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Abstract

This is an expository thesis which addresses the requirements for an operator algebra
to be similar to a C*-algebra. It has been conjectured that this similarity condition is
equivalent to either amenability or total reductivity; however, the problem has only been

solved for specific types of operators.

We define amenability and total reductivity, as well as present some of the implications
of these properties. For the purpose of establishing the desired result in specific cases,
we describe the properties of two well-known types of operators, namely the compact
operators and quasitriangular operators. Finally, we show that if 2l is an algebra of
compact operators or of triangular operators then 2l is similar to a C* algebra if and only

if it has the total reduction property.
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Chapter 1
Introduction

The focus of this paper is some of the known conditions under which an operator algebra
is similar to a C*-algebra. Since the current mathematical understanding of the topic is
incomplete, we discuss some of the properties of operator algebras which are involved in

the partial answers to this problem, and the interplay between these properties.

One reason this topic is of interest is the connection with Kadison’s similarity prob-
lem. Some time in the 50’s (see [12]), Kadison posed the following question: If we
have a C*-algebra 24 and a representation ¢ : A — B(H), when is ¢ similar to a
*-homomorphism? Clearly, if there exists a similarity S such that a — S¢(a)S™! is
a *-homomorphism, then it follows that ¢(2() is similar to a C*-algebra. More impor-

tantly, the same concepts seem to be involved in the answer to both questions.

The key properties of operator algebras with which we will concern ourselves are
amenability, total reductivity and complete reductivity. These concepts are related, in
that amenable algebras are total reduction algebras, and in turn total reduction algebras
are complete reduction algebras. The inclusion at each step is known to be strict; however,
if specific additional constraints are imposed, some of these algebra classes can coincide.
It is conjectured that an operator algebra A is similar to a C*-algebra whenever 2 has

the total reduction property.

This is an expository thesis; its aim is to give an overview of the relevant areas of
mathematics, present some of the known results, and direct the reader towards further
resources. The majority of the results presented in this paper are from [20], [8] and
[13]. Runde’s book [20] offers a thorough introduction to the theory of amenable groups
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2 On the Similarity of Operator Algebras to C* Algebras

and algebras. In his thesis [8], Gifford introduces complete and total reduction algebras,
building on earlier concepts of algebras with a reduction property. The interplay between
the two properties is presented in detail; the thesis is also a good source of examples of
algebras that have the various properties. Finally, [13] presents the results we describe
for triangular algebras, as well as some generalizations which are not included in this

thesis.

The concept of amenability has its roots in group theory, and as such we will in-
troduce it from that angle in Chapter 2. We also discuss a related similarity question
for groups, namely under what circumstances is a bounded representation similar to a
unitary representation. The connection between amenability for groups and amenability
for Banach algebras comes from Johnson’s theorem, which states that a locally compact

group G is amenable if and only if the algebra L'(G) is amenable.

In Chapter 3 we relate these general results to operator algebras. Since we are going
to be working with specific types of operators, we list some of the properties we will need
to establish our results. We also introduce the concepts of complete and total reduction

algebras.

Finally, in Chapter 4, we outline the current results about similarity to C*-algebras.
The results which are available so far deal with special cases of operator algebras. The
strongest result, due to Gifford, is that if we have a subalgebra of compact operators,
then it is similar to a C*-algebra if and only if it has the complete reduction property.
The other specific result available deals with unital subalgebras of triangular operators.
In this case, we have that the total reduction property, amenability and similarity to a

C*-algebra are all equivalent.



Chapter 2

Amenable Groups and Algebras

2.1 Locally compact Groups

A brief history of amenability and its applications to various areas of mathematics is
given in [14]. The concept was introduced more than a hundred years ago; while he was
working on the properties of the integral which now bears his name, Lebesgue inquired
into the existence of a positive, finitely additive and translation invariant measure on R
such that the measure of the unit interval is 1. It was later noted that a finitely additive,
translation invariant probability measure which is absolutely continuous with respect to
the Lebesgue measure can be extended to a linear functional on L>*(R). It is from the
point of view of linear functionals that amenability has been defined and studied in recent
years, a change in perception that allows the full power of functional analysis to bear on

the concept.

This chapter introduces the subject of amenability for groups and for Banach algebras,
and explains why the same terminology is used in both cases, even though the connection
is not obvious from the definitions given. Most of the proofs shown follow the ones
presented in “Amenable Banach Algebras” by Volker Runde [20].

We let G be a locally compact group with Haar measure u (a proof of the fact that any
locally compact group G has a left Haar measure can be found in [7], Section 2.2). For
g € G and ¢ € L™(G) we define d, x ¢ to be left translation by g, so (0, % ¢)(h) = ¢(g~h)
for any h € G.

Definition 2.1. A mean on L>*(G) is a linear functional m € L*(G)* such that

3



4 On the Similarity of Operator Algebras to C* Algebras

|m|| =m(1) = 1. We say that m is left invariant if for all g € G and ¢ € L>(G) we
have that m(dg4 * ¢) = m(¢).

If we consider L*>°(G) with the multiplication operation given by pointwise multipli-
cation of functions and involution given by f*(g) = f(g) for f € L*(G), g € G, then
L>(G) is a commutative C*-algebra. The above definition of mean corresponds to the

definition of a state in a C*-algebra context. Therefore, the properties of states apply.

Consider E a subspace of L*(G). In order to extend the above definitions to E, we
need E to contain the constant functions. For left invariant means, we also require that
dgx¢ € Eforall g € G and ¢ € E (in which case we say that E is left invariant). Finally,
in order to identify the set of means with the positive functionals which evaluate to 1 at
1 (see [20], Proposition 1.1.2) we need E to be closed under complex conjugation. Two
subspaces of L>°(G) which satisfy these properties, and hence for which the definition of
left invariant mean makes sense, are Cy(G) (the set of continuous bounded functions on

G), and UC(G) (the set of uniformly continuous functions on G).

In general, if £ C L*(G) is a subspace which has the properties described above
then the set of means is non-empty. As an example let us consider £ = C,(G). We can
define for each g € G the function m, : E — C given by m,(¢) = ¢(g) for each ¢ € E.
Then m, is linear, m,(1) = 1 and |my(¢)| < ||¢]lco, SO My is @ mean on E. A result

which will prove useful later is that the set of convex combinations of means of type m,,
A, ={> kimg :neN,g; € G, and k; > 0 such that > k; = 1}, is weak™*-dense in the
i=1 i=1

set of all means on Cy(G). This can be obtained as a consequence of the Hahn-Banach

Separation Theorem.

Moreover, in general, the set of means is weak*-compact in E*. This follows easily
from the Banach-Alaoglu theorem, since the means are contained in the closed unit ball
of E* and the limit of a weak™ convergent net of means is another mean. However,
the existence of a left invariant mean is not guaranteed. We have in fact the following

definition.
Definition 2.2. G is amenable if there is a left invariant mean on L>(G).

Fy, the free group on two generators, is a classic example of a group which is not
amenable. We will prove this result by contradiction. Suppose that m is a left in-

variant mean on [y, and denote the generators of 5 by a and b. Consider the set
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S = {w € Fy : w starts with a b or a b='}. Suppose m(xs) = a. Note that the sets S,
aS and a2S are disjoint. Hence x5+ Xas + Xa2s < 1; since m is a positive functional this
implies that m(xs + Xas + Xa2zs) < m(1) = 1. But m(xa.s) = m(da * xs) = m(xs) since
m is left invariant, and similarly m(x,25) = «. So by linearity of m we get 3o < 1, i.e.
a < 1/3. On the other hand, Fo = SUbBS, so 1 < x5+ Xps. Similarly to above we obtain
1 < 2a, and hence a > 1/2. So we have 1/2 < o < 1/3, a contradiction. Therefore, Fy
is not amenable. However, we can show that all compact groups and all locally compact,

abelian groups are amenable.
Proposition 2.3. If G is a compact group then G is amenable.

Proof. We assume that G is equipped with a left-invariant Haar measure. For G compact
we have L>*(G) C L'(G), so we can define m € L*(G)* by m(¢) = [, #(g) dg. It is then
easy to see that m is a mean; moreover, since the Haar measure h is left-invariant, so is

m. Therefore, G is amenable. ]

The result for locally compact, abelian groups is slightly harder to obtain. We will

use the fixed point theorem given below:

Theorem 2.4 (Markov-Kakutani). Let E be a locally convexr Hausdorff space, and
K C E be a compact, convex set. If (T,)acr is a family of continuous, affine endomor-
phisms on K such that T, Tz =TT, for all a,B € I, then all the T, s have a common
fixed point.

Proposition 2.5. Let G be a locally compact, abelian group. Then G is amenable.

Proof. We know that the set of means is weak™ compact in L>(G)*; so we can let K be the
set of means. For each g € G define T, : K — K by [T,(m)](¢) = m(dyx¢) for ¢ € L>(G).
It is clear that T} is a continuous, affine endomorphism, and its range is indeed contained
in K. Hence in order to use the Markov-Kakutani theorem, we just have to establish
that (1,)4ec is commutative. Note that [T,75,(m)](¢) = m(dy * oy * ¢) = [Tyn(m)](), so
TyTy, = Tyy,. Since G is abelian we have Ty, = Tj,, i.e. T,T;, = T, T,.

Therefore the Markov-Kakutani Fixed Point Theorem (Theorem 2.4) applies; so there
is an mg such that T,(mg) = mg for all g € G. But by definition [T,(mo)](¢) = mo(e),
which implies mg(d, * ¢) = mo(¢) for all g € G; in other words, my is left invariant. Thus

G admits a left-invariant mean, namely mg, which proves that G is amenable. O]
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In order to prove that a group is amenable we can exhibit an explicit left invariant
mean or infer its existence from properties of the group, as in the examples above. Also,
the properties of amenability can be used to draw conclusions about a group by relating
it to known amenable groups. In this latter category, some examples of groups which
are amenable are: closed subgroups of amenable groups, quotients of amenable groups
by closed, normal subgroups and groups which have a closed normal subgroup such that

both the subgroup and the quotient by that subgroup are amenable ([20], Section 1.2).

The definition of left invariant mean can be applied to a subspace of L>®(G) as ex-
plained at the beginning of the chapter. In particular, UC(G) contains uniformly con-
tinuous functions, which are easier to work with than general functions in L*(G). We

will in fact show that if there is a left invariant mean on UC/(G), then G is amenable.

Recall that if f € LYG) and ¢ € L*(G) we define their convolution by
(fx¢)(h) = [, f(9)¢(g~"h)dg. The interaction of L'(G) functions with L*°(G) func-

tions will allow us to define a useful subset of the left invariant means, as shown below.

Definition 2.6. Let P(G) :={f € LY(G) : f >0 and ||f]|1 = 1}. Let E = L=(G), Cy(Q)
or UC(QG). If m € E* then m is topologically left invariant if m(f x ¢) = m(¢) for
all f € P(G) and ¢ € E.

Note in particular that for f € P(G) we can define my : L>*(G) — C by
my(¢) = [, f(9)#(g) dg. Then my is a bounded linear functional that satisfies my(1) = 1
and [m¢(¢)| < ||¢]loo, SO My is @ mean on L>°(G). Hence it follows that P(G) consists
exactly of those functions in L'(G) which are means (where we identify L'(G) with a
subset of its second dual L>*(G)*). Since the Haar measure has the property that the
measure of the group is finite if and only if the group is compact, it is easy to check that

P(G) contains a left invariant mean if and only if G is compact.
We will also need the following result about bounded approximate identities on L'(G):

Theorem 2.7. (/20], Theorem A.1.8) If U is a basis of neighbourhoods of the identity
and { fo}tacu is a net in P(G) such that the support of f. is contained in o then { fu}acu
is a bounded approximate identity for L'(G).

The next theorem relates UC(G) to L'(G), and allows us to use the bounded approx-
imate identity on L'(G) for UC(G), as we will explain below.
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Theorem 2.8. (/20], Theorem A.2.5) UC(G) ={fi*¢* fo: fi € LY(G),¢ € L®(G)}.

Suppose (fa)a is a bounded approximate identity for L'(G) as described in Theo-
rem 2.7. Hence, by Theorem 2.8 above, for any ¢ € UC(G) we can write ¢ = f1 % ¢ * fo
for some fi, fo € L'(G) and ¢ € L>(G); since fq * fi— f1 (by the definition of a bounded
approximate identity), it follows from the definition of convolution that f, * ¢ — ¢ in

UC(@).

Theorem 2.9. Let G be a locally compact group, and m € UC(G)*. Then m is left

invariant if and only if it is topologically left invariant.

Proof. Suppose m € UC(G)* is topologically left invariant. Pick any f € P(G). Then
for any g € G and ¢ € UC(G)* we have

m(dy* ¢) =m(f *d,%¢) (since m is topologically left invariant)
=m(p) (since f x40, € P(G))

Thus m is left invariant.

*

Conversely, suppose m € UC(G)* is left invariant. We want to show that
m(f *¢) =m(¢) for all f € P(G) and all ¢ € UC(G). Fix ¢ € UC(G) and define
H : LYG) — C by ¢ — m(¢ * ¢). Recall that if v» € L*(G) and ¢ € UC(G) then
Yx¢p e UC(G), so H is Well deﬁned It is clear that H € L'(G)*, so there exists some
¢ € L>(G) such that H () = [, ( g) dg. Since m is left-invariant, if we fix go € G
we have that m(¢ % ¢) = ( PRERVES gb). However, using the definition of H,

m@*@zéw@ww@

(G +050) = [ (G0 2 0)(0)o(0)da = [ 6(0)(G # 2)a) o

(where in the last step we use the left-invariance of the Haar measure). Since the two
integrals are equal for all ¢ € LY(G) it follows that ¢(g) = (6401 * ©)(g) = ©(g0 ). But
go was an arbitrary element of GG, so in fact ¢ must be constant. Let ¢ = ¢y € C. Then

= co [oU(g)dg for all 1 € L'(G). In particular, for all f € P(G) we have that

fG g)dg =1, soH(f)—co.

Let (eq)a € P(G) be a net such that e, x ¢ — ¢ for every ¢ € UC(G) (for the

existence of such a net see comment following Theorem 2.7). Then m(e,*¢) = c¢o. Hence

and
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for f € P(G) we have m(f * ¢) = ¢y = limm(e, * ¢) = m(¢) (since m is continuous and
eo ¥ — ¢). Soif ¢ € UC(G) is fixed, we have shown that m(f * ¢) = m(¢) for all
f € P(G). Therefore, m is topologically invariant. ]

When we proved in the above theorem that every topological left invariant mean is
left invariant we did not use the fact that the mean m was on the space UC(G); in fact,
the same proof can be used if m is a topologically left invariant mean on L*>(G) or on
Cy(G). The converse does not hold in general; that is, not every left invariant mean is
topologically left invariant. We denote by G, the group obtained by equipping G with
the discrete topology. In [14] it is proven that if G is a locally compact group such that
(G, is also amenable, then the set of topologically invariant means is equal to the set of
invariant means if and only if G itself is discrete (see [14], Theorem 7.21). We use the
fact that every left invariant mean on UC(G) is topologically left invariant to prove the

following:

Theorem 2.10. A locally compact topological group G is amenable if and only if there

is a left invariant mean on UC(G).

Proof. If G is amenable, then there is a left invariant mean m on L*(G), and we can

restrict m to a left invariant mean on UC(G). Hence only the other direction needs proof.

Let m be a left invariant mean on UC(G). Then by the previous theorem, m is also
topologically left invariant. By Theorem 2.7 we can find a bounded approximate identity
for L'(G) with elements in P(G), and build an ultrafilter U on the index set of this
bounded approximate identity such that it dominates the order filter. Let (e,) be the
net we obtain. Define n € L>®(G)* by n(¢) = lilgnm(ea % ¢ * ey). Note that n is well-
defined (since, by Theorem 2.8, a * ¢ xb € UC(G) for all a,b € P(G) and ¢ € L>®(G)).
Moreover, n > 0 since m > 0 and n(l) = 1, so n is a mean on L>*(G). Finally, we
just need to check that n is left-invariant. By the comments following Theorem 2.9, it is
enough to check that n is topologically left invariant. For f € P(G) and ¢ € L>®(G) we

have:
n(fx¢) = lién m(eq * f*xp*e,) (by definition)
= lién m(f xeqxp*e,) (since f € P(G) and (e,)q is an

approximate identity for P(G))

= lién m(eq * ¢ * €q) (since m is topologically left invariant)

=n(¢) (by definition of n)
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Thus n is topologically left invariant, and hence left invariant. Therefore, G is amenable.
]

Using the above theorem we can also show that GG is amenable if and only if there is
a left-invariant mean on Cy(G). This follows since UC(G) is a subspace of Cy(G), which
in turn is a subspace of L>(G). Hence, if G is amenable, we can restrict the mean on
L>*(@G) to a mean on Cy(G). Conversely, if there is a mean on C,(G), then we can restrict

it to a mean on UC(G), so by the above theorem we get that G is amenable.

Earlier in this chapter we mentioned without proof some of the stability results for
amenable groups. However, the fact that amenability is preserved by homomorphisms is
of particular interest to us, and so we present this result below. We will later show that

similar results hold for amenability of Banach algebras and for total reductivity.

Theorem 2.11. Let G, H be locally compact groups. If G is amenable and ¢ : G — H

15 a continuous homomorphism with dense range, then H is amenable as well.

Proof. Let m be a left-invariant mean on C,(G) (such a mean exists since G is amenable).
Note that if £ : H — C is continuous and bounded, then £ 0 ¢ : G — C is also continuous
and bounded. So we can define n : C,(H) — C by n(§) = m({ o ¢). Then n is linear and
n(1) = m(1) = 1. Moreover |n(&)| = [m(£ o ¢)| < [|€ 0 ¢ < ||€][, so [|n]| < 1. Hence it

follows that n is a mean on Cy(H).

We claim that n is also left-invariant. Consider hy € ran(¢); let gy € G be such that
®(g0) = ho. Then for any ¢ € C,(H) we have

((Ony % &) 0 0)(9) (%*6)( (9))
§(hy 6(9))
£(o(y ) '6(9))
§(¢
= (9o

(90 '9)) (since ¢ is a homomorphism)

*(£09))(9).

We use this fact in the following calculation

n(dp, x &) = m((0p, &) 0 @) (by definition of n)
= m(dg4 * (0 ¢)) (as shown above)
=m(§ o ¢) (since m is left-invariant)

n(¢)
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Therefore, if hy € ran(¢), then n(dp, * &) = n(§).

