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Abstract: The striking resemblance between geometric theories of gravity and thermodynamics
suggests a more fundamental relationship between the two seemingly distinct theories. It has been
postulated that the radial Einstein equations projected onto the event horizon of a black hole are in
fact an equation of state of an ensemble whose temperature is given by the Hawking temperature of the
spacetime and whose pressure is the stress-energy on the horizon. We study the consequences of this
postulate in detail and find several interesting results. First, we demonstrate how a cohomogeneity-
2 first law can be derived from the equation of state, and find that in the process we obtain an
independent definition of black hole entropy which matches the Wald entropy in several nontrivial
cases. Second, we find that the spectrum of thermodynamic behaviour in this paradigm is rich
and includes the standard Hawking-Page transition as well as re-entrant phase transitions, Van der-
Waals transitions, and triple points similarly to what has been observed in the Black Hole Chemistry
approach. Finally, we find that horizon thermodynamics does not easily extend to spacetimes whose
symmetries do not sufficiently reduce the number of independent field equations. Though we do not
yet have a quantitative limit to horizon thermodynamics, we find that conceptual sacrifices must be
made in order to keep ignorant of conserved charges in more general spacetime backgrounds.
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I. INTRODUCTION AND BACKGROUND

Since seminal papers of Bekenstein, Hawking, Bardeen, and Carter [IH4], there has been a strong
belief that Einstein’s gravitational field equations have a deep connection with the first law of ther-
modynamics, e.g. [5H8]. For example, Jacobson [6] showed that the Einstein equations were in fact
equivalent to the Clausius relation imposed for the local Rindler horizon of an accelerated observer at
every spacetime point. Hayward [7] showed that the equations projected on a null surface could be
written as a first law. Similarly, it was explicitly shown that the Einstein equations on the horizon of
a spherically symmetric black hole spacetime can be interpreted as a thermodynamic identity. This
was the origin of horizon thermodynamics [9].

Horizon thermodynamics is an extension of the standard first law of black hole thermodynamics,
which states that variations in the mass of a black hole are proportional to variations in the horizon
area. An analogy is drawn to classical thermodynamics by identifying the horizon area as an entropy
for the black hole, and proportionality term as the black hole temperature. Horizon thermodynamics
is one proposed method to extend this picture by including an effective “work term” in the first law.
The key feature of horizon thermodynamics is that black hole pressure is defined as the stress-energy
of the spacetime, and volume is assumed to be the geometric volume enclosed by the horizon. Given
this assumption, horizon thermodynamics is a procedure for rewriting a component of the Einstein
equations as an equation of state, P = P(V,T).

The original observation for spherically symmetric black holes in Einstein’s gravity [9] noticed that
by identifying thermodynamic pressure as the radial component of the stress-energy tensor (along with
any cosmological constant), the radial field equations were simply an equation of state P = P(V,T)
for Hawking temperature T' and volume V. It was also noted [9] that by simple algebraic manipulation
this equation of state could be re-cast as a first law of thermodynamics of the form dE = TS + P§V
for entropy given by the area law S = A/4 and E related to the black hole’s mass.

Horizon thermodynamics has since been extended to a number of other interesting cases, many of
which have been highlighted in recent reviews [I0, I1I]. For example, the horizon thermodynamics has
been extended to spherically symmetric black holes in Lovelock and Quasi-topological gravities [12}-
15], f(R) gravity [16], and Horava—Lifshitz gravity [I7], to time evolving and axisymmetric stationary
black hole horizons [I8, [19], to horizons in FRW spacetime [20H22] and braneworld scenarios [23] 24].
More recently the general thermodynamic properties of null surfaces have been investigated e.g. in
[25]. In this thesis, I concentrate on horizon thermodynamics of black holes.

