are defined as

¢~ [ dvld)as

that is, a normalization factor for the states to distinguish,
Ta;, = trp®a;p,

the reduced density operator of the resource state and finally 03 ., the projector onto the state

(154, ® (Va|DB,)

|60¢>5Ai = ¢Q>DS|(I)>AZ‘B¢' (37>

1
Vo

Proof The overlap occurring in the expression of the general fidelity can be written as the trace
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over the projector. This trace combined with the discarding operation of Bob reads

(Vo (T® T)(Ya)|tha) = Z trpsas (Vhe, ® Lsas,) [(Ess © Lpp) (¥Hs @ 55)])

= Z trsa (Esatrop (W5, @ lsap,)(@Hs © PG3)]) -

i

It is straightforward to compute the trace over the system B5;

tros [(Vhs, © Tsan) (Whs © O55)] = 75" @ tro, [(Whp, © Lsa ) (Vs ® Pan)]

The last part of this expression is defined on system S A; and can be related to the definitions given

in the statement of the lemma

4a034, = trop, [(U3s, @ Lsa,)(WUhs ® Pa,p,)]

where the constant ¢, is necessary since the projection produces an unnormalized state. Getting

all these terms back into the expression for the general fidelity yields
(T a), dp(@)) = / Ztr (EgA [C]aegA X @(Nfl)D

dp(a)qa0% _
= [y S (b Lot )

and the claim follows. |

As an application of the last theorem, we reproduce the result from [17] stating that entanglement

fidelity is related to the quantum hypothesis testing problem for finite-dimensional systems.

Corollary 5.2 (Equivalent hypothesis testing problem in finite dimension) The entangle-
ment fidelity Fo..(T,|®})) of the port-based teleportation channel T : C* — C* with N ports and
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resource state |®1) = Ld S )i ds given by

N
Fem&(T’ ’CI);» - ﬁpsucc
where Pgyce 15 the probability of successfully distinguishing between the states
pi = Psa, ® (ﬂ/d)%N_l)-

Proof We are going to use the results from theorem 5.1 to prove this corollary. We need to compute

7, 8 and C and the result will follow. First

1
7 =trp(Pap) = - > (14 ® (n]p)]00) (pplap(1La @ ) p)
nop
1 1 1
= 2> Fnabmlo)pla = 5 Y n)(nla = —
nop n

which is the maximally mixed state. For 6

1
0)s4, = —=(ga, ® (27| pp,)

Vi
1
\/dT Z(]lAz ® <nn|DBi>
4 nop
1

1 1
- > Grobm E———S -
\/qu P |O>S|p>A7, \/qu - |nn>SA1 \/qu

nop

©$>DS‘(I)¢J{>A131

00) ps|PP) A, B

D7) 54,

and we see that for the state to be normalized we need ¢ = d% which means
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Figure 5: A representation of the states to distinguish in the ensemble specified by the Corollary
5.2. Again, the dashed line is used to represent entanglement between two systems (the squares),
system S and one of the A;’s. The cross represents a maximally mixed state.

The states to be distinguished in the last corollary have a simple form. The system SA is defined
on N + 1 ports, N — 1 of them are described by the maximally mixed state and the last two ports
are maximally entangled. The entanglement is always between S and one of the N other port (one
of the A;’s), our task is to find to which port it is entangled to. See Figure 5.

In the case of teleportation channels, Horodecki et al [16] found that for finite-dimensional
systems, there is a one-to-one relation between the average fidelity F over uniformly distributed

input states of dimension d and the entanglement fidelity F,,;

Fentd+ 1

F = 38

d+1 (38)
Therefore the measurement that maximizes the entanglement fidelity will also maximize the average
fidelity. The result of Corollary 5.2 then tells us what the average fidelity is for the teleportation of

a state from the Haar uniform ensemble over C¢,

Npsucc/d + 1

F =
d+1
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5.3 Lower bound

We are now trying to find the optimal probability of success of distinguishing the ensemble of states
described in Figure 5. However, if we can find a lower bound on this probability of success saying
that we can distinguish quantum states well enough we would also be satisfied. Therefore if we find
a measurement with high enough probability of success, we can say that port-based teleportation is
a viable protocol for the transmission of quantum information. It turns out that the PGM satisfies

this requirement. This comes from a lower bound on the PGM itself found by Beigi and Koenig

17]

pPGM 1
e = N trp?

where 7 = + >, rank(p;) is the average rank and in the same fashion p = & >, p; is the average
of the states to distinguish. We carried the calculations for these quantities in appendix E. The

resulting entanglement fidelity is

d>—1 d?
Fent(Ta |(I);>) Z - Z 11— N (39>
and for the average fidelity we get with (38)
_ d(d—1) d>
F >l—-——>1—- —.
(7) 2 N - N

In both cases, the fidelity goes to 1 when the number of port is infinite (N — oo). Although it
might require a huge amount of entanglement as a port is synonymous to an EPR pair, it is at
least possible to use port-based teleportation in principle. Using the bound found by Horodecki et
al (see (35)), we see that in order to have F' > Fyepehmark, we need N > d(d + 1). We need at most

~ d? e-dits of entanglement.
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Beigi and Koenig [17] add an interesting perspective on the possibility of having high entangle-
ment fidelity for the teleportation map. They could relate (39) to a statement about how close the
teleportation map 7 is to the identity channel I by using (8) which leads to

4>
T =1l < —=. 40
I I N (40)

Since a norm on superoperators (like the diamond norm) is related to the maximum of the norm
defined over a normalized input set, the diamond norm is a measure of how close two quantum
channels are in the worst case scenario. This statement presents the advantage of being independent

of the input state, which is not the case for say the average fidelity.

5.4 Qubit case

Ishizaka and Hiroshima [18, 19| studied this teleportation scheme in great detail for the qubit case
(d = 2) to compute the entanglement and average fidelity. The strategy was to use the relation
between qubits and 1/2 spins as basis of SU(2) to diagonalize the operator ), p; i.e. the average of
the states to distinguish. Based on those calculations, it was possible to use a semidefinite program
to compute the optimal measurement to the distinguishability problem. Moreover, Ishizaka and
Hiroshima covered different variations of the protocol. There is a deterministic protocol that is
always successful but with imperfect fidelity and a probabilistic protocol that only succeeds part
of time but when it does, it is with unit fidelity. Furthermore, we can make a distinction between
maximally entangled resource states and optimal resource states.

In the deterministic case for a maximally entangled state, the average fidelity behaves in the

limit of N — oo as
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and it is obtained by performing the PGM. In this case (d = 2), we need F > % to have something
better than the optimal measure and prepare scheme (cf. (35)). The result given by Ishizaka and
Hiroshima indicates that we need N > 3 for this condition to be fulfilled.

For an optimal resource state

_ 2 1 o
F - —-+=
(T) =343y

but the measurement is different from the PGM.

For the probabilistic case, the figure of merit is of course the probability of success, which is

given by
8
—1—4/—
b TN
for a maximally entangled state and
— 1 5
P N+3

if the resource is optimal as well.

5.5 Port-based superdense coding

Superdense coding is a way to enhance classical communication by using entanglement and quantum
communication. Interestingly, every teleportation protocol can be related to a superdense coding
scheme [24]. This involves exchanging the operations of the sender and the receiver. For instance,
with standard teleportation, Alice applies a Pauli gate on a qubit of an entangled state she previously
shared with Bob. She performs the transformation according to the classical information she wants

to send and then sends her qubit to Bob. He then does a Bell measurement to retrieve the classical
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Figure 6: This figure illustrates the idea behind port-based superdense coding (Protocol 5.2). It is
essentially the same as for port-based teleportation with the measurement boxes exchanged.

index which constitutes the message Alice wanted to send. This way, Alice can transmit two classical
bits of information, using only 1 bit of quantum communication and 1 EPR pair.