Now for any h € H we can find (h,), C ran(¢) converging to h (since the range
of ¢ is dense in H). So n(d, * &) = lmn(d, * ) = limn(§) = n(€). Hence in fact
n(d, x &) = n(§) for any £ € Cy(H) and T €H. Thereforg, n is a left-invariant mean on
Cy(H), and so, by the comments following Theorem 2.10, H is amenable. O

Let M be the set of means on UC(G). Then M is convex and weak*-compact.
We can define an action of G on M by (g - m)(¢) = m(d, * ¢) for g € G, m € M
and ¢ € UC(G). If mg is a fixed point of this action, ie. g-mo = mg for all g € G,
then my is a left-invariant mean. It follows that a fixed point exists if and only if G
is amenable. If G is amenable the existence of a fixed point can be deduced in a more
general context, as shown below. We say that an action of G on a set K is affine if
g-(te+(1—=t)y)=t(g-z)+ (1 —t)(g-y) for g € G,z,y € K,t €0, 1].

Theorem 2.12. [Day’s Fized Point Theorem] Let G be an amenable, locally compact
group. Suppose E is a locally convex space, and K C E is convex and compact. If G acts
affinely on K, and the function (g,k) — g -k from G x K to K is separately continuous
(continuous if either g or k is fized), then there exists a ko € K such that g - ko = ko for
all g € G.

Proof. Let m be a left-invariant mean on Cy(G) (m exists since G is amenable). Let A
be the set of all affine, continuous functions on K. Fix zy € K, and for each ¢ € A
define ¢, : G — C by g — ¢(g - zo). Note that ¢, € Cy(G), since ¢ and g — g - z( are

continuous, and ¢ is bounded.

For each ¢ in A define ¢y, by k — ¢(go - k). Then ¢y, is also in A. We want to show

that m(ys) = m(vy,, ). By definition, ¢4, (9) = ¢g,(9 - 20) = ¢(go - g - 2o). On the other
hand, note that (dg,-1 * 1)(9) = ¥4(gog) = #(gog - o), 50 dgy-1 * by = 14, . Since m is
left invariant, we have m(g) = m(dgy-1 * 1g) = m (g, )-

From a previous discussion, we know we can write m as the limit of a net (mg)a,

where each m,, is an affine combination of means Mg, where my, (w) w(gl) For a fixed

Q, suppose mg, = Zt myg,. Then mq(vy) = Z tive(g:) = ¢(Zt xg) (using the

definition of 1, and the fact that ¢ is an affine function). Let k, Zt (gi - xo); so
ma(y) = ¢(ka), where k, is independent of ¢. We have constructed a net (ka)a in K.
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Since K is compact we can assume without loss of generality that k, converges to some
ko € K.

We will show that kg is our desired fixed point. First note that for any ¢ in A,
(ko) = lim ¢(ky) = limme (¢y) = m(1y) (using the continuity of ¢). Now consider any
e B %‘hen 1 isaa continuous, affine function on K. For any g € G we have that
(ko) = m(vu) = m(Yy,) = pg(ko) = p(g - ko). Thus u(ko) = p(g - ko) for any p € E*
and any g € GG. Since E* separates points of F it follows that kg = g - kg for any g € G,
so kg is a fixed point of the action of G on K. ]

In particular, this theorem can be applied when E is the dual of a vector space. It is
in fact used in this manner later, in the proof of Johnson’s theorem. Though this is not
used later in this thesis, it should be noted that the hypothesis of the above theorem can
be relaxed to require the existence of just one xy € K such that g — g - z( is continuous;
some of the useful consequences of this modification were pointed out by Anthony Lau

at the 2006 Istanbul International Abstract Harmonic Analysis Conference.

2.2 Representation of Groups

In [12], Kadison examines representations of groups and algebras and the occurrence of
certain similarity conditions. In particular, for group representations, he concerns himself
with the question of when a similarity matrix can be applied to the representation in such
a way that the operators in the range of the representation become unitary. Kadison also
examines some of the connections between the similarity question for groups and the one

for algebras.

Definition 2.13. Let G be a locally compact group, and let E be a Banach space. A
representation of G on E is a group homomorphism © from G into the invertible
bounded operators on E which is continuous with respect to the given topology on G and

the weak operator topology on B(E).

For a locally compact group G we can define the function A : g — A, where
N (f) =8, f for f € L*(G). This is a representation of G on L*(G); it is called the left
regular representation of GG, and occurs frequently in the literature. Note moreover that A
is not continuous with respect to the norm topology on B(F) unless G is discrete. Hence

the norm topology is considered too restrictive to be used in the definition of continuity
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given above. On the other hand, as shown by the theorem below, the weak operator
topology could be replaced by the strong operator topology without affecting the set of

homomorphisms under consideration.

Theorem 2.14. Let G be a locally compact group, let E be a Banach space, and let
m: G — B(E) be a representation of G on E. Then m is continuous with respect to the

given topology on G and the strong operator topology.

Proof. Denote by e be the identity element of G. Let K be a compact neighbourhood
of eg, and choose U a symmetric neighbourhood of eg such that UU C K. Since
K is compact and 7 is a group representation, w(K) is compact in the weak operator
topology. It follows that if we fix vy € E then {m(g)vo : g € K} is compact in the weak
topology, and hence, by the Uniform Boundedness Principle, it is bounded in the norm
topology. A second application of the Uniform Boundedness Principle then gives us that
{llr(g)]| : g € K} is bounded, say by a constant C'.

Define the set F' = {v € E : g — 7(g)v is continuous with respect to the norm
topology on E}. In order to conclude that 7 is continuous with respect to the strong

operator topology, we need to show that ' = FE.

First we shall prove that F'is closed in the norm topology. Suppose {u, }, is a sequence
in F' converging in the norm topology to some u € E. Since 7 is a homomorphism, in
order to conclude that v € F' it is enough to show that whenever {es} 3 is a net converging
to eq in G we have 7(eg)u — 7m(eg)u = u. In addition, since K is a neighbourhood of
e, we can assume without loss of generality that {ez}s C K. Given € > 0 choose ny

such that [[un, — ul| < 375 Since uy, € F, by definition m(eg)un, — tn,, and so we

can find 3y such that ||7(eg)un, — tn,|| < 5 for 3> By. Thus for 3 > 3, we have

Im(es)u —ull < llw(es)u — m(eg)unoll + [Im(es)tn, — ting |l + [tn, — ull
< Clltng — ull + 5 + [lung — ull
(since ||m(g)|| < C for all g € K)
<Ciemtitsem
=e.

Hence m(eg)u — u as desired, so u € F. Therefore, F' is closed, and in particular it is

weakly closed.
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Let (¢4 )a be a bounded approximate identity for L!(G), where each 1/, is a continuous
function with support in U, as described in Theorem 2.7. Fix vy € E. We will construct
a net (vy)e C FE such that Ua € I and v, w vg. This will allow us to conclude that
vg € F. Let vy = [, %a(g)[m(g9)ve] dg. Recall that v, is a function in L'(G) and was
defined to have support in the compact set K, so since [m(g)vp] is bounded the integral
can be calculated (for an overview of vector-valued integrals see [22], p. 12). We will
show that v, € F, and that v, w vo. By definition, v, € F for a fixed « if g — 7(g)v,
is continuous with respect to the norm topology on E. As above, it is enough to show

that if (eg)s C U is a net such that ez — eq then 7(eg)v, — v,. We have

m(eg)va = m(eg) fG% g9)m(g)vo) dg
= fG @Z)oc eﬂg)v() dg
= fG% 65 )7 (g)vo dg.

Hence

I7(es)va = vall = Il fo[tales 9)m(9)vo — valg)m(g)vo] dyl
< Im(g)volll¢ales'9) — valg)lh-

But Hwa(e/glg) — Ya(9)|li — 0 as e — eq, so since {||7(g)|| : ¢ € K} is bounded and

||vo]| is fixed, it follows that ||7(eg)ve — va|| — 0. Therefore, v, € F' as claimed.

Now we need to show that v, “5 vo. Fix gb € E*. Then ¢(va) = [, ¥al9)d(m(g)vo) dg.
For a fixed o we have that ¢(vg) fG Yo (g)p(vo) dg (Slnoe gb(vg) does not depend on
g, and 9o € P(G)). Hence [|¢(va) — ¢(vo !— I o alg)[@(m(g)vo) — ¢(m(ec)vo)] dyl.

But ¢ is continuous with respect to the weak operator topology, moreover, {a} is a
neighbourhood basis of eg and the support of 1, is contained in o« C K, where K

is compact. Hence for any ¢ > 0 we can find a neighbourhood «y of es such that

llo(m(g)ve) — d(m(eq)vo)|| < € for g € ag. Therefore, ¢p(m(g)ve) — (o).

Thus v, wk vp. Since v, € F for each a and F' is closed in the weak topology, we can
conclude that vy € F. But vy € E was arbitrary, so E C F. Therefore, g — 7(g)v is
continuous for each v € F, and hence 7 is continuous with respect to the strong operator

topology. ]

Definition 2.15. Let G be a locally compact group, and let E be a Banach space.
Two representations m and my of G on E are similar if there is an invertible operator

T € L(E) such that 7 (g) = Tma(g)T " for all g € G.
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A representation © of G on E is uniformly bounded if sup . ||7(g)|| < oo.
A representation © of G on a Hilbert space 'H is unitary if w(g) is unitary for each
geq.

An example of a continuous unitary representation is the left regular representation

defined at the beginning of this section.

It is clear that every representation similar to a unitary representation is uniformly
bounded, leading us to the question of what are the necessary conditions for all the
(continuous) uniformly bounded representations of a group G to be similar to unitary
representations. A history of this question and the various related results can be found in
the Introduction of [15]. In particular, the following theorem was proven independently
by Dixmier and Day in 1950.

Theorem 2.16. Let G be an amenable locally compact group and let m : G — H be a
uniformly bounded representation on some Hilbert space H. Then there exists a similarity

matriz T such that T 7T is a unitary representation. Moreover, if C' = sup ||7(g)||, then
geG

T can be chosen such that ||T|||T7|| < C2.
Proof. For u,v € H define a function on G' by ¢,,(g) = (m(¢g7)u|7(g " )v).

First we will show that ¢,, is continuous. Consider g, — ¢ a net in G. Then, since
7 is continuous with respect to the topology on GG and the strong operator topology on
B(H), it follows that ||7(gs ')w — 7(g~Hw|| — 0 for any w € H. Hence we have that

(7 (g™ Dulm(ga V) — (79~ u |7 (g~ )v)|
= [(m(ga"HDulm(g9a")v) — (7(ga™Hu|7(g7)v)+
(m(gaNul (g~ ) — (n(g~"u|m(g~")v)]
Hul7m(ga v — (g™ Hv) |+

(7 (g™ — (g u| (g )v)]|
< 7(ga™ ulllm(ga™")v — w(g~ ||+

17(g0 " )u —m(g~"ull[|[7(g~")v|l (by Cauchy-Schwarz)
< Cllull7(ga=")v = 7(g~ "ol + [|7(ga"")u — 7(g~")ul|C|lv]|

|¢uv(ga) - ¢uv<g)‘

< [(7(ga

But ||u|| and |v|| are constants, |7(ga"')v — w(g7)v|| — 0, and likewise
|7(ge " u — w(g ul| — 0. Tt follows that |duw(ga) — duw(g)] — 0, and hence ¢, is

continuous.
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Moreover, for a fixed g € G we also have that

6uw(g)| = [(m(g~ ulm(g~")v)]
< lln(gyullr(g~ell (by Cauchy-Schwarz)
< C|ul|Clv|| (by definition of C)

so, since ||u|| and ||v|| are constant for this function, ¢y, is bounded by C?||u|||v||. Hence
we have shown that ¢, is in Cy(G).

Let m be a left invariant mean on Cy(G). Define [u,v] = m(¢u). Since m is linear
and (-|-) is sesquilinear, it follows that [-,-] is a sesquilinear form. Moreover, m is a
positive functional, and ¢,, is a positive function (once again because (-|-) is an inner
product), so it also follows that [-, -] is positive semidefinite. So we can define a seminorm
on ‘H given by |lu|| = [u,u]'/?.

Next we show that || - || is equivalent to the usual norm on H. Consider a fixed u € H.
First note that

lull* = m(¢un)
< [l Il ful
= SUGP|<7T(!J‘1)UI7T(9_1)U>\ (since [[m]| = 1)
ge

= sup |7 (g~ )ull®
geG

< C?lull®

and hence ||u|| < C||u||. On the other hand, for any g € G we have

lull = lIm(g)m (g~ ull < Cllw(g™)ull,

so gllul? < |m(g7ull? = ¢uu(9) Vg € G- Since m is positive it follows that

= lull? and

m(gz|lul|?) < m(¢u). But m(1) =1 and m is linear, so m(z|ul]®) = 2

m(puu) = ||ul|* by definition. Thus é||u|| < lul-

Therefore we have shown that &ul| < [Jul] < Cllul| for any u € H, so the norms
| - || and || - || are equivalent. Using the Riesz Representation Theorem and the fact that
the inner products are equivalent, we can find an invertible operator S such that for all
u,v € H we have (Su|v) = [u, v] (whence it follows that [S™'u, v] = (u|v)). The following
calculation

ISull* = (SulSu) = [u, Su] < [Jull|Sull < Cllu]|C||Sul
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shows that ||S|| < C?, and similarly we get ||S™!|| < C2.

S is a positive operator, since for u # 0 we have (Su|u) = [u,u] > 0. Hence there exists
an invertible, self-adjoint operator T" such that 7' = S'/2. Note that ||T|| = ||S||*/? and
1771 = [|S~Y|Y2, so from ||S|| < C? and ||S7| < C% we get ||T||[|T7Y| < C% Note
that, for Q € B(H), if we denote by Q! the adjoint with respect to [-,-] and by Q* the
adjoint with respect to (-|-), then Q* = S*QP(S*)~' = SQFS~'. Hence the adjoint of T

is the same with respect to both inner products.

We will show that 7' is the similarity matrix which changes 7 into a unitary rep-

resentation. Fix h € G; we need to show that T'w(h)T~! is a unitary operator. We

have
(Tr(h)T*x|Tw(R)T 1 y) = (T*"Tn(h)T 'z|x(h)T 1y)
= (Sm(h) T z|x(h)T"y)
= [r(W)T "2, w(h)T"y]
m(% )T —1z,w(h)T—1 )
Since

Grmyr—1ammyr-1y(9) = (m(g~")m(R) T xlm (g~ ) m(h)Ty)
= (r((h~tg) )T x|n((hg) )T y)

we get Grnyr—1zx(h)yr-1y = On * Or-1,7-1,. But m is a left invariant mean; so

m(p, * ¢T*11’,T*1y) = m(ng*lac,T*ly)
= [T e, Ty
= [Tz, y]
=[Sz,
= (z]y)

Thus for every h € G and z,y € H we have (T'w(h)T'z|Tw(h)T'y) = (z|y), and hence

Tr(h)T~' is a unitary operator.
Therefore we have found an invertible operator 7' such that T'w(-)T~!

representation, and || T||[|7!| < C?, as desired. O

is a unitary

If we drop the amenability requirement in the above theorem, then we can give an
example of a group for which the result no longer holds. We denote by F, the free group
on countably many generators. Using the construction described in [15] we can exhibit
a representation of G = Fo, on l5(G) @ l2(G) which is not unitarizable.
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Let U = {u, : n € N} be the set of generators of G. Denote by |g| the length of
g € G as a reduced word. As usual, let J, be the function which evaluates to 1 at g and
0 everywhere else. Recall that d, is an orthonormal basis for l5(G). In the following we
denote the empty word by v (usually we use e for the identity in G, but we will need e

for the natural logarithm later in this proof).

For a fixed ¢ € G we define [\J(F)|(t) = F( ~1t) for F' € I5(G). Then we have
SSIF (g2 = X IF(#)]|?, so Ay(F) is also in I5(G) and A, has norm 1. Also define a

function ¢, on Ix(G) by [¢4(F)](t) = S>> F(g7'tb)— > F(g 'ta). Note that
bevuU—1 acUuU—1
lg="t[>|g~"b| [t|>[tal

each sum in the definition of [¢,(F)](¢) has finitely many terms; in fact, if for g € G we
denote by gg the first letter of g and by g; the last, then the above function evaluates to

p

0 ift=g=v
F(g7'g0) ift=vandg#v
6o (F)(t) = —F(t;™) o %f t#vand g=t
F(k7 ko) — F(k7',') ift # v and g = tk for some k # v
with kg # ¢}
L0 otherwise

In the above definition of ¢, g is fixed; hence there can only be finitely many ¢ for which
there is a k € G such that g = tk as a reduced word. The other values where [¢,(F)](t)
might be non-zero are t = g when g # v or t = v. So there are only finitely many ¢ for

which [¢,(F)](t) # 0. Therefore, ¢,(F) € l5(G).

In particular, consider F' = §,. Then clearly —d,(t;~') = 0 for any ¢ # v. If |g| = 1,
then 6,(g 'go) = 1 and there are no values of ,k # v for which g = tk (as a reduced
word) so [¢,(d,)](t) = 0 in all other cases; therefore, if |g| = 1 then ¢4(d,) = d,. On the
other hand, if |g| # 1 then [¢,(,)](t) = 0, hence ¢,(d,) C {d,}*.

)\!] ¢g
0 A
for g, h € G, so 7 is indeed a homomorphism. Fix g, h € G. It is straightforward to check
that AgA\r, = Agp. Over the next couple of pages we will show that A\;¢p + ¢gAn = dgn
for all g,h € G. Consider F' € l5(G) and t € G, and define K(t) = F(h™'t). Then

Define the representation 7 : g — . First we show that 7(g)w(h) = m(gh)
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[(Agn + 0 M) EN(0) = [nF)(g™0) + [6,K1(1). But

;

0
F(hilho)

) g1 — 4 FETO)

\0
and
(0
F(h~'g " g0)
THSIES SR

0

\

On the other hand,

p

0

F(h='g~(gh)o)

Bt = )

0

\

F(k™ ko) — F(k71t,7Y)

ifg7lt=h=v
if g7t =v and h # v
if g7t Avand h =g 't

F(k ko) — F(k™Y(g74), ") if g% # v with h = gtk for some

k # v with kg # (g7'),

otherwise

ift=g=v
ift=vandg+#v
ift#vandg=t

F(h 'k ko) — F(h'k~1;71) if t # v and g = tk for some k # v

with kg 7£ tl_l

otherwise.

ift=gh=v

if t =v and gh # v

ift#vandgh=t

if t # v and gh = tk for some k # v
with ky # ;¢

otherwise.

We want to compare the function defined above with [¢, F](g~'t) + [¢,K](t), so we need

to consider all possible cases for values of ¢, g and h. For ease of calculation, we will use

the cases in the definition of ¢, K, and consider subcases as necessary so we can evaluate

gbghF and ¢hF

e Suppose t = g = v, so [p,K](t) = 0.