While these results are rather suggestive, there are several issues in this procedure that arise upon
further inspection. First, all relevant thermodynamic quantities must already be known in order to
identify them in the field equations. Namely, S, T and V have to be independently specified and the
only derived quantity is the quasilocal energy E. Consequently this procedure cannot be used as a
way to derive any thermodynamic properties of a spacetime; instead, it serves purely as means to
identify a peculiar relationship between the field equations and thermal systems provided the thermo-
dynamic properties of the solution are already known. The focus was previously on the provocative
relation hidden within the Einstein Equations when the appropriate identifications were made. Con-
sequently this procedure provides no direct algorithmic method to derive thermodynamic properties
of a spacetime where appropriate identifications are yet unknown, and has instead been used as means
of highlighting the presence of known thermodynamics in the gravitational field equations.

The second issue concerns the restriction to virtual displacements dr of the horizon radius. This
renders the first law to be of ‘cohomogeneity-one’, since both S and V are functions only of 7.
Indeed the first law could just as well be written as dE = (T'S’ + PV')dr,, with primes denoting
differentiation with respect to r,.. This yields an ambiguity between ‘heat’ and ‘work’ terms and leads
to a ‘vacuum interpretation’ of the first law [26].

These issues are not inherent to horizon thermodynamics but in fact can be avoided completely by
treating the initial equation of state with more care. By directly varying the radial field equations on
the horizon, we show that one can obtain a cohomogeneity-2 first law directly from the equation of
state. Interestingly, in the process we find an independent definition for horizon entropy which seems
to be consistent with the Wald entropy in several nontrivial cases despite the fact that the notion of



conserved charges was never used.

Horizon thermodynamics also provides a rich spectrum of thermodynamic behavior to study. We
find the Hawking-Page phase transition is present in spherically-symmetric solutions of the Einstein
equations, and more exotic phase transitions can be obtained by moving to higher curvature theories.

We also explore the interpretation of the equations of state and corresponding first laws of ther-
modynamics which result from this approach. We find the energy in the first law corresponds to a
“horizon curvature energy”. If one includes the cosmological constant as well as the stress-energy term
in the pressure, the corresponding energy is the Misner-Sharp mass, which has been shown previously
in [27, 28]. We show that in spherical symmetry, one need not make any additional assumptions to
generate an equation of state and a first law.

The idea of pressure and volume as well as that of the equation of state have in recent years been
the subject of much attention, see e.g. [29] B0] for recent short reviews. In an alternative framework
one identifies the cosmological constant as a thermodynamic variable analogous to pressure [31H34].
Its conjugate thermodynamic volume can be obtained via geometric means by generalizing the first
law of black hole mechanics in spacetimes that have a cosmological constant [32] [35]. This in turn
implies that the mass of an AdS black hole is the enthalpy of spacetime. This approach emerged from
geometric derivations of the Smarr formula for AdS black holes [32] and led to a reverse isoperimetric
inequality conjecture [34], which states that for fixed thermodynamic volume, the entropy of an AdS
black hole is maximized for Schwarzschild AdS. In this thesis, I refer to this alternate approach as
the wvariable lambda approach. A very rich and interesting array of thermodynamic behaviour for
both AdS and dS black holes has been shown to emerge from extended phase space thermodynamics.
Examples of the so-called P—V criticality include a complete analogy between 4-dimensional Reissner—
Nérdstrom AdS black holes and the Van der Waals liquid-gas system [36], the existence of reentrant
phase transitions in rotating [37] and Born—Infeld [38] black holes, tricritical points in rotating black
holes analogous to the triple point of water [39], and isolated critical points in Lovelock gravities
[40, 41]. These phenomena continue to be subject to intensive study in a broad variety of contexts
e.g. [29, [38] [42H7T][T2H14, [72].

Despite the enhancements given to horizon thermodynamics, limitations are still present when
extending to general metric ansatz and modified gravity theories. For example, when applied to axially
symmetric solutions in asymptotically flat Einstein gravity we find there are several ambiguities in
the procedure. The first is that the stress-energy is not constant over the horizon. This can be
mediated by re-defining pressure as some form of average of the stress-energy over the horizon. From
there, there is further ambiguity as to how to separate the resulting equation into total differentials.
We discuss several possible resolutions to this problem, including introducing a “surface tension”
term, however there is no clear unambiguously preferred choice. This suggests that an extension of
horizon thermodynamics to more complex metric ansatz would be difficult in cases where thorough
understanding of the black hole’s thermodynamics were not present to guide the procedure.