Here we show that the same is true for port-based teleportation, which had never been done
before. We call the resulting scheme port-based superdense coding. The protocol goes as follows

(see Figure 6).

Protocol 5.2: Port-based superdense coding
Input: N maximally entangled states |®}) shared between Alice and Bob. Classical index

i€ {l,..., N} for Alice to send. Output: classical index for Bob

1. Alice sends one of the N ports to Bob. The index 7 of this port is the classical information

Alice wants to transmit.

2. Bob applies the measurement specified in the distinguishing problem for port-based

teleportation (see Section 5.3). The outcome of this measurement is Bob’s estimate of

the message Alice wanted to send.
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It is easy to see why this protocol works. When Alice sends one of her ports to Bob, his task
his basically to figure out to which of his ports the input is entangled to. This is exactly the
distinguishing problem mentioned for the calculation of the entanglement fidelity, therefore the
probability of Bob successfully getting Alice’s message is given by pgu.. in Appendix E.

At first it might seem that we would be able to send an arbitrary amount of classical information
as long as we have enough entanglement to “support” this message. But because the size of our
alphabet depends on N and pgyee ~ d—; (cf. (62) in Appendix E), there is a trade off between the
quantity of information we can send and the chances of correctly interpreting the message. That
is, in port-based superdense coding, 1 qudit of communication boosts the success probability from
1/N (random guessing without communication) to d?/N. In this case the measurement is used for
decoding whereas in the teleportation protocol it is used to collapse Bob’s resources to a quantum
state similar to the input state. For teleportation, the outcome of Alice’s measurement is not

important, what matters is how it influences the quality of the state on Bob’s side.

5.6 Applications of port-based teleportation

Quantum teleportation is of course an interesting feature in itself for the transmission of quantum
information but it can also be used for various applications. We will discuss some of them here
and mention how port-based teleportation offers advantages over standard quantum teleportation.
Port-based teleportation might not seem interesting as it requires a large amount of entanglement
for an output state with imperfect fidelity, but these drawbacks are compensated by the simplicity

of Bob’s conditional operation.

5.6.1 Universal programmable quantum processor

The idea of a universal quantum processor is that you can store and retrieve an arbitrary operation

in a quantum state so you can use it whenever you want. Quantum teleportation does so by taking
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advantage of the following property or the maximally entangled state |®})
(Uel)@)=(1aU")|®)).

Applying a transformation on one qubit of an EPR pair is the same as applying the transpose of
that same unitary but on the other qubit. Then, using the port-based teleportation protocol and
applying UT on Alice’s half of each EPR pair before she does her measurement will produce the
output Uly) on Bob’s port. This would be more complicated with standard quantum teleportation.
Because of the correction Bob needs to apply, the output state is given by Uo;|1). The operation is
successful only if the correction to apply is the identity or the unitary U commutes with the Pauli
matrices. We can use the same idea to apply arbitrary quantum operations £ by storing them in
Bob’s half of the EPR pair.

Assuming we can store quantum states and easily generate entanglement, we can apply a trans-
formation on an EPR pair, store it until we need to use it and then do port-based teleportation to

apply the transformation on some arbitrary input state.

5.6.2 Instantaneous non-local computations

This application is based on Vaidman'’s recursive scheme [31] for instantaneous computation which
takes advantage of the fact that once the measurement is done in the protocol, Bob’s half of the
system has already collapsed to a state that is closely related to the input. It might then be
possible to act on this output before getting the classical information. This is complicated for
standard teleportation because of the ¢; transformation that comes with the output, but this is not
a problem with port based teleportation.

The goal of non-local computations is for two separated protagonists, Alice and Bob, to each
receive one half of a bipartite state and apply some non-local operation on that state. This non-local

operation is such that it cannot be expressed as a tensor product on two Hilbert spaces and we

58



want this task to be done with only one round of classical communication. This seems impossible
as Alice and Bob would at least need to be able to freely communicate with each other to apply
this transformation. What we mean by instantaneous is that Alice’s and Bob’s operations are not
conditioned on classical communication until the very end of the protocol. Also, we assume the time
of local operations is negligible compared to the time required for classical information to reach its
destination.

Here we show how to do this with quantum teleportation and one round of classical com-
munication with an arbitrary good fidelity depending on how well we can use port-based tele-
portation. Although Bob never knows on which port the state was teleported right after Al-

ice’s measurement, it is nonetheless possible to act on it. The protocol proceeds as follows [17]
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Protocol 5.3: Instantaneous non-local computation
Input: information on the unitary Usp Alice and Bob want to implement and the bipartite

state pap. Output: a bipartite state close to UABpABULB.

1. Bob performs standard teleportation (here teleportation should be understood as the
measurement without sending the classical information as we want to keep things instan-

taneous) for his input. Alice has now in her possession (1 ® oy)[) for b € {0,1,2,3}".

2. Alice teleports back the state to Bob, using port-based teleportation this time. Bob now
has the state (1 ® oy)|¢) for b € {0,1,2,3}" with high fidelity on one of his N ports
(number of ports he and Alice agreed on previously), although he does not know which

one.

3. Bob, knowing what index he got for the first teleportation, applies the transformation

U(1 ® o) on each of his ports.

4. At this point the operation is already successful, Bob applied the desired transformation.
Assuming we want Alice and Bob to have one half of the system at the end of protocol
as in the initial setup of the problem, Bob uses standard teleportation to send one half

from each of his N ports to Alice. She now gets (o, ® 1)[¢) for Vi € {1,..., N}.

5. Alice sends to Bob the information about which port the system was in after port-
based teleportation and Bob uses this information to discard all the ports except for the
specified port. Bob sends to Alice what correction should be applied on each of the N

ports that was sent, she keeps the only relevant port on which she applies the correction

Op, -

7

Once again, standard quantum teleportation would not have been as useful since both Alice

and Bob would need to apply corrections after each teleportation round. In fact, using port-based
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Figure 7: This figure illustrates Protocol 5.3. Alice is on the left and Bob is on the right. They act
on their system with their respective measurements represented by £ and F and after a round of
classical communication, they apply the port-processing operations M and N respectively.

teleportation here allows to save an exponential amount of entanglement [17] compared to an earlier

solution to this problem by Vaidman [31].

6 Port-based teleportation for continuous variables

The main objective of this thesis is to prove that port-based teleportation can also be performed
using infinite-dimensional systems. That is, we want to show that it is in principle possible to
implement port-based teleportation using quantum optics. This present section is devoted to re-
formulating what was stated in the preceding section for continuous variables systems. The results
presented in this section constitute our contribution to the understanding of port-based teleporta-

tion.
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6.1 Figure of merit

Following the same lines as the generalization in the Vaidman-Braunstein-Kimble protocol, the
entanglement used will be given by the two-mode squeezed states |®(r)) with parameter r. As we
would like our formulation to be compatible with typical applications in quantum optics, we will
focus on Gaussian states. More precisely, our task will be to teleport a coherent state |a) taken

_ 2 . . .
%e Mel® " This assumption is used for two

at random from a Gaussian prior distribution p,(a) =
reasons. The expectation of the energy (i.e. mean photon number) of a coherent state is related to
|a|?, so sampling from this distribution implies that we assume states of higher energy are less likely
to be picked. This is a fair assumption in general for real life applications. The second reason is a
practical one, we will need to compare our results with some kind of measure and prepare protocol
to be able to state whether there might be some advantage to use port-based teleportation in this

context. As mentioned in section 4.4, Chiribella and Xie 23] found that the optimal fidelity for a

measure and prepare protocol in this situation (i.e. given a coherent state with Gaussian prior) is

A+1

given by F' = 5.

As in the finite-dimensional case, we will show that the average fidelity is related to a dis-
tinguishability problem (by Theorem 5.1). The following corollary specifies the details of this

reformulation.