— If h = v, then [¢,F|(g~'t) = 0 and [¢p 4 F](t) = 0.
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— If h # v, then [¢, F](g~'t) = F(h~"hy), and
[0 F|(t) = F(h™ g~ (gh)o) = F(h™"ho).

Therefore, for any value of h, [¢pnF](g't) + (¢, K](t) = [ognF] (1)
e Suppose t = v and g # v. Then ¢!t # v, so we need to consider three cases:

— If h=g 't =g7!, then
[nFl(g7t) = =F((g7) ) = =F((95")™") = —F(g0),
[0, K(t) = F(h™'g g0) = F(go) and [¢,4F](t) = 0.
—Ifh= g_ltk: = g 'k for some k # v with ky ' # (g~'t);, then
[nF)(g71) = F(k"ko) — F(k™ (g7') ) = F(k™"ko) — F (K" o),
[¢gK](t) = F(h~'g~"g0) = F'(k~"go) and
[Gn F](t) = F((gh)~"(gho) = F (k™" ko).
— If h has neither of the above two forms, then [¢,F](g~1t) = 0,
[0, K(t) = F(h™ g go) and [¢,nF|(t) = F(h™'g " go) (since gh # v).

Therefore, for any value of h, [¢pnF](g7't) + (¢, K](t) = [¢gnF] (1)
e Suppose t # v and g = t. Then g~ 't = v.
— If h = v then [¢p,F](g~ %) =0, [¢p,K](t) = —F(h™'t,7') = —F(, ') and
[P F1(t) = —F(t; 1) (since gh =t).

— If h # v then [¢ppF](g7't) = F(h 'hy), and [¢,K](t) = —F(h~'t,71). If
ho # t,7! we can use k = h to get gh = tk, so
[P F(t) = F(k ko) — F(k™'t, 1) = F(h™the) — F(h™'t,7'). On the other
hand, if hg = ¢,7%, then [¢g, F](t) = 0; however, note that in this case we also
have h™thg = h=',7!, and so [pnF](g~ ') = —[¢,K](1).

Therefore, for any value of h, [ F](g7't) + [0y K](t) = [¢gnF(2).
e Suppose t # v and g = tk for some k # v with kg # t;7'. Then g~ 't = k=1 # 0.

— Ifh=g 't =k, then [pF)(g7t) = —F((g7t), ") = —F(ko),
[0,K](t) = F(h™*k ko) — F(h™ k~'t,7Y) = F (ko) — F(t,71), and
(GgnF](t) = —F(t,~") (since gh = t).
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— If h = g~ 'r = k= for some r # v with ry # ko then
[0nF)(g7 1) = F(k ko) — F(k™Y (g7 ), ") = F(k™'ko) — F(k™'ko) = 0, and
[0, K(t) = F(h 'k ko) — F(h 'k~ 1) = F(rtky) — F(r—',71).
If o # t;7!, then gh = tr where tr is a reduced word, and so
[P FI(t) = F(r~'ro) — F(r~',7');  otherwise, [¢gnF](t) =0, but also
ko = r~ %" and so [¢p,K](t) = 0.

— If h has neither of the above forms then [¢, F](g't) = 0,
6,K](t) = F(h"kko) — F(h~k~'4,") and
[0 F(t) = F((kh)'ko) — F((kh)~*¢,~') (since gh = tkh, and (kh)o # t;71).

Therefore, for any value of h, [¢pnF](g't) + [¢,K](t) = [¢gnF] (1)
e Suppose t # v and g has neither of the previous two forms. Then [¢,K](t) = 0.

— If h =g~ then [¢,F)(g~t) = —F((g7), ") = =F(t; ), and
[pgn F](t) = —F(t,') (since gh = t).

— If h = g 'tk for some k # v with ko # (¢7'¢),”" then
[0nF)(g7 1) = F(k™ ko) — F(k™ (g7 't), ") = F(k™‘ko) — F(k~'t,") and
[pgn F](t) = F(k™ ko) — F(k~, 1) (since gh = tk, with ko # ¢,71).

— If h has neither of the above two forms then [¢, F](g~'t) = 0 and [¢,, F](t) = 0.
Therefore, for any value of h, [¢pnF](g't) + [¢gK](t) = [¢gnF] (1)

We conclude that [¢,4F](t) = [onF](g7t) + [¢,K](t) for any values of g, h and t. There-
fore, Ay + @gAn = ¢gi, for all g, h € G.

Note that

(m(9)(0® d,) | (00 ©0)) = (Ag(0) + Pg(d0) [ 0u) + (Ag(0,)]0)
1 if gl =1 . . .
= (using the earlier calculations for F' = §,).
0 otherwise

Suppose 7 is unitarizable; so we can find a matrix S such that 7(g) = S™'p(g)S for
some unitary representation p. Let Fy, = S(0®6,) and F, = (S~H)*(6, ® 0). So

(p(g)F1| F2) = {p(g)S(0 @ 6,) | (S71)"(d0 @ 0)) = (7m(9)(0 & du) | (6, & 0))
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which evaluates to 1 if |g| = 1 and to 0 otherwise, as shown earlier.

Let o, = [p(u,) + p(u,;')]/2 for n € N. Since p is unitary, ||a,| < 1 and o = a,.
Define R, = [[({ + \/Lﬁai). For each i we have
i=1

I+ Zraa)ll* =110 + Jraa)* (T + Jrail
= (I = Jraa) (I + Jras)l
= |1 + 707
<142

n—~oo

Hence [[R, [ < [T(1+ 2)? < lim (1 + ) = €%, so [|R,| <e.
i=1

We can multiply out the product used in the definition of R,, to obtain
Rn:[%—%(&l—i—...—i—an)—k(%f Z ai%%—...—l—(%)"&l...an
1<i<j<n
Replacing a,, by its definition, and using the fact that p is a homomorphism, we can
write R, as a sum where each term is a scalar multiple of p(g) for some g € G. We

are particularly interested in the terms which have p(g) for |g| = 1. These terms are

“(a —l—...—l—an:Ln u;) + u;l.Sowehave
\/ﬁ<1 ) Qﬁ;p( ) p( )

<RnF1’F2> = <S_1RHS(O D 6@)’<5v S2) O>>

= { #ﬁ ; (m(us) + 7(u; 1)) | (06 6,) | (6, ®0))
(using the expansion of R, given above, and the fact that
(m(9)(0® dy) | (6, ® 0)) is non-zero only when |g| = 1)
= 2\%(271)
(since (m(g)(0 ® 6,) | (8, ®0)) =1 when |g| =1)

N

Since F} and F, are fixed, we conclude that | R, || — oo, contradicting the earlier state-

ment that ||R,|| < e for each n. Therefore, 7 is not unitarizable.

We have constructed a representation of F, on ls(Fy) @ l2(F) which is uniformly
bounded but not unitarizable. Note that ., can be embedded in F,, for anyn € N, n > 2;
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so the above construction can be applied to show that we can find a non-unitarizable

representation of F,,.

Amenability is a sufficient condition for every bounded representation to be similar
to a unitary representation, and we have seen above that we can find a non-amenable
group such that this similarity condition no longer holds. In order to exhaust this line
of inquiry we need to know if it is possible to find a non-amenable group for which all
representations are unitarizable. This question, posed by Dixmier in 1950, remains open.

Recent advances made in answering this question can be found in [16].

2.3 Banach Algebras

The concept of amenability for Banach algebras was introduced by Johnson. The theory
was evolved as a consequence of the properties of the algebra L!'(G) and used cohomology
theory; in fact, while this section might seem unconnected to the earlier discussion for
groups, the culminating result is that G is amenable if and only if L'(G) is amenable.

Moreover, the concept can be applied to general Banach algebras with fruitful results.

Suppose M is a Banach space on which we define a module action of an alge-
bra A. We say that M is a left Banach module of 2 if there exists a k such that
la - m|| < E|lal||[m]|, and respectively a right Banach module of 2 if there exists a ¢t such
that [[m-al|| < t||m||||a]|. If both the inequalities hold then M is a Banach-bimodule of 2.
Since the only modules we are concerned with in the following are Banach modules we
will refer to them simply as 2-modules, or just modules if the algebra 2l can be inferred
from context. Also, module will be understood to mean ’bimodule’; the explicit terms

"left module’ and ’right module’ will be used when such distinctions are necessary.

Note that if M is an 2-module then we can define a representation 7 : A — B(M)
by [r(a)](m) = a-m. On the other hand, if we have a representation 7 : %A — B(V)
then we can define a module action of % on V by a-v = [7(a)](v) for a € A and v € V.
This equivalence between module actions and representations will be particularly relevant

when we discuss operator algebras and invariant subspaces in later chapters.

Note also that if M is a bimodule of 2 then we can make M* into a bimodule by
defining (a - ¢)(m) = ¢(m - a) and (¢ - a)(m) = ¢(a - m), where a € A, m € M and
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¢ € M*. It is straigtforward to check that this does indeed define a module action of A
on M*.

Definition 2.17. A linear function p : A — M is called a derivation if it satisfies
p(ab) = a - p(b) + p(a) - b. Moreover, such a derivation is called inner if there is a fized
a € M such that p(a) = a- o —a-a for all a € A. The inner derivation p is often
denoted by ad,.

Denote by Z'(, M) the space of all continuous derivations from 2 to M and by
B(2(, M) the set of all inner derivations. We define H*(, M) = Z' (A, M)/B* (A, M),
called the first Hochschild cohomology group of 21 with coefficients in M.

It is not always the case that all derivations are inner. Consider (D), the algebra of
functions which are analytic inside the unit disc and continuous on . We can make C
into an 2A(D) bimodule by defining f - ¢ := f(0)c =: ¢ f. Note that since f-c=c- f,
any inner derivation from (D) to C would in fact have to be 0. Define D : (D) — C
by D(f) = f'(0). By properties of derivative, D is linear and satisfies

D(fg) = (f9)'(0) = f'(0)g(0) + f(0)g'(0) = f'(0) - g+ f - ¢'(0) = D(f)g + fD(g)

Moreover, we can use the Cauchy Integral Formula to show that D is bounded. So D is

a continuous derivation from (D) into C, but D # 0 so D is not inner.

Definition 2.18. A Banach algebra 2 is amenable if H' (2,8*) = 0 for all Banach
bimodules B of 2.

Recall that amenability for groups was preserved by homomorphisms. The same

result holds for Banach algebras, though of course the proof is different.

Theorem 2.19. Let A be an amenable Banach algebras. Suppose B is a Banach algebra
and ¢ : A — B is a continuous homomorphism such that ¢(A) is dense in B. Then B

18 also amenable.

Proof. Suppose M* is a B dual bimodule, and D : 8 — M?* is a continuous derivation.
We need to find py € M* such that D(b) =b- o — po - b for all b € B.

We can make M* into an 2 bimodule by defining a -y = ¢(a) - p and p-a = p - ¢(a)
for any a € 2 and pu € M*. Since ¢ is continuous, it is easy to check that this definition
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satisfies all the requirements for M* to be an 2-bimodule. Moreover, we can define a
derivation Dy : A — M* by Dg(a) = D(¢(a)). But D and ¢ are both continuous, and
hence so is Dg; moreover, since 2 is amenable, Dy must be inner. Thus there exists
to € M* such that Dy(a) = a - g — o - @ for any a € . But then, using the definition
of Dy and of the action of 2 on M* we see that D(¢(a)) = ¢(a) - po — po - ¢(a). Since
() is dense in B, by continuity of D and of the action, we get that D(b) = b- pg— pio- b
for any b € 8. Thus D is an inner derivation. Therefore, any derivation from 8 to a

dual space is inner, and hence 8 is amenable. [

Our goal is to prove that the algebra L'(G) is amenable if and only if the group G
is amenable. Building on our knowledge of amenable groups, this result will provide us

with a large number of examples of amenable algebras.

For C*-algebras, amenability is equivalent to nuclearity. A C*-algebra 2 is nuclear if
for every C*-algebra B there is exactly one C*-norm that can be defined on the algebraic
tensor product A ® B. The fact that every amenable C*-algebra is nuclear was shown
by Connes in [4], and the converse was established a few years later by Haagerup in [9].
From known results about nuclear C*-algebras it follows that every abelian C*-algebra is

amenable.

Bounded approximate identities play a significant role in discussions of amenability
for Banach algebras since it can be shown that any amenable algebra has a bounded
approximate identity. A result about the stability of the amenability property says
that a closed ideal of an amenable algebra is amenable if and only if it has a bounded
approximate identity ([20], Theorem 2.2.1). Recall that any ideal in a C*-algebra has a
bounded approximate identity; hence any closed ideal of an amenable C*-algebra is also
amenable. A consequence of these observations is that we can restrict our discussion to
Banach algebras which have a bounded approximate identity. This allows us to use the

theorem stated below.

Theorem 2.20 (Cohen’s Factorization Theorem). Let 2 be a Banach algebra and E be
a Banach left A-module. Suppose that there exists a bounded net (ey)s in 2A such that
€o T — x for all x € E. Then for every z € E and 6 > 0 we can finda € A and y € K
such that z =a -y and ||z — y|| <.

Suppose we have 2 and F as described in the above theorem. Since e, - x — =z, it
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follows that ¢-e, — ¢ in the weak™ topology on E* for any ¢ € E*. This is easy to see once
we recall that the definition of the action for 2 on E* gives us that [¢-e,](x) = ¢(eq - ).

Theorem 2.21. Let A be a Banach algebra with a bounded right approximate identity,
and let E be a Banach 2A-bimodule such that 2 - E = {0}. Then H*(2, E*) = {0}.
Note: The symmetric result “if A has a bounded left approzimate identity and E-2A = {0}
then H'(A, E*) = {0}” also holds.

Proof. Consider p a continuous derivation from 2 to E*. Let (e,), be a bounded right
approximate identity for 2(. Then, since p is a bounded linear function, p(e, ) is bounded,
so it has a weak™-limit point. By passing to a subnet as necessary, we can assume without

loss of generality that p(e,) is in fact convergent in the weak™® topology to some e € E*.

For any a € 2 we have that p(a) = weak™-lim p(a - e,) (since p is continuous). But
pla-ey) = pla)-eq,+a-pley) (by properties of derivations). Finally, since 2- E' = {0}, it
follows from the way E* is defined as a bimodule that E* -2 = {0}; hence p(a) - e, =0
for all @ € 2 and a. So p(a) = weak*-lima - p(e,) =a-e=a-e—e-a. Hence we have
in fact shown that p is an inner derivation. Therefore, H*(2, E*) = {0}. O

Next we will show that we do not need to examine all the 2-bimodules in order to
show that 2 is amenable. It is enough to consider modules of the type introduced below,

whose advantages are explained in the remarks following the definition.

Definition 2.22. If 2 is a Banach algebra and E is a Banach 2A-bimodule, we say that
E is pseudo-unital if E={a-z-b:a,be A, x € E}.

Lemma 2.23. Suppose that 2 is a Banach algebra with a bounded approximate identity
(éa)a, and M is a Banach 2-bimodule. Then {a-z:a€U,xze M} and
{a-z-b:a,beA,xe M} are closed subspaces of M.

Proof. Let Fy = {a-x:a € A,x € M} and F = spanF. If y = a - x is in Fy then
eqa — a (since e, is an approximate identity), and so e, - (a - ) = (eqa) - — a - z. It
then follows that e, - (i a; - T;) — (i a; - z;) (by linearity of the module operation and
since the sum has ﬁnitlglly many terrln_sl). Now fix z € F'; find a sequence z, — z where
z, € span F'. By the definition of a Banach-bimodule there is a constant k& such that for
any o and n we have ||eq - (2 — z) || < Elleallllz — zul| < Cl|z — 2,|| where C'is a constant

(the existence of C' follows from the fact that (e, ), is a bounded net). Hence, given € > 0
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we can find N such that ||zy — z|| < €¢/3 and ||e, - (z — 2n)|| < €/3 for all a. But also
zy € span F, so e zy — zn from the earlier comments. It follows that we can find an
ap such that ||e,zy — 2n|| < €/3 for @ > . Combining these inequalities, for a > ayg
we get

€
lea -2 = 2|l < llea -z = ea - 2n | + llea - 2n = 2n[l + llon — 2| <3- 5 = e

3

Therefore, we have shown that for any z € F' we have e, - 2z — 2. Hence, we can apply
Cohen’s Factorization Theorem (Theorem 2.20) to find a € % and w € F C M such
that 2 = a - w. It follows that z € Fy. Hence, since z was arbitrary, F' = Fj. Therefore,
Fo={a-x:ae€Ux e M} is a closed subspace of M.

The proof that {a-x-b:a,b € A x € M} is a closed subspace of M is similar to the

above. O]

Note that if 2 is a Banach algebra with a bounded approximate identity (e,), and E
is pseudo-unital, then e, - u — u for any v € E. This follows directly from the fact that
any u € I/ can be written as a-v-b for a,b € 2, and e,a — a for any a € 2. Therefore,
as in the comment following Cohen’s Factorization Theorem (Theorem 2.20), in this case

we also have that e, - ¢ — ¢ in the weak™ topology on E*.

Theorem 2.24. Let A be a Banach algebra with a bounded approrimate identity. If
HY (2, F*) = {0} whenever F is a pseudo-unital Banach 2A-bimodule, then 2 is amenable.

Proof. Let E be any Banach 2(-bimodule. We want to show that H'(A, E*) = {0}.
Define By ={a-z-b:a,be A,z € E} and Ey ={a-x:a €A,z € F}. By Lemma 2.23

Ey and E; are closed subspaces of E. Moreover, Ej is pseudo-unital.

Consider first a derivation D from 2 into E}. Define Dy(a) = D(a)|, for each a € 2.
Then clearly Dy is a derivation into Ej. Since £ is pseudo-unital, by hypothesis we can
find ¢ € £ such that Dy = ady. By the Hahn-Banach theorem we can find ¢ € E} such
that ¢ extends ¢. Let D1 = D — ad,. Then for any a € A we get

Dy(0)] 5, = D(@)g, — ady(a)] 5, = Dola) — ady(a) = 0

(since Dy = adg by definition, and ¢ extends ¢). Therefore, ran D € Ey. But
Ef =~ (E/Ey)". Note that (E;/Ep) -2 = {0}, so Theorem 2.21 gives us that
HY (2, (Ey/Ey)") = {0}. In particular, it follows that Dy, which is a derivation into Fjy,
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is inner; hence, there exists a ¢ € Ey such that D; = ady. Recall that D = Dy + ad,,
whence we get D = ady + adg = ady,e. Thus D is also inner.

Now suppose T' is a derivation from 2 to £*. Then a — T'(a)|, is a derivation into
EY, which is inner by the first part of the proof. Moreover, since 2 - (E/E;) = {0}, we
can show similarly to above that T is inner. So H'(2, E*) = 0.