The primary goal of this thesis is to rigorously explore the consequences of the conjecture that
the radial field equations projected onto a black hole horizon are an equation of state in the context
of specific spacetime backgrounds. The remainder of the thesis is broken up as follows: Sec. [[]
discusses the basics of black hole horizon thermodynamics and demonstrates the procedure for the
Schwarzschild metric. Sec. [[II] introduces the enhanced, full-cohomogeneity thermodynamics and
new entropy definition and provides several examples of its use. Sec. [[V]looks at P — V criticality
in horizon thermodynamics and identifies several interesting phase transitions. Sec. [V]looks at the
consequences of generalizing horizon thermodynamics to various nontrivial metrics and highlights the
ambiguities that arise in each case. Finally, Sec. [VI] provides a summary and closing remarks for the
thesis. Appendix[A]gives a review of Wald’s formalism for black hole horizon entropy and Appendix B
provides explicit calculations for Einstein and Lovelock gravities. This thesis is based on the following
three papers [26] [73] [74]. For the remainder of this paper we use units where i = G = ¢ = 1.



II. FUNDAMENTALS OF HORIZON THERMODYNAMICS
A. The Standard Laws of Black Hole Thermodynamics

A discussion of horizon thermodynamics must first begin with a review of the standard laws of
black hole thermodynamics first proposed by Bardeen, Carter and Hawking in 1973 [4]. Black hole
solutions to Einsteins gravitational equations appear to have little to do with thermodynamics at first
glance. Classically, the so called “no hair” theorem [75] states that classical black holes are without
internal structure and can be fully described by three values: the mass of the black hole M, the
angular momentum J and the electrostatic charge (). As a classical ensemble, a black hole has zero
temperature, absorbs all incoming radiation and emits nothing.

Hawking [3] showed that in the presence of quantum fields, black holes do radiate with a charac-
teristic temperature proportionate to the surface gravity,

Vo’ = r€’ (0)
for Killing vector £. The Hawking temperature is defined

K

% ) (0)

with a thermodynamic conjugate entropy proportional to the horizon area, which has since been shown
to be the integral of a Noether charge for diffiomorphism covariant Lagrangians (see Appendix .
The discovery of these charges of black holes lead to the study of black hole thermodynamics.

The rules govern the dynamics of black holes and their horizons in terms of the thermodynamic
quantities defined above bear a striking resemblance to the classical laws of thermodynamics [75].
They read as follows:

T

e Oth Law: The surface gravity of a black hole is a constant across its horizon. Since the surface
gravity x is directly proportional to the Hawking temperature by the relation T' = k/27, this is
equivalent to saying the temperature is a constant across the horizon.

e Ist Law: Perturbations to the energy of a stationary black holes in Einstein gravity can be
written as

0A
SE = 22 4+ Q6T + 96Q, (0)
2 4
where A is the horizon area, 2 and J are the angular velocities and momenta respectively, ® is
the electrostatic potential and @ is the charge of the black hole. By identifying the temperature
as k/2m and the entropy as A/4 this can be related to the standard first law of thermodynamics,

SE =T3S + Q6.J + $5Q . (0)

e 2nd Law: Classical perturbations will never decrease the area of the black hole horizon. Relating
the horizon area to the entropy gives the analogy to the second law of thermodynamics that
states that entropy is never decreasing. This only holds for classical perturbations however, as
quantum processes cause the horizon area to shrink due to Hawking radiation.

e 3rd Law: The surface gravity of a black hole cannot be reduced to zero in a finite number of
steps.

The striking resemblance between these laws for black hole dynamics and classical thermodynamics
have caused much speculation as to a fundamental connection between black hole horizons and thermal
ensembles. It is of note, however, that the first law does not have a “work” term PdV as is
generally seen in classical thermodynamics. Allong with the classical charges of a black hole M, Q
and J, temperature and entropy are given physical meaning for black hole spacetimes from Hawking
and Wald respectively. However, a thermodynamic pressure and volume may not be obviously present
in black hole systems.