Corollary 6.1 (Equivalent hypothesis testing problem for coherent states) Let |®(r))ap

be the two-mode squeezed state of parameterr, let [1),) = |a) be coherent states, and let p, = %e"“a'Q
be a centered Gaussian with variance % in C. Then port-based teleportation T with N ports with

resource state |®(r))®N has average fidelity

_ A
F=N———F—Dsuce 41
A cosh?(r) + 17 (41)

wWhere Psyce 15 the probability of successfully distinguishing the centered Gaussian states p; = T;?N_IQZ)
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osa,- Here T is a thermal state and o s a mized state which gives the following covariance matriz

for p;
N 2
2 cosh”(r 1, tanh(r)o,
Vp; = @(cosh(Qr)]lg)Aj D |14+ 2—()
e Acosh™(r) +1 \ tanh(r)o, tanh?(r)1,
J SA;
Proof Our resource state is the two-mode squeezed state |P(r)) 4,5, = m Yoo o tanh™(r)|n) a,n) B,

which we know has covariance matrix

cosh(2r)1y sinh(2r)o,
sinh(2r)o, cosh(2r)1,

")/:

Tracing out the second mode gives the thermal state with covariance matrix

v = cosh(2r) 1

and this gives us the covariance matrix of the N —1 modes where we do not have entanglement with
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the initial system S. In the formalism of Theorem 5.1, we have to calculate for |0,)s4, = |)s|0a) A,

1
104) 4, = \/C]_a(ﬂA ® ( Ztanh )n) ;) B,

\/q_cosh Ztanh” )|n)a, {(a|n)

2 (a)"
tanh" (r
¢q—acosh Za“ a5

— oy

e 1 (o tanh(r))"
 cosh(r) \/qa nZ—O Vvn! Im)a.
1 1 (tanh?r — 1)|a|?
exp
cosh (1) \/Ga 2
1 1
= o —————— | | tanh A,
cosh(r) \/qa =P (2 cosh2r) [tanh(rja)s,

) ltanh(r)a)s,

—lof”

That allows us to conclude that

which in turn implies

A
/dp(,@)qﬁ B Acosh?(r) + 1

This proves the formula for the fidelity (41). The state of the two entangled systems SA; has the

form

A cosh? 1 A cosh? 1
054, = /d%z% exp (—MM\Q) la)(a|s @ | tanh(r)a™) (tanh(r)a”
' 7 cosh”(r) cosh”(r)

A;
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which has been studied by Namiki [32]. The covariance matrix of such a state is given by

2 cosh?(r) I, tanh(r)o,

Vo3, = P4 T T T
SA; Acosh?(r) + 1 tanh(r)o, tanh®(r)l,

Although the two-mode squeezed state |®(r)) is a perfectly entangled state only in the non-
physical limit of infinite squeezing, we have something analogous to the entanglement fidelity for
infinite-dimensional systems. It comes up with the teleportation of one mode of a two-mode squeezed

state.

Corollary 6.2 (Equivalent hypothesis testing problem for two-mode squeezed states) The
entanglement fidelity for port-based teleportation T of one mode of a two-mode squeezed state |P(r1))

with parameter r1 and N copies of |®(rs)) as a resource state is given by

N

cosh4(r1) COShZ(’T‘Q) — sinh4(7“1) Sinhz(r 2)psucc

Font (T, |®(71))) =

where Pgyce 1 the probability of distinguishing the states

_ & ®(N-1)
pi = Psa, @7y :

Here |®(1")) g4, is a two-mode squeezed state with parameter ' = tanh™' (tanh®(ry) tanh(ry)) and 7

1 a thermal state of parameter rs.
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Proof We use the results from Theorem 5.1 to prove our claim. The calculation for 0g4, (37) reads

|9>SA1' = %(HSA,- & <¢)(r1)|DBi)|CI)(T1)>DS|(I)(T2)>AiBi
1 ) )
- Cosh2(r1)COSh(T2)\/§;(tanh (r1) tanh(r2))"nn) g4,

1 ~

= |(I)>5Ai
cosh?(ry) cosh(rs) \/1 — tanh®(r) tanh®(r2) /g
1 -
= |®) 54,
\/cosh4(7"1) cosh?(ry) — sinh*(ry) sinh®(ry) /g
From these calculations, we see that ¢ = Ty (rz)isin}# COETIRIES and
tanh(r’) = tanh?(r;) tanh(ry) and the claim follows. |

We can see that the interpretation of the entanglement fidelity in this case relates directly to
what we had for the finite-dimensional case. We previously had maximally mixed states on N — 1
ports where we now have thermal states with parameter ro on N — 1 ports. In both cases, the
system S is entangled with another of the N ports, in the finite-dimensional case this was given
by a Bell state and for the infinite-dimensional case it is described by the squeezing parameter of a

two-mode squeezed state.

6.2 Entanglement fidelity vs average fidelity for continuous variables

It has already been mentioned that there is a relation between the average fidelity and the entan-
glement fidelity for finite-dimensional systems, see equation (38). Let us discuss the existence of
this kind of relationship for infinite-dimensional systems. Intuitively, we expect a link between the
fidelity when teleporting a two-mode squeezed state and the average fidelity for the teleportation
of a coherent state with Gaussian prior. Indeed, doing heterodyne measurement (measuring in

the basis {|a)}s) on one mode of a two-mode squeezed state |®(r)) will result in the state (see
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Lemma 3.3)

1 2
|a* tanh(r)) with probability — p(a) = ——=—exp (ﬁ) (42)
7 cosh”(r)

on the unmeasured mode and produce the classical output a.

The two cases are not strictly equivalent however. Because the heterodyne measurement is done
on one mode only, it cannot have an observable influence on the mode to be teleported. If we do
not have knowledge of the outcome, the state to be teleported would be described as a mixture of

coherent states with Gaussian prior. This is how we defined thermal states in Section 3.2.3, which

are different from coherent states. Therefore, we cannot just replace A = in Lemma 6.1 and

1
sinh?(r)
use the same analysis. We want to establish a relation between the fidelities with and without the

measurement done on a two-mode squeezed state. It will be useful to first consider the following

slightly more general situation.

Lemma 6.3 (Relation between average and entanglement fidelity) Suppose system D of a
bipartite state |®)ps is measured using a measurement M = {E;};, resulting in a classical output i

with probability p(i) and a post-measurement state |p;) on the unmeasured system S. Then
Fent(Ta |q)>) S F(T) (43)

for any teleportation map T applied to system S. Here the average is taken over the ensem-

ble {pi, i)}

Proof The resulting state when measuring D is
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where i denotes the value of a classical register |i)(i| that allows us to keep track of the measure-
ment outcome. Since it is a classical register, the states {|i)}; are orthogonal, (i|j) = d;;. To
prove (43), we use that the fidelity is monotonic under quantum operations (we cannot increase the

distinguishability of two states by application of a CPTP map M)
F(p, o) < F(M(p), M(o)).
This implies that
Fene(T, @) = F(®,I @ T)(®)) < F(M&I)(®), (M T)(®)) (44)
where ® = |®)(®| for simplicity. We will show that
F(M®I)(®), M &T)(®)) < F(T). (45)
To do so, we directly compute
F(Me ) (@), MaT)@® (Zp (] @ |¢i) (¢l Zp )17)¢ |®T(\¢j><¢j|)>~ (46)
Now recall that
F(p,o) =tr ( \/Ep\/g)

and because the states of the classical register are orthogonal we also have

\/Z_p<z'>|z'><z'| © 5= YA © V.
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Inserting this into (46) gives (with \/o = >, \/p(i)]i) (i|®|d:) (@i and p = > p(5)|7) (FIST (|6;) (#5])

VE(M& D)(®), (M &)@ \/Zp )i ® |6 (i T(6:)160) (@]

= Zp gble ¢z)|¢z>

< \/Zp@xwr(@)w

where we used concavity of the square root. We obtain (45), which together with (44) implies the
claim (43). i

In other words, this shows that F.,; < F so the entanglement fidelity is always smaller than the

corresponding average fidelity. We are now ready to prove the main statement of this section.