Hence for every Banach 2 bimodule £ we have shown that H'(2, E*) = 0. Therefore,

2 is amenable. O]

Suppose 2 is a Banach algebra with a bounded approximate identity and 2l is con-
tained as a closed ideal in some other algebra B. Then, if E is a pseudo-unital Banach
2l-bimodule, we can make it into a Banach 8-bimodule as follows: consider b € 8 and
x € E. By Cohen’s Factorization Theorem (Theorem 2.20) we can find a € A and y € E
such that x = a -y. Since 2 is an ideal of B and hence ba € 2 we can define b - x by
setting it equal to (ba) - y. We need to show that this is well-defined. Let (e,), be a
bounded approximate identity for 2. Suppose x = a-y = o’y for a,a’ € A and y,y’ € E.
Then we have (ba) -y = limbeya -y = limbe,(a’ - y') = ba’ - y'. So it follows that the
definition of b - z is indepeoﬁdent of the f;ctorization of x. It is easy to check that the
above definition of b - x satisfies all the required properties of a module action, and that

|6 || < |1blll|]| sup ||ea||; hence E is a left Banach B-module. Similarly we can make £

into a right Banacah B-module.

This construction leads us to question whether a derivation can be extended from a
subalgebra to the algebra containing it. The next theorem describes a situation in which

such an extension exists and is unique.

If A, B are two Banach algebras such that 2 is a closed ideal of 98, we define the
strict topology on 8 with respect to 2 to be the weakest topology such that for each
a € 2 the maps b — ab and b — ba (where b € B) are both continuous. It is clear that
this topology is generally weaker than the norm topology. Note that if by — b in the
strict topology on B and FE is a pseudo-unital Banach 2-bimodule, then by -v — b-v for
every v € E. This follows from the action of 8 on E defined earlier; if we write v = a - u
fora € A and u € E then by-v = (bya)-u — ba-u (by the definition of the strict topology

and the fact that the action of 2 on F is continuous). Similarly, v - by — v - b.
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Theorem 2.25. Let 2 be a Banach algebra with a bounded approrimate identity. Suppose
A is contained as a closed ideal in a Banach algebra B. Let E be a pseudo-unital Banach
2-bimodule, and let D € Z'(A, E*). Then E is a Banach B-bimodule, and there is a
unique T € Z'(B, E*) such that T|y = D and T is continuous with respect to the strict
topology on B and the weak*-topology on E*.

Proof. Let (e4)q be a bounded approximate identity for 2. The construction which makes
FE into a Banach B-bimodule was described in the comments leading up to this theorem.
If T' is a derivation on B note that in particular it must satisfy T'(be,) = T'(b)-eo+b-T(eq)
for any b € B. If T also extends D, this is equivalent to D(be,) = T'(b) - eq + b - D(eq,)
(be, € A since A is an ideal). Recall that T'(b) - e, — T'(b) in the weak™ topology on
E*. This suggests that, if {[D(be,) — b - D(eq)]}a has a weak™-limit ¢, then we must
have T'(b) = ¢y. Thus, since be,, e, € AU for each a and T'|y = D, T' is determined by its

values on 2; hence, T is unique.

Fix b € B and consider the net (D(be,) —b- D(ey))o. We want to show that this net
has a weak™® limit. Let u € E. By Cohen’s Factorization Theorem (Theorem 2.20) we
can find @ € A and v € E such that w = v - a. Note that

[D(bea) =b- Diea)l(v-a) = la-D(bes)](v) = la-b- Dlea)](v)
(by the definition of the action of A on E*)
= [D(abe,) — D(a)bey](v) — [D(abey) — D(ab)e,|(v)
(since D is a derivation)
= [D(ab)ea](v) = [D(a)bea](v)
= [D(ab)ea](v) = [D(a)](bea - v)

But D(ab)e, wk D(ab) and e, -v — v (since (e, )q is a bounded approximate identity for

20 and E' is a pseudo-unital module). Therefore,
[D(beq) = b- D(ea)](a-v) = [D(ab)](v) — [D(a)](b - v).

Define T': B — E* by b — wk*-lim[D(be,) — b - D(e,)]. We will show that this map

(0%
satisfies all the requirements of the theorem.
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Consider a € A. Then
T(a) = wk*lim[D(ae,) —a- D(ey)] (by definition)
= wk*- lic;n[a -D(eq) + D(a)-eq —a- Dley)] (since D is a derivation)
= wk*- li(;n[D(a) - ey
= D(a). "
Hence T'|y = D.

Next we show that 7' is continuous with respect to the strict topology on B and
the weak™ topology on E*. Let (b)), be a net which converges to some b € 9B in
the strict topology. Consider v € FE and suppose u = aj - v - as for aj,ay € 2,
and v € F (we can write u this way since E is pseudo-unital). Then from before
[T(b))](u) = [T(by)](ay - v - ag) = [D(agby)](a1v) — [D(a1)](braiv). But asby — agb and
ba; — ba; (by the definition of the strict topology), so it follows that
[T (b))](u) — [T(b)](u). Therefore, T'(by) — T'(b) in the weak* topology whenever by, — b
in the strict topology on ‘B.

Finally, we need to check that T is a derivation. Let by,by € 9. Since (e,)q is a
bounded approximate identity for 2, we have that be, — b in the strict topology for any

b € B. So we can write
T (b1by) :Wk*—limwk*-liénT((blea)(bgeg))

(by continuity of 7" with respect to the strict topology)
= wk*- li;n wk*- lién D((byeq)(b2eg))

(since 2 is an ideal of 9B, and T'|y = D)
= wk*- lim wk*- lién bieaD(baeg) + D(biey)boes

«

(since D is a derivation)
= 01T (by) + T(b1)bo
(by continuity with respect to the strict topology)

Therefore, T is a derivation. ]

In particular, if G is a locally compact group, we can apply the above theorem for
A =LY G), B = M(G), where M(G) is the set of all complex, regular Borel measures on
G. Moreover, the extension 7" mentioned in the theorem above is uniquely determined

by its values on {d, : g € G}, since such measures are weak*-dense in M (G).
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We are finally able to connect the definition of amenability from groups to Banach

algebras.

Theorem 2.26. [Johnson] Let G be a locally compact group. Then G is amenable if and
only if L*(G) is amenable.

Proof. Suppose G is amenable. Let F be a pseudo-unital Banach L'(G) bimodule. We
want to show that H'(L'(G), E*) = {0}. Suppose D is a derivation from L'(G) to E*;
as described by Theorem 2.25 above we can extend D to a derivation T" from M (G) to
£

Define an action of G on E* by g-¢ = [04-¢+T'(04)]-04-1. In order to conclude that this
does indeed define an action, the only thing which is not obvious is that g- (h-¢) = (gh)-¢
for all g,h € G and ¢ € E*.

(gh) - ¢ = 10gn - &+ T(0gn)] - digny
= [0gn - &+ 04T () +T(0g)0n] - S(gn)-1
(since T' is a derivation and gy, = 0, * 0p,)

=0g0p - @ Op-104-1 4 04T (0p) - 0p—104-1 + T'(J4) - 0g—1

=0y [0+ @ Op—1 +T(01) - Op—1] - dg=1 + T'(6y) - Iy

= [0y - (h-®) +T(5)] - Og-1

=g-(h-9)
Also, the action of G on E* defined above is affine, since for g € G and ¢, o € E* and
t € [0, 1] we have

tlg- o]+ (1 =t)[g- 2] =t[6y- b1+ T(g)] g1 + (1 —1)[0g - 2+ T(5,)] - Ig1
= 59 ’ [tqbl + (1 - t)@] ’ 69*1 + (t + (1 - t))T(5g) ' 59*1
=g [to1 + (1 —1)2]

Let K be the weak*-closed convex hull of {T'(dy) - 641 : g € G}. Then K is weak™
compact (since bounded in norm) and convex by definition. We want to use Day’s Fixed
Point Theorem, so we need g - ¢ € K for g € G and ¢ € K. To prove this, it is enough
to show that g - (T'(dp,) - dp-1) is in K for any g, h € G (the result for any ¢ € K follows
by continuity and linearity). We have

qg- (T((Sh) . 5h—1) = (Sg . T((Sh) . (Sh—l . 59—1 -+ T<59> . 5h—1 . 5g—1
= T(595h) . 5(gh)*1 — T(5g) . 5}1 . 5;1715971 + T(5g) . 5971
=T (04p) - O(gh)—1
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Hence g - (T'(0s) - 0p-1) = T(0gn) - O(gn)-1 € K.

We also need to check that (g, k) — g - k is separately continuous. Fix ¢y € K and
suppose (ga)a is a net converging to g € G. Then g, - Yo = [dg, - 1o + T(dg,)] - d(g.)1-
Since 6,4, — 0,4 in the strict topology on M(G) and T is continuous with respect to the
strict topology as shown in Theorem 2.25, we know that 7°(d,, ) Y T(d,). From the
comment made before Theorem 2.25 we also know that d,, -v — ¢, - v for every v € E,
whence it follows that §,, -t 5 6,-10. Let o = 8,, 0o+ 7T(0,,) and ¢ = &,-1ho+T(5,).
We have shown above that ¢, — ¢ in the weak™ topology; we still need to show that
Po * O(go)—1 L dg-1. Fix v € E. Then [¢q - 6(g,)-1](v) = ¢a(d(g,)-1 - v). We can write
1(@a(9(ga)-1 - ¥) = @1 - V)| < dalllldfga)-1 - v = g1 - vl + [[6aldg-1 - v) = G(5g-1 - V).

But d¢g,)-1 - v — 41 - v and (¢a)s is bounded, so this allows us to conclude that

G+ 0(ga)1 ks ¢ - 04-1. This concludes the proof of the fact that g, - 1o — g - 1.

Fix go € G and suppose (13)s is a net converging to ¢» € K in the weak™® topology.
Since the action of L'(G) on E is continuous in the norm topology, the definition of the
whk*

action of L*(G) on E* implies 0, - 3 — d, - 1. From this it follows immediately that
go - Vg wky go - 1, as desired.

Therefore, all the requirements of Day’s Fixed Point Theorem are satisfied. Hence
there exists a ¢g € K such that g-¢y = ¢¢ for all g € G. Using the definition of the action
we get that dg - ¢o + T'(0,)] - 0,-1 = ¢, hence T'(0,) = ¢o - 64 — g - ¢ for all g € G. Recall
that the set {J, : g € G} is weak™ dense in M (G) and T is continuous with respect to the
weak* topology on E*; it follows that T'(u) = ¢o - t — pu - ¢ for any p € M(G). Finally,
since D = T| LY(G)> it follows that D is inner. Therefore, all the continuous derivations

on L'(@) are inner, and hence L'(G) is amenable.

Conversely, suppose L'(G) is amenable. Define an L'(G)-bimodule action on L>(G)
by ¢ -a =¢*aand a-¢ = ([,0(g9)dg)a for § € L'(G) and o € L™(G). By the
Hahn-Banach theorem, we can find some ng € L*(G)* such that ng(1) = 1. Define
D: LY G) — L¥(G)" by ¢+ ¢ -ng —no - ¢.

Let E = L*>(G)/C1. Then E is a quotient module of L>(G). Moreover, note that
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for ¢ € L'(G) we have

[D(#)](1) = [¢-no](1) — [no - ¢](1)
=no(1-¢) —no(d-1)
= no(( [, ¢(g9) dg)1) — no(¢ * 1)

Since ¢ * 1 = [, ¢(g) dg, it follows that [D(a)](1) = 0, and hence D|¢; = 0. Therefore,
we can consider D as a derivation from L'(G) to E*. But since L'(G) is amenable,
every derivation into a dual group is inner; hence there exists an ry € E* such that
D(¢) = ¢-rog—10 - ¢ for every ¢ € L'(G). Comparing with the previous definition of D,
we get ¢-ng—ng-d = ¢-19—10-$ for any ¢ € L'(G). Hence ¢ - (ng—19) = (ng —10) - b,
which implies (ng — 79)(a - @) = (ng — 10)(¢ - @) for any a € L>(G) and ¢ € L'(G).

Let n = ng — ro. From the above observation n(a - ¢) = n(¢ - «) for any o € L*(G)
and ¢ € L'(G). In particular, this is true for ¢ € P(G). Since a - ¢ = ||p|1a = a and
¢ - a = px*x«a (by definition), it follows that n(p * a) = n(«a) for any ¢ € P(G) and
a € L*(G). Thus, by an argument similar to the proof for Theorem 2.9, we can show
that n is left invariant. Note however that n is not necessarily a mean (since it might

not be a positive functional).

Finally, we use the n obtained above to define a left invariant mean on L*(G). Since
L>*(G) is an abelian C*-algebra and Y« (g) is compact, the Gelfand transform is an
isometric *-isomorphism from L*°(G) to C(Xp=(¢)). It follows that any linear functional
on L*(G) can be identified with a measure on Yy« by the Riesz Representation
Theorem. Then |n| is a positive linear functional on L>(G), and since n is left invariant
so is |n|. Recall that a mean is a positive linear functional which evaluates to 1 at 1; so
all we need to do to obtain a mean from |n| is to scale it. Let m = (|n|(1))~*|n|. Then

m is a left invariant mean on L*°(G), and therefore G is amenable. O]



Chapter 3

Operator Algebras and Invariant

Subspaces

We are now ready to apply the concepts of the previous chapter to operator algebras.
Let 'H be a Hilbert space, and denote by B(H) the set of bounded linear operators on
H. Recall that B(H) equipped with the usual operator norm and the involution given by
the adjoint operation is a C*-algebra. We will most often be working with subalgebras of

B(H) which are not necessarily self-adjoint.

In this chapter we also discuss the invariant subspaces of an operator algebra. We
will find that it is useful to be able to describe the invariant subspaces of an algebra
made up of specific types of operators, as well as to recognize that from a description of
the set of invariant subspaces of an algebra we can occasionally draw conclusions about

the algebra itself.

Definition 3.1. For T' € B(H) we say that a subspace M C B(H) is an tnvariant
subspace if M is closed and TM C M.
For A C B(H) we define Lat2A = {M : M is an invariant subspace for all T € 2}.

Note that if we order the subspaces by inclusion and define M AN = M NN and
MVN = M+ N, then the above set does indeed form a lattice. Moreover, the lattice
is non-empty since {0} and H are invariant for any A C B(H).

A chain of subspaces in Lat 2l is complete if it is closed under arbitrary intersections

and closed linear spans. A complete chain C which contains {0} and H is called a nest.

33
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For every AV in a chain, we define the predecessor of N to be N =v{M eC: M C N}
If for every N' € C we have that N' = N_, then C is called a continuous nest. If
N # N_, then N © N_ is an atom of the chain. A chain is maximal in Lat 2( if it is not
contained in any other chain in Lat®2. A chain is maximal in the family of all chains if

and only if it is complete and all its atoms are one-dimensional ([18], Theorem 5.10).

We can make H into a module for 2 by defining 7" - v = T'(u) for all 7" € 2 and
u € H. It is then easy to see that the submodules of H are exactly the spaces in Lat 2.
A module M is cyclic (with cyclic vector v) if M = v, and it is irreducible if every
v € M is cyclic for M. Irreducible modules will prove to be particularly important when

we examine algebras of compact operators.

If M and N are two closed subspaces of H such that MNN = {0} and H = M +N
then we will write H = M & N (even though M and A might not be orthogonal). In
particular, if M € Lat 2 then we say that M is complemented if there exists a subspace
N € Lat 2 such that H = M @ N.

There is a connection between complemented modules and idempotents in B(H).
First recall that P € B(H) is an idempotent if P? = P. In general, in a Hilbert space the
term projection is reserved for self-adjoint idempotents. However, in keeping with Gifford
([8]), we will refer to idempotents as projections and we will use the term “orthogonal

projection” for self-adjoint idempotents.

If M and N are complementary subspaces then there is a projection P which has
range M and kernel NV, called the projection on M along N (see [17]).

On the other hand, suppose P is a projection onto a submodule M, and let N = ker P.
Then clearly H = M & N. Moreover, N is a submodule if and only if P € 2 (as we
shall prove below, following [2]).

First suppose that N is an invariant subspace of 2. Consider v € H. Then Pv € M
and (I — P)v € N (follows from the definition of the subspaces). Fix T € 2. Since the
subspaces are invariant we have that TPv € M and T(I — P)v € N. But note that
Tv = TPv+T(I — P)v. Since TPv is in the range of P we have PT'Pv = T Pv; and
T(I — P)v is in the kernel of P, so PT(I — P)v = 0. Hence, we can apply P to both sides
of the equality to obtain PTv = T'Pv. Since v € 'H was arbitrary, we conclue PT = TP,
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and hence P € A’ as desired.

On the other hand, if P € 2’ then for any v € N' we have Pu = 0 (by definition of
the subspace), and so for any T' € 2 we have PTu = TPu = 0, and hence T'u € ker P.
Therefore N' = ker P is invariant for 2.

Finally, note that there can be multiple projections onto a module M. If N is a com-
E| M

0| N
where E' = 0 if and only if the projection is along N. In particular, note that if M and

plementary module of M, the matrix of a projection onto M has the form

N are not orthogonal, the projection on M along N is not self-adjoint.

We have already observed that the projections we deal with might not be self-adjoint.
However, the lemma below tells us that, under certain conditions, we can find a sim-
ilarity transform which orthogonalizes all the projections in a given set. Even though
the conditions on the set of idempotents might seem restrictive, this turns out to be a

very useful result. If P, are two operators, we define the symmetric difference to be
PAQ =P+ Q —2PQ.

Lemma 3.2. Let P C B(H) be a uniformly bounded set of commuting idempotents,
closed under symmetric differences. Then there ezists a similarity S € B(H) such that
SPS™! is self-adjoint for all P € P. In particular, if |P|| < K for all P € P then S can
be chosen with ||S||||S7Y < (14 2K)?.

Proof. Let G = {I —2P : P € P}. We claim that G is a group under multiplica-
tion. Pick any P € P. Since P is closed under symmetric difference, we get that
0=P+P—2P>=PAP (since P is idempotent, P> = P) is in P, and hence I € G.
Also, since P is idempotent, (I —2P)* = I and hence I — 2P is invertible. Finally, for
any @) € P we have that (I —2P)(I —2Q) =1 —2(P + Q — 2PQ) € G since P is abelian
and closed under symmetric differences. Therefore GG is a group under multiplication.

Moreover, since we are given that the idempotents commute, G is in fact abelian.