B. Variable A Thermodynamics & Black Hole Chemistry

More recently, the nature of spacetimes with a non-zero cosmological constant have been used to
introduce the concept of thermodynamic pressure into black hole mechanics. By treating the (negative)
cosmological constant of asymptotically AdS black hole spacetimes as a pressure experienced by the
black hole [29], and introducing a thermodynamic conjugate volume, one is able to right a full first
law for black holes dE = T'dS — PdV. From here a more full spectra of thermodynamic behavior was
observed in black hole mechanics. In particular, it was seen that black holes in asymptotically AdS
spaces were remarkably analogous to Van der Waals fluids [36] [39]. Re-entrant and Van der Waals
like phase transitions were discovered[39), [76], as well as a triple point analogous to that of water is
seen under the assumption that A serves as a thermodynamic pressure. Specifically, the black hole
ensemble is treated as if it were submerged in a bath of fluid

A
Py=——, 0
A 8w 0)
(where the subscript A is used to differentiate from the horizon thermodynamic pressure).
Notably, in this picture, the black hole mass is not associated with the internal energy, but rather
the black hole’s enthalpy, defined by the first law

SM =T8S + VASPy + Q5T + 56Q. . (0)

The notion of thermodynamic volume as a conjugate to pressure then arises naturally in this picture

as
oM
OP ) sq.

Note that this quantity need not be a geometric volume associated with the black hole horizon, but
is defined purely as a dimensionally appropriate conjugate to pressure.

In this setting, one treats variations in the newly defined pressure along with the Hawking tem-
perature and the classically defined charges of a black hole (mass, charge and angular momentum)
together to form a complete picture of the extended thermodynamic phase space of the black hole. By
studying variations in the extended phase space one is able to explore the thermodynamic possibilities
of the ensemble similarly to classical thermodynamic systems. Note that by construction, slices in
the extended thermodynamic phase space fix conserved charges in the spacetime (for example, one
can study changes in free energy with respect to temperature at fixed pressure, charge, and angular
momentum).

Black hole chemistry can be generalized beyond standard Einstein gravity in a straightforward
manner. In D-dimensional spacetime, a black hole with charges @); and angular momenta J; obeys
the generalized first law

SM =T8S + VA6 Py + Q'5J; + °5Q; (0)
and, by dimensional analysis, satisfies the Smarr relation

D-3 2 .. . D—=3_,

C. Horizon Thermodynamics — Spherically Symmetric Ansatz in Einstein Gravity

Horizon thermodynamics takes a different approach to the problem of pressure in black hole ther-
modynamics. Instead of defining pressure as the cosmological constant term in an asymptotically AdS



spacetime, horizon thermodynamics assumes that the the radial field equations themselves serve as
an equation of state

1
5 Crlet =Tl = A= P(V,T), 0)
U

where 74 is the radius of the black hole horizon and the thermodynamic pressure is identified as the
entire right hand side of the field equations

P=T|, +—A. (0)

Note that P = P, in the case of a vacuum spacetime where 7,7 = 0. Also note that black hole
volume does not naturally arise as it does in the black hole chemistry approach. Rather, horizon
thermodynamics assumes the thermodynamic volume to be the geometric volume bounded by the
event horizon.

A first law of horizon thermodynamics can then be derived algebraically from this equation of
state . In what follows we sketch this for a static, spherically symmetric spacetime in 4-D
Einstein gravity.

Consider a static spherically symmetric black hole spacetime described by the geometry

dr?

f(r)
with a non-degenerate horizon located at r = r, determined as the largest positive root of f(r,) = 0.