Theorem 6.4 (Average and entanglement fidelity for two-mode squeezed states) The fi-
delity Fooi (T, |®(r))) of teleporting one mode of a two-mode squeezed state |P(r)) of parameter r
is related to the average fidelity F(T) of teleporting a coherent state |a) with prior probability

7 sinh?(r) sinh?(r

pla) = ——5— exp ( —lof” ) by the relation

Fent(Ta |(D(T>>) S F(T)

Proof We apply Lemma 6.3 to the two-mode squeezed state |®(r))ps with the heterodyne mea-
surement M applied to D. As mentioned above (Eq. (42)), this yields the state |5* tanh(r)) on S

Lk ). We make the variable substitution a = * tanh(r).

with probability p(8) = MOSEQ o exp(—m
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We then get the coherent state |a) with probability

ple) = tanﬁ%r)ﬁ (tari:(r)) B wsmi%) o G%())

where the factor is the Jacobian associated with the variable substitution. The claim there-

1
tanh?(r)

fore follows from Lemma 6.3. [

In conclusion, if we are able to teleport a two-mode squeezed state, then we also have the

capacity to teleport a coherent state taken at random from a Gaussian distribution.

6.3 Protocol for teleporting coherent states with squeezed state resources

In this section, we will demonstrate the possibility of teleporting coherent states given a suitable
set of restrictions on the resources we can use. The protocol has two main parts. The first one
concentrates entanglement from our resources into finite-dimensional entangled pairs. The second
one gives an approximation of a coherent state by a finite-dimensional system. Combining these
two components, we can use known results about port-based teleportation for finite-dimensional
systems.

This proves that port-based teleportation for continuous variable can be reduced to the tele-
portation of finite-dimensional systems. Unfortunately, the resulting protocol does not directly
work on infinite-dimensional systems as the Vaidman-Braustein-Kimble protocol does for standard
teleportation. In particular, our existence proof does not provide a way to implement port-based
teleportation using standard quantum optics elements.

Our protocol relies on a form of non-interactive entanglement concentration. There is one signif-
icant difference to the usual port-based teleportation scheme: it requires pre- and post-processing
involving quantum operations also on Bob’s side. As a consequence, Bob needs to be able to

accomplish more than just discarding quantum systems.
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6.3.1 Non-interactive entanglement concentration

In this section, we show how to extract maximally entangled states from non-maximally entangled
bipartite resources without using classical communication. Assume we have n copies of a bipartite
entangled state |¢) = ZJD:l Vilepf;) € CP@CP where py = (p1,...,pp) is the Schmidt spectrum
and {|e;)}; and {|f;)}; are the orthonormal Schmidt bases. Our goal is to extract N maximally
entangled states |®]) = %32?:1 |7)]7) from |¢)®". We show that the number N that can be
extracted is related to the entropy H(py) = — ZJDZI pjlog, p; of the distribution py.

A procedure to accomplish this task was developed by Hayashi and Matsumoto [22]. Remarkably,
it is universal in the sense that it requires no knowledge of the Schmidt bases. They exploited the
symmetries of a system consisting of multiple copies of an unknown pure state. The first observation
here is that the input is independent on the reordering of the copies i.e. |¢)®" is invariant under the
action of the permutation group .S,,. A second observation is that the application of local unitaries
(U®V)®" with U and V being elements of SU(D) cannot affect the entanglement of |¢)®". Indeed,
this corresponds to a change in the Schmidt bases. Now, the group of permutations .S,, acts on the
n factors on Alice’s side, and commutes with the action U®™ of SU(D). In other words, Alice’s

Hilbert space decomposes as

HY" = @ Ura @ Va
AAFR
where the sum is over partitions A of n, and where U4 and Vy4 are irreducible representations of
SU(D) and S, respectively. This result is known as Schur-Weyl duality. An analogous decomposi-
tion can be given for Bob’s Hilbert space H5". By the mentioned invariance of |¢)®", it must have

the form

)& = GB ax|gx)|®,)  where |62) € Una @Ung, |Py) € Vau @ Vas.
A:AFn
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In this decomposition, a, and |¢,) both depend on the particular form of |¢) (i.e., the Schmidt
bases and spectrum), but more importantly, |®,) is a maximally entangled state of dimension
dim V), independent of |¢). This means that even without knowing the specific form of |¢), there
are maximally entangled states accessible to two people sharing the bipartite state |¢)®". They
simply need to apply their respective projective measurement onto the subspaces {Un, @ Vi }a

(x = A, B) to have their state collapse to

62| Px) € (Una @UrE) @ (Vra @ Vap)

and then tracing out the first part on U,,, * = A, B leaves them with a maximally entangled state.
The measurement done by either Alice or Bob will project the system onto a specific subspace
identified by A\. The measurement of the other individual will return the same index so no classical
communication is required. For instance, in the qubit case it would be the measurement of the
total spin of the system in the z direction. The probabilities of the measurement to return a given
dimension dim V), for the entanglement depend on the coefficients {ay},. To obtain entanglement
of a specific dimension d, we perform an additional projection.

The following (probabilistic) procedure explains in more detail how this measurement is done
with the decomposition introduced above. It is a useful building block for port-based teleportation

starting from non-maximal entanglement. This protocol depends on some rate parameter R.
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Protocol 6.1: Non-interactive entanglement concentration
Input: |¢)®", where |¢) has Schmidt spectrum py, and a chosen value of the parameter R
respecting R < H(p,). Output: success/fail. If the protocol succeeds, the output is m € N

and |®7)o™.

1. Alice and Bob apply their projective measurement {Uy, ® Vi, }r (z = A, B) on their
respective systems. They obtain the classical outcome A. If X is such that the dimension
of the corresponding space dim(V) is smaller than 2"%, they abort the protocol. Other-
wise, Alice and Bob trace out the system Uy, (z = A, B) and then share the maximally

entangled state |®,) of dimension dim V.

2. Define m := |log,;dim V,|. Alice and Bob do a projection onto the subspace spanned by
the first m basis elements of the Schmidt basis of the maximally entangled state |®,).
Since the state |®,) is maximally entangled, they obtain m copies of the maximally

entangled state |®) if the projection succeeds. If the projection fails, Alice and Bob

abort the protocol.

Note that the last step in this protocol also does not require any communication since Alice
and Bob’s outcome will be identical. The success probability of this protocol and the resource

requirements are given by the following theorem.

Theorem 6.5 (Universal non-interactive entanglement concentration) Consider Protocol 6.1,
which takes as input n copies of a bipartite state |p) € CP @ CP with Schmidt spectrum py. For
any R < H(py), it outputs at least [nRlog, 2] copies of the mazimally entangled state |®}) if the
protocol succeeds. This happens with probability at least %(”) where v(n) is exponentially small

m n forn large enough.

Proof We have two potential sources of failure in this protocol.
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Figure 8: This represents the non-interactive entanglement concentration Protocol 6.1.

1. The projection {Uy, ® Vy,}x (where x = A or x = B) could return a partition A\ for which

dim V) < 2" in which case we cannot extract enough maximally entangled states.

2. The projection onto the first |[log, V| orthonormal basis states of the maximally entangled

state |®,) € Va4 ® Vap might fail.