Consider G with the discrete topology, and a representation of G onto B(H) given
by the identity map. Since any locally compact abelian group is amenable, we can use
Theorem 2.16 to find a similarity S such that S(I —2P)S™' = I —2SPS™! is uni-
tary for each P € P. Hence [[ —2SPS™'™! = [I — 2(SPS™")]*. On the other hand,
[[ —2SPS )2 =1—-4SPS™ ' +4SPS™'SPS™' =1, 50 [ —2SPS™ |71 =T-25PS~!
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as well. Therefore I — 2SPS~! is self-adjoint, whence it follows that SPS~! is also
self-adjoint. Moreover, since |[1 — 2P| < 1 + 2K for any P € P, we have that
ISIIS~H < (1 +2K)%. O

3.1 Types of Operators

In this section we discuss properties of compact, triangular and quasitriangular operators.
This will lay the foundation for the proofs presented in the next chapter, when we examine

the conditions required for specific types of operator algebras to be similar to C*-algebras.

Definition 3.3. An operator K is compact if Kbi(H) is compact (where by(H) is the
unit ball of H).

The set of compact operators is denoted by IC(H). It is a standard result that any
compact operator on a Hilbert space can be written as a limit of finite rank operators.

The set of compact operators is an ideal in B(H).

Every compact operator has a non-trivial invariant subspace. In fact, Lat T' contains
a maximal subspace chain (see [18], p. 89). It is, however, Lomonosov’s Lemma which
will prove to be key for the discussion of operator algebras contained in IC(H). In order
to avoid introducing too many new concepts we state a few theorems without proof and

concentrate on the parts of Lomonosov’s Lemma that we will need later.

Theorem 3.4. [[18], Corollary 2.15] Let A € B(H). If f is analytic on o(A) and the
bounded components of p(A) then Lat A C Lat f(A).

We define H™ to be the direct sum of n copies of H. To extend this to the countable

case use the [? direct sum; that is,

H(Oo) — 2@27—( g {(’2]1”(]27 .. ) . Ui 6 H aIld Z H'U’L”2 < OO}

ieN i=1
If T is an operator in B(H), then we can obtain a corresponding operator 7 in H™ by

applying T' to each component. Finally, if 2 is an algebra of operators, then we define
2AM™ to be the algebra {T™ : T € 2A}.

Theorem 3.5. [[18], Corollary 7.2] Let 2 be an algebra of operators containing the

identity. The weak operator closure of A is given by

{T € B(H) : Lat2A™ c LatT™ for all n € N}.
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Combining the two previous theorems; if K is a compact operator, and 2 is the algebra
generated by I and K, then whenever f is a function which is analytic on o(K) we have
that f(K) is in the weak closure of 2 (since for each n we have K™ is compact, so p(K™)
has no unbounded components; Theorem 3.4 gives us that Lat K™ C Lat f(K)™, and
Theorem 3.5 gives us that f(K) € aver

is to recall that f(K) € ! by the holomorphic functional calculus.

). An alternate way of establishing this result

Theorem 3.6. [[18], Theorem 8.12] Let A be an algebra such that I € A and
LatA = {{0}, H}. If A contains a finite rank operator, then A is weakly dense in B(H).

The above theorem and the comment preceding it are the tools we need to prove

Lomonosov’s Lemma.

Theorem 3.7. [Lomonosov’s Lemma/ Suppose an algebra A C B(H) contains the iden-
tity operator and satisfies Latd = {{0},H}. If A also contains a non-zero compact
operator, then A is weakly dense in B(H).

Proof. This proof is from [18], Lemma 8.22. Let K be a non-zero compact operator in
20. Suppose that we can show that there is an A € 2 such that 1 is an eigenvalue of AK.
Since AK is compact, 1 is an isolated point of the spectrum. By the Riesz Decomposition
Theorem, we can find a function f which is holomorphic on an open set containing the
spectrum such that P = f(AK) is a projection and o(AK|p,,) = {1}. But AK|,,, is
a compact operator, so since its spectrum does not contain 0 it must have finite rank.
Moreover, f(AK) is in the weak closure of 2 by the comment following Theorem 3.5.
Then by Theorem 3.6 we get that the weak closure of 2 must be all of B(H).

So all that is left is to construct an A € 2 such that AK has 1 as an eigenvalue, i.e.
AKwv, = vy for some v; € H. Suppose that ¢ is a continuous function on H given by
¢(v) = A, Ko for some A, € 2. If moreover there exists a compact, convex subset C of H
such that ¢(C) C C, then the Schauder Fixed Point Theorem gives us that ¢ has a fixed

point in C, and the desired result follows. So the goal is to define a suitable function ¢.

By scaling if necessary, we can assume without loss of generality that || K| = 1. Pick a
vo € H such that ||vg]| > 1 and || Kvg|| > 1. Let S be the closed ball of radius 1 centered at
vo. So KS is compact (since K is a compact operator). Moreover, for any v € S we have
IKv| — [[Kvo||| < [|[Kv—Kuvgl| < JJlv—wp| <1 (recall ||[K|| = 1), and so since || Kwvg|| > 1
we get ||Kv|| > 0; hence 0 ¢ KS. But then KS € H\{0} € U {u € H : ||Au—wo| < 1}.

Aet
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Note that the latter inclusion follows because Lat 24 = {{0}, H}, so for every u € H\ {0}
we have Qu = H, and in particular vy can be written as a limit of elements in .

Since any open cover of KS has a finite subcover, we can find Ay, As,... A, such that

K_SC U{U e H: HAZU_UOH < 1}
=1

Fori=1,...,n define o;(w) = max {0, 1 — ||A;w — vp||} for w € KS. Note from the
definition that 0 < a;(w) < 1. Moreover, for any w we have that w € A; for some j,
whence ||A;w —vp]] < 1s0 aj(w) # 0. Thus we can scale the a;’s such that they add up

to 1; define fi(w) = ay(w)/(3 ax(w)).

k=1

Finally, for u € S define ¥ (u) = Z Bi(Ku)A; Ku. Since the ;’s are defined to be

between 0 and 1 and to add up to 1, the range of v is contained in the convex hull of
A;KS. The range of 9 is also contained in S, since for a fixed vy € S and 1 < i < n,
if ||A;Kug — vol| > 1 then §;(Kug) = 0 (this follows from the definition of «;); hence

| Zn:lﬁi(KUo)AiKUo — ol < Zn:lﬁi(KUO) =1.

Note that |J A;KS is compact. By Mazur’s Theorem, the closed convex hull of
=1

U A;K S is likewise compact. Let C = SN (U A;KS). Then C is a compact, convex set

for which ¢(C) C C. As mentloned earher we can now use the Schauder Fixed Point
Theorem to get a v; € H such that Z Bi(Kv)A; Kvy = vy. Therefore, A = Z Bi(Kwvy)A;

is an operator in 2 for which AK U1 = vy, so AK has 1 as an elgenvalue From the
comment made at the beginning of the proof this allows us to conclude that the weak

closure of 2 contains a finite rank compact operator, and hence is all of B(H). O

Note in particular from the proof that if 2 satisfies the conditions of the above theo-
rem, then there exists a compact operator in 2 whose spectrum contains 1. This obser-

vation will be useful in Chapter 4, when we discuss algebras of compact operators.

For the rest of the section we discuss the relationship between compact operators,
triangular operators and quasitriangular operators, as well as methods of identifying

quasitriangular operators.

Definition 3.8. An operator T is triangular if there exists an increasing sequence
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of finite rank projections P, such that P, — I in the strong operator topology, and
|\P.TP, —TP,|| =0 for each n.

From the above definition it is obvious that, for each n, P,’H is an invariant subspace
of T'. The closure of the set of triangular operators is the set of quasitriangular operators,

as defined below.

Definition 3.9. An operator T is quasitriangular if there is an increasing sequence
of finite rank projections P, such that P, — I in the strong operator topology, and
|\P, TP, —TP,| — 0.

Compact operators are quasitriangular since any compact operator on a Hilbert space
can be written as a limit of finite rank operators. However, as we shall show below, it is

not the case that all compact operators are triangular.

The Volterra operator V' : L?(0,1) — C is defined by (V f)(z) = [; f(y)dy. Let

My ={feL*0,1): f=0ae. on[0,a]}. Then LatV = {M, :a € [0, 1]} (for a proof
of this, see [18], Theorem 4.14). It is known that V" is compact and hence quasitriangular,
but V' is not triangular. In fact, if we let 2y, be the unital Banach algebra generated by
V', there is no contractive homomorphism which maps V' to a triangular operator. The
proof of this fact, given below, is due to D. R. Farenick (from a private communication).
Before we can present the proof we need to define the numerical range of an operator

and present some of its properties.
The spatial numerical range of an operator 7' € B(H) is defined by
W(T) := {(Tvlv) : v € H,||v|]| = 1}.

The Toeplitz-Hausdorff Theorem tells us that the numerical range is a convex set (for
a proof of this theorem, see [19]). Halmos mentions in [10] that W (V') is the set lying
between the curves ¢ — =S8 4 jt=sin® g5 0 < ¢ < 27, A caleulation shows that

$2
0e oW (V).

Recall that if B is a C*-algebra then the set of states of B, denoted by S(*B), consists
of the positive linear functionals on B which have norm 1. An equivalent description of
S(B) which will be used later is that it consists of the linear functionals on %8 which have

norm 1 and evaluate to 1 at I. The algebraic numerical range of b € B is defined by
Wa(b) = {¥(b) : ¥ € S(B)}. The extreme points of S(B) are called pure states. If B
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is unital then S(B) is compact (in the weak* topology) as well as convex, so the Krein-
Milman theorem gives us that S(8) is the closed convex hull of the pure states. Suppose
additionally that 8 C B(H). Then another subset of S(B) which is of interest is the set
of vector states of B, given by {¢, : B — C: ¢,(T) = (Tw|v),v € H and |jv|| = 1}. If
B C B(H) contains the identity operator then the pure states are contained in the weak™*

closure of the set of vector states ([3], Theorem 12). It follows that W (T') = W,(T).

Suppose T' € B(H) is an operator and p is a contractive homomorphism from Az
to B(H). Then W,(p(T)) = {¥Y(p(T)) : ¥(I) = 1,||¥|| = 1}. Note that for each
U € S(B(H)) we have that ¥ o p is a linear functional on Ay and (¥ o p)(I) = 1;
moreover, since p is contractive we also have ||W o p|| = 1. By the Hahn-Banach Theo-
rem Vo p can be extended to a linear functional ®y on B(H) with ||®y|| = 1. Hence
{(Wop)(T):¥(I)=1,||V|| =1} C{P(T) : (1) =1, ||®|| = 1} = W,(T) Thus we have
shown that W,(p(T)) C W,(T), which from the comments in the previous paragraph
implies W(p(T')) € W(T).

We now apply this information to 2ly-, the unital norm-closed algebra generated by
the Volterra operator V. Suppose by contradiction that a contractive homomorphism
p: Ay — B(H) such that p(V') is triangular did exist. Let {ux} be an orthonormal basis
of H for which p(V) is triangular, say p(V') = [t;;], where t;; = 0 for i < j. Now V is
quasinilpotent, so o(V) = {0}. Since o(p(V)) C o(V) (p is a homomorphism), we get
that t; = 0 for each i. However, p(V') is not the zero operator, so there exist indices
r < s such that t,s # 0. Denote by R the compression of p(V') to the subspace spanned
by w, and us. Then R = irr im = 8 grs , where t,; # 0. Note that 0 is an
interior point of W(R). Since R is a restriction of p(V'), we have W(R) C W (p(V')). But
W(p(V)) Cc W(p(V)) C W(V) (shown a few paragraphs earlier), contradicting the fact

that 0 € oW (V).

Theorem 3.10. Let A be a quasitriangular operator and € > 0. Then we can find T
triangular and K compact such that A=T + K and | K|| <.

Proof. Since A is quasitriangular we can find an increasing sequence of finite rank projec-
tions { £, }n>1 such that AE,H C E,,1H (since AE, is a finite rank operator), E, — I
strongly and ||AE, — E,AE,|| < - (the existence of such E, follows from the definition

of quasitriangularity).
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Let H; = (F; — E;_1)H for ¢ > 2 and ‘H; = E1H. Then with respect to the decompo-
sition HS = @Hz we get A= [AZJ] where Aij . Hz — Hj and Aij =0 for i Z j + 2.

Let A, = Y AE; — E;AE; (note that the sum converges for each n because of the

norm condition above). Clearly ||A,|| — 0 as n — oo; let K = Ay, where N is chosen
such that |K|| < e. We will show that K is compact and A — K is triangular.

Write K = [Kj;] with respect to the above decomposition of H. The definition of K
gives us that K;1,; = A;11, fori > N and K;; = 0 otherwise. Let K, = ) AE,—E;AFE;
=N

j_
for s > N. Since £} is a finite rank projection for each j, it is clear that K is a finite

rank operator. Moreover ||K — K,|| = |Ks1|| = || Y. AE;—E,AE;|| < > 1/i?, which
i=s+1 i=s+1
can be made as small as we want by choosing s large enough. Hence K, — K; so K is

a limit of finite rank operators, and as such it is compact. Moreover, for each m > N
we have (I — E,;,))(A— K)E,, = 0, so {E,,}m>n s a sequence of increasing finite rank
projections which can be used to show that (A — K) satisfies the definition of a triangular
operator. Therefore A = K + (A — K), where A — K is triangular and K is a compact
operator with || K| < e. O

Definition 3.11. An operator T is biquasitriangular if T and T* are both quasitri-

angular.

Since the set of compact operators is self-adjoint and compact operators are quasitri-
angular, it follows that compact operators are biquasitriangular. There is a very useful
theorem of Apostol, Foias and Voiculescu which enables us to identify quasitriangular
operators. Since the proof is quite involved, it is not included here; it can be found in

[1]. First, however, we need the following definition.

Definition 3.12. For an operator T € B(H) we say that T' is semi-Fredholm if ranT
15 closed and at least one of nulT = dimker T" and nulT* = dim ker T is finite.

For T semi-Fredholm we define the Fredholm index of T to be ind(T) = nulT — nul T*
(with the convention that ind(T) = oo if nulT = oo, and ind(T) = —oo if nulT* = o0).
Finally, for any operator T" we define psp(T) = {A € C: T — X\ is semi-Fredholm}.

Theorem 3.13. Consider T € B(H). Then T is quasitriangular if and only if
ind(T — X)) >0 for all A € psp(T).
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In particular, the above theorem allows us to conclude that T is biquasitriangular if
and only if ind (7" — AI) = 0 for all A € p,p(T"). Normal operators are biquasitriangular
because ker(N — M) = ker(N — AI)* for each A € C, and hence ind(N — A[) = 0
whenever A € p,r(N). Suppose T is an operator similar to N, say T = S™!NS. Then
(T—X) =S Y (N—=AI)S for any A € C and u — S~ 'u is a bijection between ker(N — )
and ker(T'—AI). Sonul(T'—\I) = nul(N—A\I), and similarly nul(7—\I)* = nul(N—AI)*.
Thus ind(7 — M) = ind(N — AI) = 0 for any A, and hence T is itself biquasitriangular.
In fact, it can be shown that the set of biquasitriangular operators is the closure of the

set of operators similar to a normal operator (see [11]).

3.2 Reductive Algebras

In this section we discuss the properties of an algebra 2 which follow as a result of certain

properties of the lattice of invariant subspace of 2.

Definition 3.14. Consider a Banach algebra A and a Hilbert space H which is a Banach
module for A. We say that H has the reduction property if for every closed submodule
YV C 'H there is another closed submodule W C H with H =YV & W. If A C B(H) with
the standard module action on 'H, we refer to A as a reduction algebra.

A is a complete reduction algebra if the module H*) has the reduction property. In
this case we also say that H has the complete reduction property.

2 is a total reduction algebra if every Hilbert space which is an A-module has the

reduction property.

Consider 2 a total reduction algebra and a Hilbert space H which is an 2-module.
Recall the definition of (> from the previous section (before Theorem 3.5). Then H ()
is an A-module (we can apply the action of 2 to each component), so from the definition
of a total reduction algebra it follows that (> has the reduction property. Therefore,
2 is a complete reduction algebra. However, as we will see later, there are complete

reduction algebras which are not total reduction algebras.

The next theorem restates the definition of a total reduction algebra as a cohomology
property. This will allow us to relate total reductivity to the concept of amenability, as

defined in the previous chapter.
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Theorem 3.15. An operator algebra A has the total reduction property if and only if
HY (A, B(H)) = 0 for every representation 6 : A — B(H).

Proof. Suppose 2 has the total reduction property, and 6 : A — B(H) is a representation.
Let D : 2 — B(H) be a derivation; we want to show that D is inner. In order to
use the total reduction property we have to find a representation of 2 that has an
O(a) D(a)
0 0(a)
representation of A on B(H & H), and H @ 0 is a submodule of H & H. Since 2 has
the total reduction property, it follows that H @ 0 has a complementary module, say V.
Since V+ (H® 0) = H & H for each w € H there must exist at least one u € H for
which v @ w € V. But also VN (H & 0) = {0}, so such a u must be unique (if u; G v
and uy @ v are both in V| then so is (ug — u1) ® 0). Therefore, for each v € H there
is a unique w, € H such that u, ®v € V. Define T': H — H by T(v) = u,. Then
V={Tvev:v e H}. From the fact that V is a subspace it follows that 7" must be

linear; and, since V' is closed, T is continuous by the Closed Graph Theorem.

invariant subspace. Define ¢ : A — B(H & H) by a +— [ ; then ¢ is a

Thus V = {Tu @ u : u € H} where T is a continuous operator. But V' is invariant

0 D T T
for ¢(a), so for any u € H there is a v € H such that (a) D(a) = ! ,
0(a) u v
0(a)T D T
which implies (a) :(i (a)u = v By equating matrix entries, v = 6(a)u;
a)u v

so D(a)u = (T0(a) — 0(a)T)(u) for all u € H, i.e. D(a) =T0(a) — 0(a)T. Therefore D

is inner, as desired.

Conversely, suppose 6 : A — B(H) is a representation of 2. Consider U a submodule

of H. We want to use the fact that every derivation from 2 to B(H) is inner to find a
complementary submodule V' of U. This is accomplished by reversing the steps from the
A A

22

previous paragraph. For each a € 2 the matrix 6(a) has the form with

respect to the decomposition H = U @ U+ (since U is an invariant subspace). Then

A A
Taes H ?4 is a representation of 2. Define D by D(a) = 8 2 1. Note
22
that
0 ApB AuB
Dab) = | " 1 AREe ) D®) + D(a)r(b).
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Therefore D is a derivation with respect to m. But then by hypothesis D is inner, so
there exists a T' € B(H) such that D(a) = 7(a) - T — T - w(a). Equating the entries in
the matrices we get Ao = A1 T1o — T12 A, for all a € 2.

Let V={-Tv®v:veUt+}. Then

Ay AnTig — TipAg
0 Az

—Tv

v

—TAQQU
A22U

so V' is an invariant subspace. Moreover, it is clear that U NV = {0} and U +V = H.
Hence V is a closed submodule which complements U. Therefore 2l has the total reduction

property. O]

In particular, this result allows us to relate the total reduction property to amenability.
Suppose 6 : A — B(H) is a representation. The action of 2 on B(H) is given by
a-T=0(a)T and T -a = TH(a) for each a € A and T" € B(H). In order to relate this
to amenability, we need to identify B(H) as a dual space, and show that the dual action
of A on B(H) is identical to the one just described. Below we introduce the space Ci,
which is the predual of B(H).