Assuming minimal coupling to the matter, with the stress energy tensor T,;, the radial Einstein
equation evaluated on the horizon reads

ds* = —f(r)dt* + +r2d0?, (1)

T T f/(r ) 1_f r
87T r|7‘+ =G r|r+ = ’I"++ - T‘_2,’_( +) 5 (1)

where primes denote differentiation with respect to r. Horizon thermodynamics postulates that
T4+ (1)

and the temperature to be the Hawking temperature,

_fr4)
T==. (1)

P=T"]

These identifications yield

T 1
PVT)= — — — 1
VT)= 5~ 7 1)
which is the horizon equation of state for V' a geometric volume V = 4/ 37Tri. Multiplying this by
4mr3 6ry then gives

1

% = T6S — PV, (1)
which is the horizon first law, provided we either identify

A 2 T4+
S:Z:WT‘+, EZ?’ (1)
entropy and energy respectively.
If we require the horizon first law to be of the form
0E =T6S — P§V | (1)



then identifying the volume as a geometric volume and the entropy as the Wald entropy can be
interpreted as a definition of the internal energy of the black hole. Similarly an identification of the
volume and the requirement that the energy be purely a function of . can be used to obtain the
horizon entropy up to a total derivative.

The approach presented here is not restricted to Einstein gravity alone, but also extends naturally
to spherically symmetric black holes in Lovelock gravity theories [77]. However, as with the Einstein
case, the many of the thermodynamic quantities must be given a-prior.

While it is striking that a first law can be algebraically obtained as a consequence of interpreting
the radial field equations as an equation of state, the first law obtained here has several worrying
features. Firstly, the first law is cohomogeneity one, as its every term varies solely with r,
and suffers from the ambiguity of defining independent heat and work terms. While in principal, 7T,
P, and V can all vary independently of one another, in this case volume and entropy are degenerate
with one another. The second troublesome point is the sheer number of a-priori inputs required to
arrive at a first law. Entropy, temperature and mass are obtained through independent means, and
the volume is assumed without any further justification. This suggests that horizon thermodynamics
may not be able to be predictive in cases where the thermodynamic properties of a spacetime are not
already well understood, but rather is purely prescriptive to spacetimes once the relevant quantities are
derived through independent means. However some of these issues are not inherent features of horizon
thermodynamics and instead are consequences of the traditional approach to horizon thermodynamics.
In the following section, we provide an enhanced version of horizon thermodynamics which is able to
provide a full-cohomogeneity first law as a direct consequence of the equation of state.



III. ENHANCED HORIZON THERMODYNAMICS

In the previous section we demonstrated the traditional method for arriving at a first law of horizon
thermodynamics, which is explicitly degenerate. In this section we demonstrate our new construction
of a full cohomogeneity first law directly from Einstein’s equation of state, as well as demonstrate
its applicability in more general spacetimes and higher curvature Lovelock gravities. We also find an
independent definition of black hole entropy which is separate from Wald’s prescription of Noether
charges [74].

A. Full Cohomogeneity Thermodynamics — Spherical Symmetry

Again consider the metric ansatz (1f). The identification of the temperature 7' as in is
via standard arguments in thermal quantum field theory; it does not require any gravitational field
equations. By definition the pressure is identified with the matter stress-energy as in . With
this information the radial Einstein equation can be rewritten as

P=B(ry)+Cry)T, (1)

where B and C' are some known functions of r; that in general depend on the theory of gravity under
consideration, as does the linearity of the equation of state in the temperature T. Formally varying
the generalized equation of state (III Af), we obtain

V6P =V (B +C'T)éry + VCST, (1)

upon multiplication by a function V(r;) that we shall identify as the volume, assuming all other
parameters are fixed. It is now straightforward to rewrite this equation as

V6P = S6T + 6G, (1)

where

= / WV (2)B (2) + T / eV () ()
— PV —ST - / UV (2)B(x), (1)

S = / dzV'(z)C(x),

using the integration by parts. Since (by postulate) we have identified T with temperature, P with
pressure, and V' with volume, we therefore conclude that S is the entropy and G is the Gibbs free
energy of the black hole. Note that these are derived quantities from the premises ([LC)), and the field
equations that yield , along with the assumption that the volume (whose explicit form
was not really required up to now) does not depend on T'.