The first source of failure has already been studied by Matsumoto and Hayashi [21]: We have to
analyze the probability that the projection {Uy ®Vy}\ returns a partition A for which dim V) < 2"%.
Matsumoto and Hayashi showed that the probability that the dimension dim V), is less than roughly
2"1(Ps) decreases exponentially in n. More specifically, they showed that (see Equation (5) in [21])

1 )
lim —=log Y ai = D(Rlp,) (47)

A:dim Vy <2nR
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where

ming. g g)>r D(q|lp) if H(py) < R

D(R||pg) = :
ming. <k D(qllp) if H(py) > R

Identity (47) tells us that for any e > 0, there exists ng = ng(¢) such that

Z a3 < 2 P(Elps)=<) for all n > ng(e).
Aidim Vy<2nR

Since the quantity D(R||p,) is positive for any R < H(ps), we conclude that (for any 0 < € <
D(R||pg) and n > ng(e)) the probability of getting a A with dimVy < 2"% is exponentially close
to 0 in n. Note that this corresponds to getting fewer than |log, dim V3 | < |log, 2"f| = |[nRlog, 2|
copies of the maximally entangled state |®7). (In fact, there is an equation analogous to (47) in
the other direction. It implies that the probability of getting more than nRlog,2 copies of |®})
is exponentially close to 0 in n as well. However, we do not need this statement here.) Therefore
we will say that this projection succeeds with probability p; = 1 — v(n) where v(n) goes to 0
exponentially fast.

Now suppose that dimV, > 2"% such that [log,dim V| > |log,2"%| = |[nRlog,2| and let

m = |log,dim V,|. By definition of m, we have
d" < dimVy < d" -1, (48)

Projecting the state |®,) (which has uniform Schmidt spectrum) onto the d”-dimensional subspace
associated with the first d™ basis elements succeeds with probability ps = d™/dim V,, which is
bounded by py > d™/(d™! — 1) > 1/d by (48).

The overall probability of success for the protocol is then given by the probability the first

porjection succeeds multiplied by the probability the second projection succeeds conditioned on the

1)



first one also being successful. This is given by the multiplication of p; and ps. This concludes the

proof. |

Theorem 6.5 tells us that the output and success probability of this protocol only depend on the
entropy of the resource state |¢), in particular it is independent of the dimension D. This is logical
because we could embed any state |¢) into a bigger space of dimension D’ > D (which would
only add 0’s to the Schmidt spectrum) and this should not change the entanglement. We can
therefore apply the result to two-mode squeezed states |®(r)). This state has Schmidt spectrum
pn = (tanh®"(r))/ cosh(r)? = (1 — €2)€?", n = 0,1,..., where £ = tanh(r) as can be seen from (32).

Its entropy is

H(pagy) = — Y (1= )& log((1 — £)¢>")

n

= —(1-)log(1-€)Y &= (1-€)) ™ log(6™)

= —log(1 — €%) — (1 - €)(log€) Y _ €2(2n)

= —log(l — &%) — (1 — 52)00830%

= —log(1 — &%) — 2(log §) - 15—252

= 2log(cosh(r)) — 2sinh(r) log(tanh(r)). (49)

Based on Protocol 6.1, it is straightforward to give a protocol for teleporting qudits using non-

maximally entangled states. The resulting protocol takes the following form.
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Protocol 6.2: Port-based qudit teleportation with non-maximally entangled re-
source |¢)®"
Input: resource |¢)®" and state |¥) to be teleported. Output: success/fail and if the protocol

succeeds, a state |¥') on Bob’s side that approximates |¥).

1: Alice and Bob run the Protocol 6.1 on their input |¢)®™ for some suitably chosen R <

H(py). If sucessful, they obtain N = [nRlog, 2| maximally entangled states |®}).

2: Alice and Bob then run the port-based teleportation protocol 5.1 for qudits using the

resource [P7)®N and the state |U). After Bob has received Alice’s classical information

and discarded the appropriate ports, he has the state |[¥’).

A key property of this protocol is that the state to be teleported is untouched in case the
entanglement concentration protocol is unsuccessful. This means that Alice and Bob can repeat
(assuming they have enough entanglement) the first step of Protocol 6.2 until they have enough
maximal entanglement for the second step. Assuming we want to perform port-based teleportation
using entanglement concentration only once with given entanglement fidelity, how many copies of

|¢) do we need? We address this question in the following corollary.

Corollary 6.6 (Teleportation for non-maximal entanglement) Let ¢ > 0, 6 > 0 and R <
H(py). We need n > 15— for the entanglement fidelity of the telepartatwn process T to satisfy
For(T) > 1 — € when Protocol 6.2 succeeds. Similarly, we need n > 6231—2 for the teleportation
process T to be whithin distance § of the identity channel, ||T — ]IH<> < 6§, when successfully using
Protocol 6.2. The protocol is successful with probability at least =2 ( where v(n) is exponentially

small in n).

Proof The subprotocol 6.1, if successful, generates N = |nRlog, 2] copies of the maximally entan-

gled state |®7). Using this for port-based teleportation gives, according to (39), an entanglement
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fidelity of

d? d? 2d?
For(T)21- =21 —F—2>1——
N nRlog;2 —1 nRlog, 2
where we used |z] >z — 1 and ﬁ < % for y > 2 For this to be lower bounded by 1 — €, we need
1— #C;lﬂ >1—€eorn> %, which is our assumption.

The statement for the diamond norm follows in a similar way from (40) for d-dimensional port-

based teleportation since

4d? 4d? 2 - 4d?
17— < A2 < < LA
VN = \/nRlog,2 -1~ y/nRlog,?2
and the latter expression is smaller than ¢ if n > %. [

In particular, when teleporting m qubits (d = 2™) using copies of a two-qubit entangled state |¢) €
C? ® C?, this means we need at least n > (m - 22™*1) /(eH (p,)) copies of |¢) (i.e., an exponential

number in m), and the teleportation succeeds with probability approximately %

6.3.2 Converting coherent states to qubits

Corollary 6.6 allows us to use non-maximally entangled resource states such as the two-mode
squeezed state, but the input state needs to be a finite-dimensional system. More specifically,
to teleport coherent states, we need a procedure for converting coherent states to qubits. Of course,
this procedure will only provide an approximation of the coherent state. One possibility is to use a
number state projection, but this may not be feasible. A simpler procedure involves a beam-splitter-
network (i.e., unitary U) as shown in Fig. 9. It consists of an encoding map &£y, and a decoding
map D,; which are applied on Alice and Bob’s sides, respectively, that are parametrized by some
number M determining the quality of the conversion. A similar procedure is used for example in

33].
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The idea is to distribute the coherent state to many systems. Doing so, we expect its energy
to be divided between the different systems. For M large enough, each system should have 0 or 1
photon with high probability. At this point, we can do a projection on each system to obtain a qubit
and this measurement should not perturb the systems too much. More explicitely, the encoding is

described by the following protocol (see also Figure 9).

Protocol 6.3: Encoding &,

Input: |a) (unknown) coherent state. Output: success/fail. If the protocol succeeds, the

oM
output is the M-qubit state |¢q ) = (W (|0> + \/LMH))) :

1. Alice combines the input state |a) with M — 1 vacuum states using the multi-mode beam

splitter U, getting the state [ A=),

2. Alice subsequently performs a projective measurement {II = [0)(0| + [1)(1], 1 — IT} to
each of these M modes. The protocol is successful if each measurement gives outcome II.

In this case, the output state is the post-measurement state (after projection).

The point of this procedure is that the output | 1) € (C?)®M is a state of M qubits; never-
theless, it approximates the state |\/LM>®M . In particular, if Alice can teleport this M-qubit state to
Bob, then Bob can recover an approximation to |a) by applying the following decoding procedure

(see Figure 9).

Protocol 6.4: Decoding D),

Input: M-qubit state p. Output: 1-mode state.