For K a compact operator, denote the eigenvalues of |K| = (KK*)'/2 by {s,}nen;
we know that s, — 0. For 1 < p < oo the Schatten p-class of operators, denoted by
Cp, is defined to consist of those compact operators for which {s,}n,eny € . We are
particularly interested in the situations when p = oo, since Cy, is clearly the set of all

compact operators, and when p = 1. For K € (4, let {¢,} be an orthonormal basis of
o0

H and define tr(K) = > (K¢u|on). It can be shown that this sum converges and is
n=1
independent of the choice of basis ([6]). Since we can define a trace function as described

above, the operators in C are called the trace class operators. It is known that C; is a
two-sided ideal in B(H). Also, for A € B(H) and K € C} we have that tr(AK) = tr(KA).

The following two theorems give us the relationship between the trace class operators
and K(H) and B(H) respectively. The proofs can be found in [6].

Theorem 3.16. For T, € C) define the linear functional ¢r, : K(H) — C by
o1,(K) = tr(ToK). Then T — ¢7 is an isometric isomorphism from Cy to K(H)".

Theorem 3.17. For Sy € B(H) we can define the map ¢g, : C; — C given by
05, (K) =tr(SoK). Then S +— ¢g is an isometric isomorphism from C} to B(H).
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So B(H) is a dual module, and there is a weak™ topology on B(H) (in some of the
literature this topology is also called the ultraweak topology, and it should be noted that
it coincides with the o-weak topology). If 6 is a representation of 20 on B(H) then, as
explained earlier, the action of 20 on (' is given by a-C' = 0(a)C and C - a = CH(a). So
for So € B(H) and K € C we have

la- ¢s,](K) = ¢g,(K -a)  (the definition of the dual action)
= ¢s,(K0(a))
= tr(SoK0(a))
=tr(K0(a)Sy) (properties of trace)
= Po(a)s, (K)

Therefore, a - ¢s, = ¢g)s,- Similarly we can show that ¢g, - a = ¢gypa). So we may
identify B(H) with C} and under this identification a - Sy = 6(a)Sy and Sy - a = Spf(a)
for a € A and Sy € B(H). Therefore, the dual action of 2 on B(H) is identical to the
module action of A on B(H).

If, moreover, 2 is amenable, then H! (2, E*) = {0} for every Banach 2-bimodule F;
so, in particular, since B(H) is a dual 2-bimodule, H*(2, B(H)) = {0}. Hence it follows
that if 2 is amenable, then 2 has the total reduction property. The converse is not in
general true. An example of a Banach algebra that has the total reduction property but
is not amenable is B(H) for H an infinite dimensional, separable Hilbert space. See [§],
Corollary 2.4.7 and the comment following for an explanation of why this is true (the

proof relies on several results not covered here).

The cohomology definition of total reduction algebra also allows us to easily show the

following.

Theorem 3.18. Let A be a Banach algebra with the total reduction property. Suppose
B is a Banach algebra and ¢ : A — B is a continuous homomorphism such that () is

dense in B. Then B has the total reduction property.

Proof. This proof is identical to the one for Theorem 2.19, except that instead of consid-
ering derivations to an arbitrary dual space we consider derivations to the set of bounded

operators on a Hilbert space. ]

Note however that we cannot replace the total reduction property by the complete

reduction property in the above theorem. For example, suppose 2 C B(H) has the com-
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plete reduction property but not the total reduction property. Then by definition there
exists a Hilbert space £ and a representation 6 : 2 — B(L) such that £ does not have
the reduction property. It follows that £ does not have the complete reduction property;

hence, even though 2 is a complete reduction algebra, §(2() C B(L) is not. Therefore,

the complete reduction property is not in general preserved by homomorphisms.

Theorem 3.19. Let A be an operator algebra, and H a Hilbertian A-module with the
complete reduction property. Then there exists K > 1 such that for any submodule V C 'H
there is a module projection P: H — V with |P|| < K.

Proof. We will prove the result by contradiction. Suppose that no such K exists. Then
for each © € N we can find a submodule V; such that any projection from H to V; has

norm greater than 7.

Consider U = Y%V, as a submodule of H(>). Since 2 has the complete reduction
property there exists a module W such that H(>) = U @ W. Hence there is a module
projection P onto U. For each ¢ € N we define a projection P; onto V; as follows: identify
H with the i** copy of it in H(), apply P, and get the i** coordinate from the result.
Since P is a projection and the i*" module in the direct sum for U is V;, we obtain a
projection of H onto V;. Moreover, it is clear that ||F;|| < ||P|. But by the way V; was
chosen at the beginning of the proof, we also have ||P;|| > i for each ¢, which leads to
a contradiction. Therefore, we can find a K such that for every module V there is a
projection P onto V' such that ||V|| < K. O

The minimum K which satisfies the above Theorem is called the projection con-
stant of 2.

Lemma 3.20. Let A C B(H) be a complete reduction algebra with projection constant
K, and let P be the set of central projections of A"”. Then P is bounded by K. Also,

there exists a similarity S of H which makes all the central projections self-adjoint.

Proof. Consider any P € P. Then, since P commutes with any A € A, PH is a
submodule of H. Hence by Theorem 3.19 we can find a module projection ) onto PH
with ||Q|| < K. But then, using the fact that P and @ are idempotents it follows that
PQ = Q and QP = P (since P and ) have the same range, PH). Thus, since P and @
commute, we get P = ). Therefore ||P|| < K, as desired.
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P is a set of commuting idempotents which is uniformly bounded by K and closed
under symetric difference (it is easy to check that if P,Q € P, then so is P+ @Q — 2PQ).
Hence by Lemma 3.2 we know that we can find a matrix S such that SPS™1 is self-adjoint
for all P € P and ||S||||S7!|| < (1+2K)?. This proves the second part of the Lemma. [

Definition 3.21. Suppose VW are submodules of H under the action of A. Then ¢ is
a module map if ¢ : V — W is a linear map which satisfies ¢(a-v) = a - ¢(v).

If¢:V — W is a non-zero module map, we say that ¢ intertwines V and W. It is of

course possible that no such non-zero module map exists. As a simple example, consider

b
the algebra 2 = {[g ] :a,b,cE(C} acting on C?. Let M = { g] :uG(C}.
c

Then M is a submodule of C2, and the identity map from M to C? is a module map.

However, we shall show that there is no non-zero module map from C? to M. If such
a module map did exist, it would have to be a bounded operator on C? whose range is
contained in M and which commutes with all the operators in A. But A" = {\ : A € C},
so there is no non-zero operator in the commutant of 2 which has range contained in M.

Therefore, there is no non-zero module map from C? to M.

In particular, the above example shows that it is possible to have two modules V' and
W such that there exists a nonzero module map from V to W but no such map exists
from W to V. However, we shall show below that this can no longer occur if 2 is a

complete reduction algebra.

Theorem 3.22. Let A C B(H) be a complete reduction algebra. Suppose V,W are
submodules of H such that ¢ : V. — W 1is a non-zero module map. Then there exists a

non-zero module map ¢ : W — V.

Proof. If V.NW # {0} or V + W is not closed, we can consider the action of 2 on
H & H, embed V into H & 0 and embed W into 0 & H. Then H ¢ H has the complete
reduction property, and there is a correspondence between the nonzero module maps
from V' to W and those from V &0 to 0@ W (and similarly for module maps from W to
V). Hence we have found an equivalent question, but (V @& 0) + (0 @ W) is closed and
(Veo)n(0e W) =1{0}.

Therefore, we can assume without loss of generality that VN W = {0} and V + W is
closed. So V 4+ W is a submodule of ‘H, and as such has the complete reduction property.
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By restricting the representation of 2 to V. + W we can assume H =V @& W. Thus any

A B |V
module map on H has the form c bl w where A is a module map from V to V,

B is a module map from W to V, C' is a module map from V to W, and D is a module
map from W to W. Assume that there is no non-zero module map from W to V. Then

we must have that B = 0 in the above representation.

By assumption, a module map from V to W exists, so suppose 7T is such a map.

I 0
For each A € RT let M) = {u® A\Tu : u € V}; note that, since \T o € A is an

idempotent, M, is a submodule of V& W. We know that a module projection onto M),
exists; let us figure out what this projection would look like. By the above discussion

A0 | A0 U B U
YA

it must have the form . Since , it follows

D C D ATu
that A = I. Finally, if we look at the kernel of this projection it is 0 & U for some

U C W. Since however V& W = M, @ (0 ® U), the only possibility is U = W. Hence
the unique module projection onto M) is the projection along W, which has the matrix
I 0

AT 0|

form

If we let K be the projection constant of 2, Theorem 3.19 tells us that for each
submodule of H there is a module projection with norm at most K. Hence we must
I 0 I 0
[ AT 0 ] AT
have obtained a contradiction. Therefore, a non-zero module map from W to V must

have < K for all A € RT. But — 00 as A — 00, SO we

exist. ]

If A has the total reduction property instead of just the complete reduction the result
of Theorem 3.19 can be strengthened so that the projection constant for a particular

representation does not depend on the representation itself, only on its norm.

Theorem 3.23. Let A be an operator algebra with the total reduction property. There
is an increasing function K : RT — Rt such that if 6 : A — B(H) is a representation
of A and V C 'H is a submodule then there is a module projection p : H — V such that
Ipll < K(ll0]])-

Proof. Suppose that for any C' € Rt we can find Ko such that whenever 6 is a repre-
sentation with ||f|| < C. Then the projection constant of #(2) is at most Kc. Then
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the function K(C) = sup {projection constant of §(2A)} is well-defined and satisfies the
joi<c
requirements. So to prove this theorem by contradiction, we assume that there is some

C for which no such K exists.

Hence, for each i € N we can find a representation 6; such that ||0;|| < C, and for each
0; we can find a module V; such that all projections onto V; have norm greater than 1.
We define a representation 6 of 2l to B(®H;) by applying 6; to the i* coordinate. Then
10|l < C' (since ||6;]] < C for each 7).

Let V = @V;. We are given that 2 has the total reduction property; hence 0(2l)
has the complete reduction property. This means that there exists a module projection
P onto V. As in the proof for Theorem 3.19 we can restrict P to its i*" coordinate to
obtain a projection P; onto the module V;. But then ||P;|| < ||P]| for all 4, and since
each V; was chosen such that any projection onto it has norm greater than ¢ we obtain a

contradiction. Therefore, we can construct the desired increasing function K. [

We now briefly discuss C*-algebras with the total reduction property. Namely, for
every representation similar to a *-representation we can show that the similarity matrix

has certain restrictions on its norm, as given below.

Theorem 3.24. Let A be a C*-algebra with the total reduction property, and let

*

0:A — B(H) be a representation which is similar to a *-representation. If K 1is the

projection constant function of Theorem 3.23, then there is a similarity S such that
S0S~1 is a *-representation and ||S||||ST|| < 128K (||6]])?.

Proof. Suppose ¢ : 2 — B(G) is a *-representation. If S is a similarity such that
1 = S6S7!, then for u € H we have S(a-u) = S0(a)u = S0(a)S~'Su = 1(a)Su = a-(Su),
so S is a module isomorphism from H to G. Conversely, if S is a module isomorphism
from H to G then 0 = S~1S.

Let o = inf{||S||[|S7!|| : SOS~!is a *-representation}. By assumption a < oo.
Scaling S if necessary, we can find a contractive module isomorphism S : H — G such
that SOS~! : 2 — B(G) is a *-representation and ||S™!|| < 2a.

Consider the representation 6 @ (S0S™!) : B(H) ® B(G). Then |0 & (S0S~1)|| = ||0||
(since SOS™! is a *-homomorphism, and as such it is contractive). Since 2 has the total

reduction property, by definition 'H & G has the reduction property. By Theorem 3.23,
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there exists a constant M < K (]|f]|) such that for any submodule of H & G there exists

a projection with norm at most M onto that submodule.

Fix p € R. Then M = {v & pSv : v € H} is a submodule of H & G, so there exists

P P
a projection P onto M such that ||P|| < M. Suppose P = Pl P2 with respect
3 by
0
to H @ G, where each P; is a module map; from the calculations for P e M,
u
v v v
P € M and P = [ ] we get that P; = puSP,, P, = pSP, and
wSv wSv
I+ uRS —R
P, = I — uP,S respectively. Hence P has the form T , where

uS(I + puRS) —uSR
R = —P, from above. Since ||P|| < M, we must also have |uS(I + pRS)|| < M and
| = Rl < M.

Define T : H — G® G by Tu = 1Su @ 5 (uS(I + pRS)u). Then from the
bounds on the two operators making up 7' it follows that |7 < 1/v/2. Since S
is bounded below, T is also bounded below; so T is a contractive module isomor-
phism onto some closed submodule of G @& G. Hence, by the definition of «, we have
IT|IIT~|| > «. Suppose that for any u € H such that |lul| =1 we had ||Tul| > 2o~
Then 1= ||ul| = |T(T )| > 2a7||T u|, so since this is true for any u € H with
|ul[ =1 we get |T7' < /2. Combining this with |7 < 1/v2 we get
ITIIT~Y| < a/(2v/2) < a. This contradiction shows that there is some uy € H such
that |Jug|| = 1 and ||Tuo|| < 227

On the other hand || Tug|| > 557 |65 (uo + pRSuo)|| = 557405 ||| uoll — pl| RSuol|| (note
that here we are using the fact that |S7!| < 2a, and so [|Sug| > 5 |luol). Hence
|Tuol| > g7z |1 — pl|RSug|||. Note that if ||Sugl| < ﬁ then since ||R|| < M we get

|| RSuol| < 5 and [|Tug|| > gf=. Combining this with [|[Tuo|| < 2 we get 2 >

which implies y < 16M. Hence if i > 16M we have [[Suol| > 557

Suppose u = 16M + € for some ¢ > 0. Then from the above comment we know
|| Suo|| > 2]\1@ = 2M(161$M+5)‘ But also | Sugl| < 2||Tuo|| < 2 (where the first inequality fol-
1 4

SM(I6MFe)

lows from the definition of 7', and the second from the choice of ug). Thus =
which implies o < 8M (16M + €). Since € > 0 is arbitrary, by letting it go to 0 we get
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a < 128M?. Therefore inf{||S]|||S™!|| : SOS'is a *-representation} < 128K (]|0]|)?, giv-

ing us the desired result. ]
The above theorem is crucial in proving the following:

Theorem 3.25. [[8], Corollary 2.4.5] Let 2 be a C*-algebra. Then A has the total

reduction property if and only if every representation is similar to a *-representation.






Chapter 4

Operator Algebras Similar to
C*-algebras

It has been conjectured that an operator algebra is similar to a C*-algebra if and only if
it has the total reduction property. The results we have so far (for algebras of compact
or triangular operators) seem to support this idea, but a definite answer has not been
established.

4.1 Algebras of Compact Operators

In this section we consider A C K(H). The additional properties of such an algebra
will in fact allow us to describe the structure of 2l when it has the complete reduction
property. If 2 is such that 2(” has no proper central projections, then 2l is similar to
KW)™ for some V (Theorem 4.9); otherwise 2 is a direct sum of such algebras (Theorem
4.12). The main result of this section is that an algebra of compact operators is similar

to a C*-algebra if and only if it has the complete reduction property.
In order to prove this result we will need the following two theorems:

Theorem 4.1. [Ringrose] Let K be a compact operator and C be any mazimal nest in
Lat K. Then the spectrum of K consists of {0} and the entries of K at the atoms of C.

In particular, if Lat K contains a continuous nest, then it contains a maximal nest
with no atoms. Hence, by the above theorem, o(K) = {0}, and K is quasinilpotent. A
proof for the following theorem can be found in [8] (see Theorem 4.3.3).

23
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Theorem 4.2. [Shul’'man] Let A C IC(H) be an operator algebra such that Latd contains
a continuous nest. If T = > a;b; for some n € N, a; € A and b; € A, then T is
i=1

quasinilpotent.

Lemma 4.3. Let A C KC(H) be a nondegenerate complete reduction algebra such that A"

has no proper central projections. Then Latl contains a non-zero irreducible submodule.

Proof. We will prove the contrapositive. Suppose Lat 2 does not contain any irreducible
submodules. Then we can use Zorn’s Lemma to show that Lat 2l contains a continuous
nest. Denote by 2 - A’ the algebra generated by products of operators in 2 and 2. The
above theorems of Ringrose and Shul’'man (4.1 and 4.2) give us that the operators in

2A -2 (and in particular in 2 C A - ') are quasinilpotent.

Since K(H) is a closed ideal of B(H), 2 -’ is made up of compact quasinilpotent
operators. Suppose Lat 2 - 2" = {{0}, H}; then by the comment following Lomonosov’s
Lemma (Theorem 3.7) we know that there is an operator in 2 - 21" whose spectrum
contains {1}, contradicting the fact that all the operators in 2 - A’ are quasinilpotent.

Thus 24 - 2" has a non-trivial invariant subspace, say M.

First we show that Lat [ -’ = Lat A N Lat 2. Clearly, Lat A N Lat 2’ C Lat 2l - 2.
To prove the converse, consider U € Lat2l - 2. Since I € ' it follows that U is
invariant for any element of 2. Since 2 is a complete reduction algebra there exists a
V € Lat A such that H =4 @ V. But then H = A(H) = AU V) C AU © AV. Since
U is invariant for A we have that AU C U and hence it follows that & = . Hence
AU = AAU. From (A - AU C U we get that AAU C U, and hence U € Lat A’
Therefore, Lat A - A" = Lat A N Lat .

Hence M € Lat® - 2 implies that M € Lat2 and M € Lat2’. Now 2 is a
complete reduction algebra, so there exists a N € Lat 2 which complements M. Suppose

I B
= N is a projection onto A, where B : M — N is a module map.
0 0 M
. . . B
In particular, since B is a module map, 0 0 € A'. However, M € Lat®’; so
0 B 0 B

{OO m

is contained in N. Since M NN = {0}, we must have B = 0. It follows that M is the

] tm e M} C M. On the other hand, the range of 8 o |~ ranB
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unique complementary module to N, and the only module map from M to N is 0. By
Theorem 3.22, 0 is the only module map from N to M as well.

A0
Thus the elements of 2’ have the form [ 0 D ] (where A: N - Nand D : M — M

I 0
are module maps). Clearly [ 0ol the projection onto N along M, commutes with

all such matrices, and hence is a proper central projection in 2A”.