1. Bob applies UT, where U is the multi-mode beam splitter.

2. Bob traces out all but the first mode.

The following lemma describes the effect of this encoding and decoding procedure.
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Figure 9: On the left is the beam-splitter-network for Protocol 6.3. The input state is given by
|)|0)®M=1 There are M beam-splitter with transmittivity 7, = m and one mirror. The

intermediate global state is |\/LM>®M . Each projection measurement will return classical information

(success or failure) and a quantum state |¢) = \/ﬁ (|0) + \/LMH}) in the case of success. On

the right is the beam-splitter-network for Protocol 6.4, which is essentially the reversed image of
the encoding. The output is noted |¥’) and the other systems are discarded.
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Lemma 6.7 (Behaviour of encoding/decoding) Consider the encoding process Ey; described
by Protocol 6.3 (also see Fig. 9). The probability that the procedure succeeds is po(M) = e~ (1 +
%)M. In particular, po(M) — 1 for M — oo. In that case, we also have by considering the

decoding procedure Dy; from Protocol 6.4

[la} (el = Dar(Enr(la)(al))], < V1= pa(M). (50)

Proof In Step 1, the input state |a) gets converted into the state |a/vM)®M = U(la) @ |[0)®M~1).
In Step 2, each mode in this product is projected onto the span of |0) and |1).

The probability of successfully projecting the coherent states of each system onto the span of
|0) and |1) is given by (see (15))

which is the first claim. Because |¢pq ) = p:(M) (®jHj)|\/LM>®M, we also have

(0% (0%

F({ m'®M’ b)) = |{ m|®M|¢a,M>\2 = pa(M).

Then from (5) it follows that

«

I ™ = el < v/T=palh). (51)

Finally, (50) follows because the trace distance is monotonic under applying the decoding map D,,.

The expression for p, (M) shows that the encoding works better if the original state |«) has small

mean photon number |a|?. This is consistent with our interpretation, less energy to distribute
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between the systems means that it is easier to get only 0 or 1 photon in each system. Eq. (50)

shows that Bob can recover the state |a) up to a small error (if M is large enough).

Modified protocol for port-based teleportation

Combining the protocols for encoding, teleporting a state with non-maximal entanglement and
decoding, we obtain a modified version of port-based teleportation. It accomplishes our initial goal
which was to teleport coherent states using two-mode squeezed states (see also Figure 10). This is

our main result.

Protocol 6.5: Port-based continuous-variable teleportation with squeezed state
resource

Input: [¢(r))®", where |¢(r)) is the two-mode squeezed state, and one-mode state |¥) to be
teleported. Output: success/fail. If the protocol succeeds, a state |¥') at Bob’s side that

approximates |¥).
1. For some appropriately chosen M, Alice applies the encoding map £y, to |¥).

2. If it succeeds, Alice and Bob run Protocol 6.2 using their resource state |¢(r))®™ and the

input Ey(|W)(¥|). This subprotocol outputs a quantum state at Bob’s site.

3. If it succeeds, Bob applies the decoding map Dy, to obtain [¥).

We presented this protocol with the idea that Alice and Bob wanted to transmit the quantum
state | W) directly. Of course, if one is concerned with the applications of port-based teleportation,
we need to modify the protocol a little bit. The applications require Bob to act on the output state
before having the classical information from Alice that allows him to identify on which port |¥’) is.
In this case, Bob applies the decoding scheme on every port he has and does not discard them. He
can follow any procedure the application requires him to do. The output of this modified version of

the protocol would be an N-mode continuous-variable state with a classical index j € {1,...,N}.
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Figure 10: Representation of the Protocol 6.5. The entanglement concentration and port-based
teleportation are used as black boxes here, but we still show explicitely the discarding operation
done by Bob with the classical information he received. The pre-processing is represented by the
measurement on the input and the entanglement concentration of the resource states.
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Again, we study how much entanglement is required to obtain an output state close to the input
state when we perform this modified version of port-based teleportation. We present our results in

this theorem.

Theorem 6.8 (Port-based teleportation for continuous variables) Lete > 0 and R < H(pjo@)))
(cf. (49)). The Protocol 6.5 used to teleport a coherent state |a) using n copies of a two-mode
squeezed state |P(r)) succeeds with probability at least

Psuce > Pa(M) <1_Ty(n>> (52)

32.24M

where v 1s exponentially small inn. Furthermore, assuming the protocol succeeds, if n > T RlceE =
Yy

M241W+5

s then the final state p' satisfies

Fllaal. ) > (1 - VI~ pa(0) —4) .

Proof The entanglement concentration of |®(r)) and the encoding of |«) are two procedures with
independent success probabilities. Therefore, the overall probability of success is given by each of
the two events being successful i.e. we multiply their respective probabilities of success according
to Corollary 6.6 and Lemma 6.7 to obtain (52).

Let T be the action of Protocol 6.2. Note that (if successful), the output is p’ = Dy, 0T o

Ev(Ja){al). By the triangle inequality

D = |||a){a| = Dy o T o En(|a)(al||, < D1+ Dy where
Dy = [[la)(al = Dar o En(la)(al)|,
Dy = || Das o Enr(la)(al) = Daso T o Enr(la)(al)]],.
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By Lemma 6.7, we have Dy < /1 — po(M). Furthermore, by monotonicity, we have
Dy < [[Em(le)(al) = T o En([a) ()]s

The latter is simply the distance ||p— T (p)||1 between p = Ep(|a){al) and its port-based teleported

version T (p). Hence we can say that
Dy =|T(p) —plh < IT —Tls <6, (53)

where the first inequality comes from the definition of the diamond norm (6) and the second comes

from Corollary 6.6 with d = 2. Therefore

[le)(al = pl|; < V1= pa(M)+6

and by using (5), the claim follows. [

In fact, if sufficiently many copies of |®(r)) are available, we can repeat again the entanglement
concentration in Subprotocol 6.2 to make the failure probability of the entanglement concentration
negligible. Theorem 6.8 shows that, at least in principle, port-based teleportation with continuous

variable resources and states is possible if sufficiently many two-mode squeezed states are available.

7 Conclusions

In this thesis, we studied port-based teleportation for continuous variable systems. Focusing our
efforts on Gaussian states and more specifically on coherent states and squeezed states, we have
established that many results in the finite-dimensional case still hold for the infinite-dimensional

case. Notably, we have proven that the fidelity of port-based teleportation for coherent states is
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directly related to the probability of success of distinguishing an ensemble of states specified by the
input and resources of port-based teleportation. Furthermore, we have explored the relationship
between the average fidelity when teleporting coherent states distributed with a Gaussian prior and
the entanglement fidelity of teleporting one mode of a two-mode squeezed state. This allowed us to
state that the ability to teleport one mode of a two-mode squeezed state was a sufficient condition
to be able to teleport a coherent state with Gaussian prior.

We also described a procedure for port-based teleportation with pre- and post-processing where
the infinite-dimensional resources and coherent state input were converted to finite-dimensional
systems so we could apply known protocols. We concluded that it is possible, in principle, to do port-
based teleportation for continuous variable systems with a finite amount of resources. Furthermore,
we presented port-based superdense coding, a superdense coding scheme inspired by port-based
teleportation that allows us to enhance classical communication by using entanglement and quantum
communication.

There are still many open questions to answer on the subject. We obtained a proof of principle
for port-based teleportation of continuous variables by constructing a protocol with pre- and post-
processing. Ideally, we would like to have a more direct procedure to teleport infinite-dimensional
states by finding a measurement giving lower bounds on the fidelity of the process. Furthermore,
our constructive protocol assumes a finite but large amount of entanglement. It would be useful
to investigate what the minimal resources are (in terms of pure or impure entanglement), which
are required to accomplish port-based teleportation. Ultimately, we would like to show that it is
possible to implement port-based teleportation for continuous variable systems with linear quantum
optics elements. This would provide a practical way of realizing the applications of port-based

teleportation.
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A  Proof of Lemma 3.3

In this section, we provide the proof to Lemma 3.3 presented in section 3.4.4.