Therefore, if 21" contains no proper central projections, then Lat2l must contain a

non-zero irreducible submodule. O]

Lemma 4.4. Let A C IC(H) be a nondegenerate complete reduction algebra, and suppose
that V, W € Latl. If V s iwrreducible and T : V — W is a non-zero module map, then

the range of T' is closed and T is an isomorphism onto its range.

Proof. TV is a submodule of W, so T : V — TV is a non-zero module map. By The-
orem 3.22 there is a module map S : TV — V (since 2 is a complete reduction alge-
bra). Note that ST € B(V). Moreover, since both S and 7" are module maps we have
ST(a-v)=a-ST(v) for a € A and v € V. Hence ST € A,

However, since V is irreducible, Lat |, = {{0},V}. Moreover, 2|,, consists of
compact operators; so by Lomonosov’s Lemma l|,, is weakly dense in B(V). It follows
that Ql|/v = CI. Combining this with the result from the previous paragraph we get that
ST = al for some o € C. Therefore, we can conclude that the range of T" is closed and

T is an isomorphism onto its range. O]

Lemma 4.5. Suppose that A C IC(H) is a nondegenerate complete reduction algebra.
Let V € Lat®2l be irreducible and W € Lat2l be arbitrary. There is a non-zero module
map T : W — V if and only if W contains a submodule isomorphic to V.

Proof. Suppose that there exists a non-zero module map 7" : W — V. Then there is a
module map S : V — W by Theorem 3.22, and by the previous theorem SV is closed

and S is an isomorphism onto SV. Hence SV is a submodule of W isomorphic to V.

Conversely, suppose U C W is a submodule isomorphic to V. Let T : U/ — V be the
isomorphism. Let P : W — U be the module projection onto &. Then TP is a module
map from W to V. O
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Lemma 4.6. Let A C K(H) be a nondegenerate complete reduction algebra. If
V,W € Latl and V is irreducible, then ¥V + W is closed.

Proof. Since V is an irreducible module we must have either VNW = {0} or VNW = V.
In the second case, V C W, so V+ W = W is closed.

Hence, we may suppose that VN W = {0}. Now 2l is a complete reduction algebra,
so W has a complement f € Lat®l. Let P be the module projection of ‘H onto U with
kernel W. Then P|,, is a module map from V to U, so since V is irreducible it follows
that P|,, is invertible by Theorem 4.4.

If V+ W is not closed, then sup (a|b) =1 (see [21], theorem 2.1). Hence, we can
acV,bew
llall=llbll=1

find v € V and w € W such that [|v|| = 1 and |Jv + w| = ((v +w|v +w))"/? is as small
as we want; say ||v +wl|| < (|(P,)[|P])~". But then we have

loll = I(Ply,)~" P
= I(P],)""P(v + w)| (since w € W, so Pw = 0)
< (PR THHIPI + w]]
<1 (by choice of v and w).
This contradicts the fact that ||v|| was chosen such that ||v|| = 1; thus no such v and w
exist, and so V + W must be closed. O

Lemma 4.7. Let A C K(H) be a nondegenerate complete reduction algebra and suppose
that V € Latl is irreducible. Then 2 contains a projection which restricts to a non-zero
projection on V.

Proof. Consider |, as a (not necessarily closed) subalgebra of B(V). Since V is irre-
ducible, we must have Lat 2|, = {{0},V}. The proof to Lomonosov’s Lemma (Theo-
rem 3.7) tells us that we can find a compact operator K € 2 such that K], is a compact
operator which has 1 as an eigenvalue. Since 1 is an isolated point of the spectrum of K
we can use the Riesz functional calculus to find a projection £ such that o(K|g,,) = {1}

Hence E satisfies the requirements of the lemma. [

Lemma 4.8. Let 2 C K(H) be an operator algebra with the complete reduction property
and suppose that V € Latl is an irreducible submodule. Let F be a family of submodules

of H where each submodule is module isomorphic to V. Let M = Span |J U. Then M
UEF
is the direct sum of finitely many submodules isomorphic to V.
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Proof. Construct a sequence V; of submodules isomorphic to V as follows: assume we
have a sequence {V1, ...V, } for n > 1 (the first module picked, V;, can be any module in
F). If M # @;_, Vi, then we can find V,41 in F such that V, 41 € @, Vi. In fact, since
all the V;’s are irreducible, we must have V, .1 N'V; = {0} for each 1 <1i < n. Moreover,
Vi+Vo+ ...+ Vyy1 is closed by Theorem 4.6. Thus @1 Vit Vg = 69?431 V.

In this manner we construct a sequence of modules {V;};en C F such that
VidoV,@...C M. By Theorem 4.7 we can find P € 2 a projection such that P|,,
is non-zero. But then since each V; in the above list is module isomorphic to V, it follows
that P |V¢ is also non-zero. Since 2 is an algebra of compact operators, P is compact; in
particular, since P is a projection, it must have finite rank; hence our list of submodules
V; can contain only finitely many elements. It follows that there is some N such that
M =Y V. O
Theorem 4.9. Let A C K(H) be a complete reduction algebra, and suppose A" contains

no proper central idempotents. Then there exists an irreducible submodule V € Lat®d,
and 2 is similar to K(V)™ for some n € N.

Proof. By Theorem 4.3, since 2" does not contain any proper central idempotents, we
know that H contains an irreducible submodule V. Let F = {M : M is isomorphic to Vi
Lemma 4.8 tells us that the closed span of all modules in F can be written as W := @ Vi

=1
for some n and modules V; isomorphic to V. Since 2 is a complete reduction algebra we

can write H = W @ U, where the module &/ has no submodule isomorphic to V. Since
U has no submodule isomorphic to V, Lemma 4.5 tells us that there is no non-zero map
from U to V. But then there can be no non-zero map from V to U either (Theorem 3.22).

So with respect to the decomposition H = W @ U, the matrices for elements of 2’

A0
look like [ 0 D ], where A : W — W and D : U — U are module maps. It follows

1 0
that 0ol the projection onto W along U, is a central projection of 2A”. But we
know that 2" contains no proper central idempotents; hence & must in fact be {0}.

Therefore, H = @, V;. For each i, let T; : V; — V be a module isomorphism. Then
the norm on H given by || Z vl = (Z | T5v5]|?)/? is equivalent to the usual norm on H.

=1 i=1

This renorming gives us a similarity under which 2l is similar to K (V) m. ]
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Lemma 4.10. Suppose that A C K(H) is a complete reduction algebra such that 2"
contains no proper central projections, and suppose H'™) has projection constant M.
Then there is a similarity S on H with ||S|||[S™!|| < 128M? such that SAS™ is self-

adjoint.

Proof. By Theorem 4.9, since " contains no proper central projections, there is an
irreducible module V € Lat2A such that 2 is similar to £(V)™ for some n € N, and H is
module isomorphic to B, V.

Let o = inf{||S|||S7"| : S : H — V™ is a module isomorphism}. Since H @ V™ is
embedded isometrically in H™+1) | it has the reduction property, and projection constant
at most M.

This proof is very similar to the proof of Theorem 3.24, where G is replaced by
V™ As before we choose an isomorphism S, fix 1 € R, let P be a projection onto
{v@® pSv:v e H}, and define T : H — V™ @ V™ by Tu = 1Su @ 5+ (uS(1 + RuS)u).
In order to be able to finish the proof as in Theorem 3.24 we need to show 7' is in fact a
module isomorphism from H to V™. However, this follows easily since T is a contractive
module isomorphism onto some closed submodule of V™ @ V™ The submodules of
V@) are VO for i < 2n (since V is irreducible), so a submodule module isomorphic to
V™) is isometrically isomorphic to V™. Hence T : H — V™ is a module isomorphism,

so [[T|IT Y| > «, and result follows as before. O

We have found a description for the structure of a complete reduction algebra
2A C C(H) when its double commutant contains no proper central projections. This
suggests that for a general complete reduction algebra 8B C K(H) we should examine
the central projections in B” and use them to relate B to complete reduction algebras

whose double commutants do not contain proper central projections.

In general, a von Neumann algebra is generated by its projections ([18], Theorem 7.3).
However, we are going to be looking at the von Neumann algebra generated by the central
projections of B”, which has the added property that it is abelian. Moreover, this von
Neumann algebra also commutes with the algebra of compact operators B C B”; this

will enable us to use the result shown below.

Lemma 4.11. Suppose that A C K(H) is an algebra of compact operators acting non-

degenerately on 'H. If R is an abelian von Neumann algebra commuting with A, then R
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15 generated as a von Neumann algebra by its minimal projections.

Proof. Let B be the C*-algebra generated by 2. Since R is self-adjoint, it commutes with
every A* for A € 2 as well as with 2, and hence R commutes with B. So R C B'.

The crucial point in this proof is the structure theory of compact operators; namely,
since B is a non-degenerate C*-algebra of compact operators, it is unitarily equivalent
to {0k ™) K, € K(H,)} (see [5], Theorem 16.18). This allows us to identify the

v

commutant of B as well as certain abelian subalgebras of the commutant. Clearly, if 5
has the form described above, then B’ is isomorphic to le M,,,. Note that for each

the projection onto M, is a central projection of %B'.

Now R is contained in a maximal abelian self-adjoint subalgebra of 98’ say M. The
maximality of M gives us that M = Zl;@ (MNM,,, ), where M NM,, is a maximal abelian
self-adjoint subalgebra of M, . But the maximal abelian self-adjoint algebras of M, for
n € N are precisely the subalgebras of M,, whose matrices are diagonal relative to some
fixed orthonormal basis for C". Hence the maximal abelian self-adjoint algebras of M,
are isomorphic to [°°(n). Therefore, M 22 S [°°(n,); by reindexing we can find a set w
such that M = [*°(w).

Therefore, R is a self-adjoint subalgebra of [*°(w). In fact, we can show that R is
isomorphic to {*°(A) for a suitably constructed A. Define an equivalence relation on w
by wy ~ ws if and only if r(wy) = r(wy) for all r € R. Let A be the set of equivalence

classes of w with respect to this relation. Then R is a subalgebra of [*°(A).

Fix A € A and define Uy = {p € R : p is idempotent and p(\) = 1}. The infimum
of U, is given by a characteristic function on a subset of A which contains A\. But R
is generated by its projections and for any u € A with pu # X there exists an r € R
such that r(u) # r(A) (by the definition of A). It follows that the infinum of U, is
given by x,. Hence R = [o(A). Therefore, R is generated by its minimal projections,

{X)\ZAEA}. (]

Theorem 4.12. Suppose A C K(H) is a nondegenerate complete reduction algebra.
Denote the set of minimal central projections of A" by P. For each P € P the algebra

Ap = PA is a closed two-sided ideal of A, and A = Y “Ap. Moreover, considering
Pep
Ap as a subset of B(PH), the bicommutant A, C B(PH) contains no proper central

projections.
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Proof. Without loss of generality we can assume that the central projections of 2" are
self-adjoint (otherwise we can apply a similarity to make them self-adjoint by Lemma
3.20).

Fix P € P, we want to show that 2Ap is a closed two-sided ideal of 2. Suppose that
there was some A € 2 such that PA ¢ 2. Since PA is a compact operator and 2 is
closed, by the Hahn-Banach Separation Theorem we can find a linear functional ¢ in
K(H)® = C1(H) such that ¢|y = 0 and ¢(pA) = 1. Since A” is the closure of 2 in the
weak™ topology of B(H) and PA € 2" we can find a net (B, ), in 2 such that B, B pA.
Note that ¢(B,) = 0 for any a and ¢(PA) = 1 by definition. But ¢ is continuous in the
weak™ topology so we should also have ¢(B,) — ¢(PA), a contradiction. This shows
that PA € A for each A € A. Since P commutes with 2l it follows that Ap is a two-
sided ideal of 2. To see that 2Ap is also norm closed consider PA, € 2Ap converging
to some B € 2A. Then given € > 0 there exists an N such that for n > N we have
|PA,u — Bu|| < €||lu]| for any u € H. In particular, if we substitute u = Pv for v € H
we get ||PA, Pv— BPv|| < €||Pv||, which means, since P is a projection which commutes
with 2, that ||[PA,v — PBv|| < €||v]| for any v € H and n > N. Therefore, PA,, — PB,
whence B = PB € Ap. Therefore, Ap is closed, as claimed.

Suppose @ € A, is a central projection of 7. Since P is a central projection of 2"
we have 2, = PA" (see [5], Proposition 43.8). It then easily follows that QP is central
for 2”. But P and @ are projections, so we also have 0 < QP < P. By hypothesis P is
minimal as a central projection in A", hence either @ = 0 or @) = P. Therefore, 27, has

no proper central projections.

Let R be the abelian von Neumann algebra generated by the central projections of
2A”. In particular R commutes with 2@ C A", so by Theorem 4.11, R is generated by
its minimal projections. For each P € P let Hp = PH; since 2 is non-degenerate,

H=Y"Hpand 3 P = I (where the sum is defined using convergence in the strong
Pep

topology).

We know that 2[p is an ideal of 2 for each P € P; also, P consists of self-adjoint and

mutually orthogonal projections. Hence we can embed Y~ “°2p (the algebraic direct sum
Pep
with finitely many non-zero terms) isometrically into 2. It follows that the norm closure

of 3 “Ap, that is > “Ap, is contained in 2A. The other inclusion follows because for
PeP PeP
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each A € A we have A= > PA, and A is a compact operator so {||PA| }per € co(P).
Pep

Hence, A = Y “Ap as desired. O
Pep

Theorem 4.13. Let A C K(H) be an operator algebra. Then 2 has the complete reduc-

tion property if and only if A is similar to a C*-algebra.

Proof. Any self-adjoint algebra has the complete reduction property. Since the complete
reduction property is preserved by similarities, it follows that if 2 is similar to a C*-
algebra, then 2 has the complete reduction property.

Suppose conversely that 20 has the complete reduction property. We can assume
without loss of generality that 2 is not degenerate (otherwise we can restrict H to 2AH).
Let P be the set of minimal projections of ”. Fix P € P. We already know that P2l
is an algebra (from Theorem 4.12) which contains no proper central projections. Also if
M is an invariant subspace of P2, then PM is an invariant subspace of 2 so since 2l
is a complete reduction property there is a subspace N € 2 such that H = PM & N.
Then PN € Lat Pl and PH = PM @& PN. Thus P2l has the complete reduction prop-
erty. By Theorem 4.10 there is a similarity S, such that Sp P (Sp)~! is self-adjoint and
|Sp|[llSpH| < 128M32, where Mp is the projection constant of (PH)(>). By scaling if nec-
essary we can ensure || Sp|| = 1, which implies ||Sp'|| < 128 M2. Note that if M is the pro-
jection constant of H(*), then Mp < M. Let S = @pepSp. Then [|S||||S7!|| < 128 M2,

Since 2 = Y “ P2 (Theorem 4.12) we get that SAS~! is a C*-algebra. Therefore, 2 is
PeP
similar to a C*-algebra, as desired. O]

Suppose 2 C K(H) has the complete reduction property. Then by the above theorem
20 is similar to a C*-algebra 8. Moreover, since the compact operators form an ideal of
B(H), B is also an algebra of compact operators. But then, as mentioned previously, B

is unitarily equivalent to ZCOK(HA)(”A); hence, B is amenable. In the previous chapter

we showed that all amena?ble operator algebras have the total reduction property. So
B has the total reduction property, and therefore, so does 2. Hence for algebras of
compact operators the total reduction property and the complete reduction property are
the same. Note that this also implies that every representation of a complete reduction

algebra 2 C KC(H) is similar to a *-representation.
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4.2 Algebras of Triangular Operators

Let H be a separable Hilbert space and {e,} be a basis for H. We denote by 7., the
set of operators which are upper triangular with respect to this basis; in other words,
To ={T € B(H) : (T'ejle;) = 0 for i > j}. In this section we show that A C 7, is similar
to an abelian C*-algebra if and only if it has the total reduction property (the proofs are
adapted from [13]).

We will ocasionally find it easier to assume that 2 contains the identity operator.

However, this will not result in any loss of generality due to the following theorem.

Theorem 4.14 ([8], Theorem 3.3.6). An algebra A C B(H) has the total reduction
property if and only if the algebra generated by AU {I} does.

The first theorem we prove establishes that any discussion of total reduction algebras
of 7, is necessarily confined to abelian algebras. We then present some general results
about abelian total reduction algebras, in particular that every operator in such an
algebra has at most countably many eigenvalues, and that we can then find a set of
eigenvectors which span the whole space. This will allow us to establish the desired

result.

Theorem 4.15. Suppose that A C T, has the total reduction property. Then A is

abelian.

Proof. Define m, by m,(T') = P,T P, where P, is the projection onto the span of {ey,...e,}.
First we will show that 7, (2() is abelian. Now 7, is a homomorphism and 7, () is closed
(since 7, () is finite dimensional); so by Theorem 3.18, 7, () also has the total reduction
property. However, m,(2) consists of finite rank operators; since finite rank operators
are compact, by Theorem 4.13 there exists a similarity matrix S such that S~'m,(2)S
is a C*-algebra. For every R € m, (), since R is triangular it has Hy = span{ey, ..., ex}
as an invariant subspace. It then follows that S~!'H, is an invariant subspace of S™'RS.
It is a well known property of C*-algebras that if M is an invariant subspace, then so is
M+, Combining this with the fact that rank S~'P, = k we get that S~ 7, (2)S consists

of diagonal operators, and as such it is abelian. Therefore, m, () must itself be abelian.

Consider M, N € 2. Pick any v € ‘H, and any ¢ > 0. Since P, 597 I we can find r
such that || P,v — v|| < e. So we have
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|MNv — NMv| =|MNv—MNPv+ MNPv
_NMP,v+ NMPw— NMuv|
<||[MNv - MNPv| + ||MNP,v— NMP,v|+
||NMP.v — NMul|
< IMNlo = Bl + [ M, Nyw — N, M| + [N | Py — o]
(MNP, = M,N, since M, N are triangular)
S |[MN|e+0+[[NM|e
(M,.N, = N, M, since ,.(2) is abelian)
Since M and N are fixed (and hence |[M N and ||[NM]| are constants), and ¢ > 0 is
arbitrary it follows that |M Nv — NMuv|| = 0. But v € H was also arbitrary; hence for
any M and N in 2 we can show that M N = NM. Therefore, 2 is abelian as claimed. [

So all the total reduction algebras in 7, are abelian. For this reason, in this section we
are mainly concerned with abelian algebras that have the total reduction property. This
additional property enables us to draw some conclusions about the invariant subspaces

of the algebra.