Proof The characteristic function reads

Xp4(§) = tr(paD(£))

1
= o) TP @ [¥){¥D)pas)
- m/xww—n)tr((l)(@ ® D(n))pas) dn
1

= W/xw><w|(—n)xm(é,n)d2n,

hence (26) follows. Using (27) and the block-diagonal form

OA 0
0AB = 5
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yields

1 1 1 . .
Xpap(§:m) = exp <—Z§TU£VAUA§ - ZUTUEVBUBﬂ — §§TU£5ABO'B77 —idoaé — ngUBn)
1 T 1 T 1 T - 4T - 9T
= exp —Z(UAS) YAO A — 1(0377) YBOBN — 5(%5) dapopn — 1d0 4§ — idgopn

By definition (22), the characteristic function is expressed as

1 .
X/ (1) = exp (‘Z(UBU)T%/)UBU — zdiaBn)

Inserting the last two expressions into (26) gives

(QW)an(w)XﬁA (5) = exp (—i(gAf)T’}/AUAf — idEO‘Af) -1 where

1 1 .
I:= /exp (—Z(JBU)T(’YB +Y)oBn — §(UA5)T5ABUB77 —i(dp — dw)TUBn> d*n

Substituting 7 — opn, and applying [ exp (—127 Az + BTz) dz = Efe?: exp(3 BT A™'B) to

1 .
A= (vp+7)/2 and B = —§5£BO'A§ —i(dg — dy)
gives

(25 D) 300 (€) = - exb (3E70Ram 10+ 70) 0506 +i€T0Ram(rm + ) (0 — o))

Since

c= OYTDIE exp <_E(UA§)T7AUA§ —idyoal — (dp —dy)" (ve +7)5 (ds — d¢))
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it is possible to separate the quadratic, linear and constant part in &

(QW)an(qu))XﬁAB (5) = ]quad : ]lin . Iconst

where

lyuaa = €xp (—E(UAOTHA —dap(ya + 7¢)_15£B]<0A§))
Liin, = exp (—ilda + 6a5(v5 + 7)) (dy — dp)]" (0.4€))

Leonst = €xp (_(dB - dd))T(’yB + fYTﬁ)_l(dB - dTﬂ)) :

From the linear and quadratic term along with the definition for the characteristic function (22) it is
casy to compare and identify 4 and d4 as introduced in the statement of the lemma. Furthermore,

the term that is independent of £ can be associated with the normalized probability distribution

p(e). |

B Proof of Lemma 3.4

In this section, we present the proof of 3.4 presented in section 3.4.4.

Proof Observe that the POVM element associated with m corresponds to projecting the B system
onto a Gaussian state with covariance matrix ~y, and displacement m; hence this corresponds to
the situation of Lemma 3.3. The measurement £, on system B and the displacement D(I'm) on

system A commute. Therefore we can rewrite (29) as

E(pan) = [ tra((Ls @ B m (54
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where
pin = (D(Tm) @ 1g)pag(DITm)! @ 1p).
Notice that ply% has the same covariance matrix as p4p, and displacement

" = ds+Tm

A" = dp.
whereas D(m)|y) has displacement dp. Therefore Lemma 3.3 tells us
tr((D(§) @ E5)pAE) = Lpuaa * Liin(m) - p(m) ,

where

Iquad = eXp (_;L<O-A§)T[7A - 5AB (714 + 7¢)_15£B](0A£))

Lin(m) = exp (—i[da + Tm + 6ap(v5 + 1) (m — dp)]" (048))
Pm) = s 0 (- — ) 470 ).

With (54) and linearity, this implies

tr(€(pam)DE)) = Ly [ Tin(m)p(m) "

= Luaa exp(—i(da + Tdp) o 46)1 (55)
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where, using the substitution m = m — dg, [ is the integral

I= /eXp (vp +w) 7 tm = i(0a8) [T + dap (B + ) "1 m) d*"Pm
\/det (vB + %p

= exp (—i(aAé)T[F +6a(vB +76) (78 + )L + 6an(vs + w)‘l}T(JAS)) :

Combining with the quadratic terms in £ from (55) and using the fact that covariance matrices are

symmetric (77 =), we see that £(pap) has a characteristic function

X&(pag) = €XP (—i(UAE)T [Ya+T(ve + 7)TT + T8hp + 64T (04€) —i(da + FdB)T(0A§)>

which matches the statement of the lemma. |

C Characteristic function for the teleportation of arbitrary
input state

All the steps involved in the calculation of Section 4.2.3 are reconsidered in terms of their effect on
the characteristic function of the states. Our results are summarized in the following lemma which

analyses the effect of Protocol 4.2.

Lemma C.1 (Homodyne measurement for imperfect squeezing) Assume Alice has the state

a
Pin Specified as mode 3 (with covariance matriz ~;, = and displacement dy,) to teleport

c d
and mode 2 from the two-mode squeezed state p1o = |P(r))12 (which means Bob has mode 1). After

the application of Protocol 4.2 by Alice and Bob, Bob will have in his possession a quantum state
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that has a characteristic function described by the covariance matriz

a+2d-+cosh(2r)(2—2c2+2ad)+a cosh (4r) csinh?(2r)
— 1—2¢24-2ad+2 cosh(2r)(a+d)+cosh(4r) —c2+ad+cosh(2r) (a+d)+cosh? (2r) (56)
Yout 2csinh?(2r) h(2 (a+cosh(2r)) sinh?(2r)
—c2+4-ad+cosh(2r) (a+d)+cosh?(2r) cos ( 7”) © Z®+ad+cosh(2r)(a+d)+cosh?(2r)

and displacement

V2 sinh(2r) (v2cp—2¢py, —v2dz+2dw +cosh(2r) (22, —V/2x))
1—2c2+2ad+2 cosh(2r)(a+d)+cosh(4r) (57>
V2 sinh(2r)(v/2ap—2apy, —v/2cx+2cxy, +cosh(2r) (2p, —V/2p)) '
1—2c¢2+4-2ad+2 cosh(2r) (a+d)+cosh(4r)

dout -

where x, and py, are the results from the homodyne measurements. In particular, in the limit r — oo,
we recover Vi, and d;, — \/§(x¢,pw)T. Furthermore, the covariance matrix vq, and displacement d .,

averaged over the measurement outcomes for the homodyne measurement are given by

a + 2 cosh(2r) — 2sinh(2r) b
Yav = (58>
c d + 2 cosh(2r) — 2sinh(2r)

and
do = (z,p)" (59)

which both reduce to the initial input when r — oo.

Proof The initial state of the system is p = p12 ® p;, with characteristic function y(&1,&2,&3). In
step 1, Alice applies a 50:50 beam-splitter (25) on her two modes, p' = (1, ® U)p(lly @ UT). As

mentioned in Theorem 3.1, the effect on the quadratures are reflected in the following modification
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for the characteristic function

1 1 1 1
l: ,—= o ,— +_
X X(gl \/552 \/553 \/562 \/§€3)
= X(S¢€)
where
1 0 0
s=10 &
o L L
V2 V2

These transformation can be restated on the covariance matrix level. Indeed, the covariance matrix
of the initial system is ;2 ® 7y, and the displacement is (0, dy)T. The characteristic function after

applying the beam-splitter can then be written
X(Sg) = exp {_%‘:éTSTUT(’}/lQ ®,)05¢ — 1(6, dp)an} )
Since S and o commute, the transformation can be interpreted as
v—=8"yS  and  d—S5Td

Step 2 in the protocol is the homodyne measurement. The measurement of the p quadrature on
the third mode and = on the second mode can be analysed using Lemma 3.3. Therefore all the
calculations can be done directly on the level of the covariance matrix and the displacement.

Let us proceed step by step. The initial covariance matrix of p1s ® p;,, is given by the direct sum
v = Y12 D Yin
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and because 75 is a two-mode squeezed state,

cosh(2r)1 sinh(2r)o, 0
¥ = | sinh(2r)o, cosh(2r)l 0

Step 1 is the application of the beam-splitter which results in the covariance matrix

cosh(2r)1 75 sinh(2r)o. — 5 sinh(2r)o,
ST~S = \/Li sinh(2r)o,  (cosh(2r)1 + ;,)  —3(cosh(2r)1 — ;)
_\/Li sinh(2r)o, —i(cosh(2r)1 —v;,)  2(cosh(2r)1 + 7;,)

Step 2 begins with the measurement of the x quadrature on the third mode. Using Lemma 3.3 with

cosh(2r)1 L sinh(2r)0o, 1
f}/A _ ( ) \/§ ( ) and f)/B = —(COSh(2T)ﬂ + P)/zn)
\/Li sinh(2r)o, 4 (cosh(2r)1 + i), 2
_\/Li sinh(2r)o,

dap = ,
—5(cosh(2r)1l — ;)

for the formula

Y =4 —6ap(vp + 1) 045

We have already covered this case in Section 3.4.5 and know the inverse matrix is just the inverse
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of the first entry of 75 and 0 everywhere else. The new covariance matrix then reads

sinh?(2r . a—cosh(2r sinh(27)c
COSh(QT’) - Cosh(2$")+)a 0 smh(27")% (1 + a+cosh§2r;) %cosh((%"))%»a
) 0 cosh(2r) 0 f\% sinh(2r)
7= . a—cosh(2r a—cosh(2r))>2 ac—ccosh(2r
Sth(QT) \}i (1 + a+coshg2r§) 0 %(COSh(QT’) + a) <(2a+2 cos(h(2)r)’) ) % (b o a+cosh(2(r) )>
1 sinh(2r)c 1 1 ac—c cosh(2r) 1 3 2
V2 cosh(2r)+a V2 blnh(QT) 2 (b " Ta+cosh(2r) ) ¢ i(CObh(Qr) + d) " 2(cosh(2r)+a)

We proceed similarly to analyse the measurement of the p quadrature. Again, we use the results of

Lemma 3.3 with

S h2
cosh(2r) — % 0
YA = h(2r)+
0 cosh(2r)
a—cosh(2r))?2 ac—ccosh(2r

. %(COSh(QT) + CL) (éa—i—Zcoth(%Z)) % <b o a+cosh(2(r))>

B = 1 b ac—ccosh(2r) c l(COSh(QT) + d) . c2
2 a-+cosh(2r) 2 2(cosh(2r)+a)
. 1 a—cosh(2r) 1 sinh(2r)c
5 . SlIlh(QT)ji (1 + a+cosh(2r)) V2 cosh(2r)+a
AB —
0 _\/Li sinh(2r)

and the formula

Y =94—0a8(v5 + ) 045

This gives the claim form of the final covariance matrix vy, (56).

The analysis of the displacement proceeds in a similar fashion. The initial displacement of the

state to teleport being d;, = (z,p)

d=S"®1(0,0,d;,)"

1
= E(O,O,x,p,x,p)?
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The transformation due to the measurement of the x quadrature on the last mode is given by

Lemma 3.3

da=ds+ Sap(vB +v4) ' (dy — dp)

where

1 1
dA = _2(0707xﬂp)T7 dB = E(ajap)T and dl/) = ('TTZMO)T
and therefore
(V22 — 2) sinh(2r)
- 1 0
1= osh@r) +a
cosh(2r) +a \%(a + cosh(2r)) + (zy — 75— cosh(2r))

5(a+cosh(2r)) + ¢ <x¢ - \%)

Using the formula once again but this time with dy = (0,p,)" to analyse the p-quadrature mea-
surement, we get the displacement of the output state (57).

If we want the expression for the covariance matrix and the displacement averaged on the
measurement outcome after Bob has done the displacement to complete the protocol, then we can

use 3.4. Using

0
= , ~va = cosh(2r)1,
0
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%(cosh(%)]l + Yin) —%(cosh(Qr)]l — Yin)
—%(cosh(2r)]l — Yin) %(cosh(%)]l + Vin)

)
Sy]
I

dap = (\/Li sinh(2r)o, _\/Li Sinh(QT)Uz>

and
ds = (0,0)" and dp = L(:c D, T, p)
) \/§ b ) )
with the formulas

Ya=va+T(vp +7) 07 + T8y + dapl”
JA =dy+T'dg.

to obtain equation (58) and (59). In that case, we used

Yy =
0 0 e™ 0
0 0 0 e
with the limit 71,79 — oo. This concludes the proof. |

Note that by taking a = d = 1,b = ¢ = 0 we obtain that the average covariance is given by

Yoo = (1 + 2721 (60)
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i.e. the averaged output of the teleportation is a thermal state.

D Fidelity formula for two Gaussian states when one of them
is pure

In this appendix, we attempt to obtain a formula for the fidelity of two Gaussian states in the special
case where one of them is pure, say the two states are p (covariance matrix -, and displacement d,)
and |1¢) (covariance matrix 7, and displacement d,). We use this assumption because the fidelity

of two quantum states is quite simpler if one of the states is pure

F=tr([¢)(@lp).

Using this formula along with the decomposition of any quantum state into displacement operators

(21) gives us

F =tr (|w><¢|ﬁ/d2N§Xp(—£)Dé>

and since the trace is linear,

1 2N
P [ ex=epe () wipg

and we recognize the definition for the characteristic function

F= (2;)N /d2N§Xp(—§)Xw(€)-
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Assuming the two quantum states are Gaussian states we can exploit the formula for their charac-

teristic functions (22)

1 1 .
F = Tk / AN eXp(—ZSTUT(’yp + )€ —i(d, — dy)T o)

we can make the substitution £ — o (the Jacobian is 1) and carry out the Gaussian integral to

obtain

F— 2exp (_(dﬁ - dw)T(% + %b)_1<dp - dw))

det (7, + 7y ' (61)

This formula is used to obtain equation (34).

E Lower bound for PGM

Here we explicitly carry the calculations in Section 5.3 to obtain equation (39). We use the bound

on the probability of success of the PGM [17]

PGM 1
Psuce = N7trp?

where 7 = % > . rank(p;) is the average rank and in the same fashion p = % >, pi is the average of
the states to distinguish.

For the present problem, the average rank is given by d¥~! (each maximally mixed state has
rank d and the maximally entangled state occupies two ports and is of rank 1). We also have

- 1 1 1 N -1
tr(p?) = N2 g tr(pip;) = e (Ntr(p}) + (N? = N)tr(pip;)) = NgN—1 + NN+
iJ
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Therefore we need to compute both tr(p?) and trp;p;. First we have

tr(p?) = tr (g, @ (1/a) 5 ) =

7

and

1
trpip; = <xtr [(®oa, ® La,) (Psa, ® 1a,)]

For this last expresion, it is simpler to start with

((Plsa; @ La, )(|P)sa, @ L) = éZ(<”|S<n|Ai ® La;)(|m)s|m)a; ® La,)

1
= 8;|R>AJ<TL

A;
to notice that
1
((I)SAi & llAj) ((I)SA]- ® ]1AZ-) -z Z ) (n] 4,

and therefore

1
trpip; = N1

so we can conclude

~ 1 1 N -1
tr(p*) = N2 Ztr(ﬂiﬂj) = Ngv1 T NN
ij
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The bound is then found to be

PGM ~, ! N = <
Psuce = NdV-1qg2 + N —1 N d2+ N —1

and the related fidelity is

N pau N
Font 2 (pPuee’ 2 p N =T
For N large enough, we can use the identity (1 + z)" ~ 1 + nx with n = —1

d? -1
Fentz]-_

which gives us equation (39).
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