Suppose that 2 is an abelian Banach algebra and T € 2. Then we can show that
ker T and ranT are in Lat2. Clearly, both sets are closed subspaces of H, so we only
need to check that they are invariant for any operator in 2. Pick any S € 2; since 2
is abelian, ST = T'S. For u € ker T' we have T'Su = STu = S(0) = 0, so Su € ker T.
Therefore, ker T is an invariant subspace for 2. For v € ranT, say v = Tw for some
w € H, we have Sv = STw = TSw, and so Sv € ranT. Hence Sv € ranT. Using
convergent sequences we can then show that ran7 is invariant for 2. In particular, if
I € 2, then we can use the above to conclude that, for any 7" € A and A € C, ker T'— \I

and ranT" — A/ are invariant subspaces for 2.

We now consider the question of what an abelian total reduction operator algebra
might look like in general. Suppose we have an abelian algebra 2l similar to a C*-algebra
8. Then ‘B is itself abelian, and since B is self-adjoint it follows that every operator in B
is normal. Thus every operator in 2 is similar to a normal operator. Recall from Chapter
3 that the set {S™'NS : N normal } is dense in the set of biquasitriangular operators.
Therefore, if similarity to a C*-algebra is equivalent to having the total reduction property
we would expect that an abelian total reduction algebra consists of biquasitriangular

operators. This is the result we prove below.
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Theorem 4.16. Let A be a unital, abelian, total reduction subalgebra of B(H). Then

every element of A is biquasitriangular.

Proof. Fix T' € . We will use Theorem 3.13 to show that T is biquasitriangular. That
is, we want to show that for any A\ € psp(T") we have ind(T" — A\I) = 0.

Fix A in C. Let M := ker T' — AI. We have shown that M € Lat®2. Write the
matrices of 2 with respect to M and M*. Then there is a similarity matrix S such that

A 0 A A
ST1AS = ! for A = P2l e (see Remark 4.17). In particular, since
A4 0 A4
T|y = M, entry T in the matrix for 7" is AJ. It follows that
0 0
S™HT — \I)S = ML :
0 (T—=A)|pye | M

From this matrix representation, it is easy to see that M C ker(S™!(T — A\I)S)*. Hence,
dimker(T — A\I)* = dimker(S™!(T — A\I)S)* (since S is a bijection)
> dim M (since M C ker(S~H(T — \I)S)*)
= dimker(T — \I) (by definition of M)
Therefore, nul(T' — AI)* > nul(T — \I).
Consider N/ = ran(T — AI). Again, we have shown that N' € Lat®2. If we write

the matrices in 2 with respect to A" and N*, then there is a similarity matrix R

A 0 A A
such that R7'AR = ! for A = ! A2 € A (see Remark 4.17). Since
4 4
ker(T — M )* = N't, it follows that entry T} of the matrix for 7" is AI. Hence
* 0| N
RN T —MN)R = .
(A1) ’ ] ¥

From this matrix representation we can see that ran(R~1(T — AI)R)* C N. Thus we

have

dimker(T — X\I) = dimker(R™(T — M )R) (since R is a bijection)
= dim [ran (R™H(T — A)R)*]* (ker Q = (ranQ*)* for any Q € B(H))
> dim N+ (since N C ran(R™(T — AI)R)*)

= dimran(7T — )\I)L

= dim ker(T" — A\I)*.
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Therefore, nul(T" — AI) > nul(T" — A\I)*.

Combining the two inequalities proven above we get that nul(7'— AI) = nul(7" — \I)*
for all A € C. In particular, if A € psr(T), then

ind(T — M) = nul(T — AXI) — nul(T — \I)* = 0.
Therefore, T is biquasitriangular. O

Now consider the result from Theorem 3.25, namely the fact that for a C*-algebra
with the total reduction property every representation is similar to a *-representation.
Suppose 2l C 7, has the total reduction property and is similar to a C*-algebra € (we shall
prove later that these two conditions are equivalent). So there is some similarity matrix S
such that € = SAS~!. Then € also has the total reduction property, so by Theorem 3.25
every representation is similar to a *-representation. Suppose also that B C B(H) is
isomorphic to 2, with some isomorphism p : 2 — B. Then ¢ : T +— p(S™ITS) is a
representation of € with range B C B(H). Since ¢ is similar to a *-representation we
get that B is similar to a C*-algebra. Therefore, any operator algebra isomorphic to 2

is also similar to a C*-algebra.

Remark 4.17. Suppose 2 C B(H) has the complete reduction property. If M is an
invariant subspace of 2, we can find a similarity S such that both M and M* are
invariant for ST'AS. The construction described below will be used in multiple theorems
in this section; the form of the similarity matrix S and of S7'2S plays an important

role.

Write the operators of 2 with respect to M and M. Since M is invariant, we know

A A I P
P2 Let P = 0 02 € A be a projection
4

onto M (such a projection exists since 2 is a complete reduction algebra, so M has a

all the operators will have the form

complementary module). Since P is in the commutant of 2, by multiplying the matrices

A A
we get that Ay + P,Ay = A1 P, for each matrix A = ! A2 e .
4
I —P I P

Define S = > |. Note that S~ = 0 ]2 . Then we can multiply the

A A [
matrices to get that if A = "2 | then STTAS = ! (note: to get this

Ay 0 A
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result, use the fact that Ay + P,Ay = A1 P,, as shown above). Hence M and ML are
both invariant for S—!2S. O

From the above remark it is clear that if M is an invariant subspace and we write 2
0 T
with respect to M and M=, then 2 cannot contain a matrix 0 02 where Ty # 0. To

see this, if P is a projection onto M as in the proof, then we must have T, + P,0 = 0P,
which gives us T; = 0.

Observe that if 2 is an abelian, total reduction algebra, then so is S™'AS where S
is a similarity matrix (recall that the total reduction property is preserved by homomor-
phisms).

Theorem 4.18. Suppose A C B(H) is an abelian unital subalgebra with the total reduc-
tion property. If T € A and A € C, then ker(T — A\ ) = ker(T — X\I)™ for all m > 2.

Proof. Consider m = 2. Let M = ker(T — AI) and N = ker(T — A\ )?. We have already
seen that M, N € Lat 2. Also clearly M C N. We want to show that M = N.

Suppose first that N' = H, and assume that M # N. Write the matrices of 2

with respect to the decomposition H = M & M*; we want to figure out the matrix
A A

for T. Suppose T — A\ = Al A2 . We know A3 = 0 since M is invariant for
3 Ag

2. For every u € M we have (T" — M )u = 0 (by definition of M), and so we must

have A; = 0. Consider any v € H = N; by definition of A/, (T — AI)?v = 0. Hence

(T'— M)v € ker (T' — A\I) = M; so the range of T'— AI is contained in M. From this

0 T

observation we get that A4 = 0 as well. So T — A\ = 0 02 . Since 2 has the total

reduction property, we also have T, = 0 (follows from the comment made after Remark

4.17). So for any v € M+ we get (T'— A )v =0, i.e. v € M. This contradiction allows

us to conclude that we must have M = N.

If NV # H, then the algebra B = Py2IPy (where Py is the orthogonal projection onto
N) has the total reduction property (since this property is preserved by homomorphisms).
Moreover, we can consider B as a subset of B(N); since M is an invariant subspace for
B, the discussion above (for N = H) applies, and gives us M = N

Suppose ker (T' — M )" = ker (T — M) for some ¢ > 2. Then u € ker (T — \I)**!



Operator Algebras Similar to C*-algebras 67

means that (T — M )u € ker (T — AI)* = ker (T — AI). So (T — Al)*u = 0, and hence
u € ker (T'— M\ )? = ker (T — \I). Therefore, ker (T'— A\ )™ C ker (T — A\I), and since the
opposite inclusion is obvious equality follows. Therefore, ker (" — A\)™ = ker (T — \I)
for all m > 2. O

Lemma 4.19. Let 2 be a unital, abelian, total reduction subalgebra of B(H). Consider
T € A and A € C an eigenvalue of T. Then there exists an unique projection E onto

ker (T'— AI). Moreover, E is a central projection in .

Proof. We can assume without loss of generality that A = 0, since otherwise we can
replace T' by (T'— AI) € A. Let M =ker T and E be a projection onto M. Recall that
M T, | M 0 T
0 Ty | M* 0 Ty

M e Lat, soT =

We want to show that ker Ty = {0} and ranT} is dense in M=*. By the com-
00
0 Ty

ments in Remark 4.17 we can find a similarity S such that S™'T'S = and

STIES =

0
Now if u € ker Ty, then [ ] € ker STIT'S. Tt follows that
u

I P
0 I

St 0 € ker T = M. Recall however from Remark 4.17 that S—' =
U

P
for some module map P, : M+ — M. Multiplying this out we get that [ 2| e M,
u

and hence u = 0. Therefore, ker T, = {0}.

Now by contradiction suppose that ran T} is not dense in M+, and let A/ = ranT}.
Then with respect to the decomposition M @GN & (M*SN) the matrix for S71T'S looks

00 0
like | 0 Ty; Tyo |. Notethatran S—1TS = M@N. Hence M@N is an invariant sub-
00 0

space for SIS, and since ST!2US has the total reduction property (the property is pre-

served by similarities), we can apply the construction in Remark 4.17 again to find a simi-
00 0

. ) I Q (MaN)
larity U such that U=1(S™1TSYU = | 0 Ty; O |,withU~! =
Y ( ) H 01 | MaAN)*t

00 0

for some module map Q. Clearly any w € (M* © N) is in the kernel of U*S™IT'SU,
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and hence U~1S~1w € M. With respect to the decomposition M &N & (ML S N) we

I 0 QLQ I P2,1 P2,2
have U '=| 0 I Qyo |andS™'=10 I 0 , SO
0 0 I 0 0 I
0 P272w + T271w
U_ls_l 0 = ngw
w w

This vector is in M only if w = 0, so M+ &N = {0}. Therefore, N'= M.

Ry R M
Consider any R € (S71AS), say R = b | - Since R commutes with
Ry Ry | M
S~ITS, the matrix multiplication R(S™'T'S) = (S7'T'S)R gives us that RyT, = 0, and
0 = Ty R3. Using the fact that T} is injective and has dense range we can conclude that

Ry 0O I 0
Ry =R3=0. So R = ! . Recall that S7'ES = ; this matrix clearly
0 Ry 00

commutes with R. Hence ST'ES € (S712(S)". Therefore, E € A".

Finally, suppose P € 2 is a projection onto M. Then P commutes with E (since
E € 2") and the range of P is the same as that of E/, so P = E. Therefore, E € ' N A"

is the unique projection onto M. O]

Lemma 4.20. Let 2 be an abelian, total reduction subalgebra of B(H). Consider T € 2.
Let A be the set of eigenvalues of T. For N\ € A, denote by E\ the projection onto

ker T'— A described in Lemma 4.19. Then F = {>  E\, :n € N, \; € A} is a bounded
i=1
set of commuting idempotents closed under symmetric differences. Moreover, if H is

separable, it follows that A is countable.

Proof. Consider eigenvalues A and p such that A # u. Recall from Lemma 4.19 that
E\,E, € A NnA". It follows that F\ and E, commute. Then, as a consequence of
Lemma 3.2, there exists a similarity S which orthogonalizes Ey and E,. Let F)\ = SE\S -1
and F, = SE,S™'. The range of F) is Sker(T'— A)S™! and the range of F) is
Sker (T — uI)S™1; the two sets are clearly disjoint. Thus F) and F), are commuting or-
thogonal projections with disjoint ranges, so we have F\F, = 0. But
(SE\S™Y)(SE,S™') = 0 implies E\E, = 0. Therefore, we have shown that, when-
ever A # 1 are two eigenvalues in A, we get E\E, = 0. It follows immediately that any

element of F is an idempotent.
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Suppose F\ = ) Ej, and F, = ) E, are two operators in F. Since the Ej’s and
i=1 j=1

the E,’s commute, it follows that F and F), commute aS well. So all the idempotents in

F commute. Moreover, F)\ + F,, — 2F\F, = Z E,, + z E,, —2 ) E\E,. Wecan

=1 i=1...n
j=1l..m
use the fact that E) E,, =0if A\; # p; and to Ey, if \; = p; to simplify the sum to
> Eyv+ > Euj, which is clearly an element of F. Therefore, F is closed
Nl Tente
under symmetric differences.

Finally, we want to show that F is a bounded set. Consider any element F) = Z Ey,
in F. Since E), belongs to A'N2A” for each ¢, so does F). Also, ran F = span{ranE,\

(note that ran F) is closed since ran E), is closed for each i and as explained earlier there
is a similarity matrix which makes the E),’s orthogonal). But then, similar to the earlier
proof that F, is unique (see Theorem 4.19), F) is the unique projection in 2’ onto ran F).
Since A has the total reduction property, it follows that {||E||}gex is bounded by the

projection constant of 2 (see Theorem 3.19).

If H is separable, then there are only countably many mutually orthogonal projections
in B(H). But we have shown earlier that if A and p are two distinct eigenvalues in A, then
there is a similarity matrix S for which SE,S™! and SE,S™! are mutually orthogonal
projections. In fact, since F is a bounded set of commuting idempotents closed under
symmetric differences, Lemma 3.2 gives us that the same S can be used for all the
eigenvalues in A. Hence the set {SE S~ : X € A} is a subset of the set of mutually

orthogonal projections of B(H), and as such is countable. Therefore, A is countable.

By Lemma 3.2 we can find a similarity matrix S such that SPS™! is self-adjoint for
each P € F. ]

Now suppose that 2 C 7, is a total reduction algebra. Denote by {r;} the diagonal
entries of R. We will show that each r;; is an eigenvalue of R. Since R is upper trian-

gular, ey is an eigenvector of R corresponding to ry;. For ¢ > 1, consider the subspace

H;_1 = spaniey,...,e;_1}. This is an invariant subspace for 2; hence, by Remark 4.17,
R, 0 O
we can find a similarity S for which SRS~ = | 0 r; R, | (where the R;’s are cor-

0 0 Rs
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responding submatrices from the original matrix R). It follows immediately that r;; is
an eigenvalue of R which has S™'e; as an eigenvector. Denote by A;, Ao, ... the distinct
values in {r;}. Using Theorem 4.18, we can show that span{ker (R — \;I) : i € N} =H,
so the eigenvectors of R span H. Then we can find a decomposition of H with respect

to which we get

/\1]1 ng R13 Ce Yi
R 0 )\2[2 R23 ce Y2
n 0 0 Asl3 ... Y;

0 0 0

In order to prove our main result for A C 7., we will also need the following theorem.

Theorem 4.21. [/8], Theorem 4.2.1] Suppose A C B(H) is an abelian, total reduction
algebra and B C B(H) is an abelian C*-algebra such that A C B. Then A is self-adjoint.

Finally, we are able to prove the main theorem of this section.

Theorem 4.22. Suppose A C T, is a unital Banach algebra. Then the following are
equivalent:

a) A is a total reduction algebra.

b) A is amenable.

c) A is similar to an abelian C*-algebra.

Proof. ¢) = b) Recall that all abelian C*-algebras are amenable. In particular, if we
let B be the abelian C*-algebra similar to 2, then B is amenable. Since the similarity
matrix allows us to define a continuous homomorphism from B to 2l whose range is 2,
by Theorem 2.19 it follows that 2 must be amenable.

b) = a) All amenable algebras are total reduction algebras, as shown in the comment

following Theorem 3.15.

a) = ¢) Suppose 2 is a total reduction algebra. Then by Theorem 4.15, 2 is abelian.
Given T € 2 denote by 7 the identity representation of 2 into B(H), with the under-
standing that 77 (7) is assumed to have the form described in the comment following

Theorem 4.20. Then each 77 is injective and {||7r||} is bounded.

Consider the Gelfand map I' : 2 — C(Xg). We will show that I is injective, has dense
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range and is bounded below; hence I is invertible, and so it is an isomorphism from 2

to C(Xg). This will allow us to conclude that 2 is similar to a C*-algebra.

To show that I' is injective, we will show that ker I' = {0}. Recall that for A € 2
ranI'(A) = spr(A), so the kernel of I is the set of quasinilpotent operators of 2. Consider
@ € 2 a quasinilpotent operator. Then the only possible eigenvalue of () is 0, so by
looking at the form of mo((Q)) it must consist of a single block AI where A = 0. Thus
o(Q) = 0. But mg is injective, so we must have ) = 0. Therefore, ker I' = {0}.

The total reduction algebra is preserved by homomorphisms (Theorem 3.18), so
['(A) C C(Xg) is an abelian, total reduction algebra. Hence by Theorem 4.21, T'()
is self-adjoint. It also contains the constants and separates the points of Yy (properties

of the Gelfand map), so the Stone-Weierstrass Theorem gives us that I'(2) = C(Xg).

Now we shall show that I" is bounded below. Since {mr : T" € 2} is bounded, by
Theorem 3.24 we know that we can find a constant K such that for every submod-
ule of mp(2A) there is a projection onto the submodule with norm at most K. Fix
T € 2 and denote by A; the distinct diagonal entries in 7p(7"). From the comment
following Theorem 4.20, we know that the \;’s are eigenvalues of T whose eigenvec-
tors span H. Let M; = ker np(T) — \;I. Let F be the set of projections E; onto
M;, as described in Theorem 4.19. We know that F; is the unique projection onto
M;. So since a projection onto M; with norm at most K must exist, we have that
|Ei|| < K. Recall from Theorem 4.19 that F is a set of commuting projections closed
under symmetric differences. From above, F is bounded by K. So by Theorem 3.2
there is a similarity S such that ||S7!|||S]| < (14 2K)? and ST'E;S is self-adjoint. Also
ST1E;S commutes with STIT'S (since E; € ). Tt follows that S™'T'S = diag {t;I,}.
So spr(ST'TS) = sup |t;| < spr(T). But then

IT|| = [|SS~' 7SS < SIS~ HIIS~ TS|
< (1 +2K)?||diag {t:I7,}
< (14 2K)2spr(T)

(since t; is an eigenvalue of T')

Recall that K does not depend on T, and that ||I'(7)|| = spr(T); so I is bounded below.

Therefore, I is invertible. Then I'"! is a representation from the abelian total reduc-
tion C*-algebra C(Xg) to A C B(H), so by Theorem 3.25 it is similar to a *-representation.
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It follows that 2 is similar to a C*-algebra, as desired. ]

4.3 Concluding Remarks

We have shown that total reductivity is a necessary and sufficient condition for 2 to
be similar to a C*-algebra in the cases where 2 is an algebra of compact operators or
an abelian algebra of triangular operators. In each of these cases 2 also proved to be

amenable.

However, recall that the class of totally reductive algebras is strictly larger than
that of amenable algebras. Hence further research is needed, in particular to check if
the condition that if an algebra 2 is abelian is sufficient for the algebra to be totally
amenable (though such a condition is clearly not necessary), and in general, to find out

what conditions one can place on 2 such that amenability implies total reductivity.

It is to be hoped that a better understanding of the properties of amenability and
total reductivity will eventually lead us to a complete description of the operator algebras

which are similar to C*-algebras.
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