The relation for the Gibbs free energy G = G(P,T) is the cohomogeneity-two horizon first
law, where P and T are independent quantities. It is valid for any gravitational theory whose field
equations yield a linear relation between pressure and temperature. Note that since G depends on
the matter content only implicitly (via P and T') it characterizes the gravitational theory. This is the
origin of recently observed ‘universality’ of the corresponding phase behavior [73].

We can define the horizon enthalpy by the associated Legendre transformation H = H(S,P) =
G 4+ TS, and recover

§H =T8S + V6P, (0)

which is another non-degenerate horizon first law. Likewise we can employ the Euler scaling argument,
e.g. [78], to obtain

H=2TS—2VP, (0)



which is the accompanying (four-dimensional) Smarr relation.

We can also make the degenerate Legendre transformation, whose degeneracy originates in the fact
that S and V can both be expressed purely as function of the horizon radius r; and thus are not
independent quantities, and obtain so the ‘old’ cohomogeneity-one horizon first law .

Specifying to Einstein gravity in four dimensions, it is straightforward to identify B(ry) =
—(87r2)~! and C(ry) = 1/(2ry) from ([LC)), yielding from

S=mr?, G:%(lfmurT), (0)

using the geometric definition of the volume. This Gibbs free energy was previously derived
and its phase diagrams studied in [72] [73]; it is understood as G = G(P,T) through the equation of
state ry = r (P, T), . Performing the degenerate Legendre transformation, one finds E = %,
in accordance with the previous approach.

B. Full Cohomogeneity Thermodynamics — Other Examples

Enhanced horizon thermodynamics is applicable to spherically symmetric solutions beyond standard
FEinstein gravity. Similarly to the traditional approach, the enhanced approach extends to Lovelock
gravities, where enhanced thermodynamics is able to provide the nontrivial expressions for the horizon
entropy and the Lovelock potentials. Enhanced horizon thermodynamics is also able to extend to
theories of gravity with equations of state which are non-linear in T such as cubic gravity [79]. This
is something which could not be unambiguously done in standard horizon thermodynamics.

1. Lovelock gravity and horizon equation of state

Lovelock gravity [80] is a geometric higher curvature theory of gravity that can be considered as
a natural generalization of Einstein’s theory to higher dimensions—it is the unique higher-derivative
theory that gives rise to second-order field equations for all metric components. In d spacetime
dimensions, the Lagrangian reads

K

> anL® 4 L, (0)

k=0

1
T 167Gy

Here, K = L%J is the largest integer less than or equal to %, L®) are the 2k-dimensional Euler

densities, given by

E(k) — 2% 6a1b1‘..akka Cldl . R dek (0)

ci1dy...cgdr " “a1by *Tlragby 0

with the ‘generalized Kronecker delta function’ 5?121'““’“5’“
1d1...cpdy

cies, Rakbc :d" is the Riemann tensor, and the o ;) are the Lovelock coupling constants. In what follows

we identify the (negative) cosmological constant A = —agp/2, and set @3 = 1 to remain consistent
with general relativity. We also assume minimal coupling to the matter, described by the matter
Lagrangian £,,. The Lovelock equations of motion that follow from the variation of (I[IIB 1)) are

totally antisymmetric in both sets of indi-

K
Z akGﬂf} = 81T}, , (0)
k=0

where fof,) are the kth-order Einstein—Lovelock tensors [28] [80].



We shall restrict our attention to spherically symmetric AdS Lovelock black holes, employing the
ansatz [2§]

ds? = g, datde” = yap(r)dz®da® + r’hijdeida? (0)

where the non-trivial part of the metric is described by a 2-dimensional metric v4 (a,b = 0, 1), while
hij (i,j =2,...,d—1) stands for the line element of a (d — 2)-dimensional space of constant curvature
o(d—2)(d—3), with 0 = +1,0, —1 for spherical, flat, and hyperbolic geometries respectively of finite
volume X;_o, the latter two cases being compact via identification [8IH83]. The (a,b)-components of
the kth Lovelock-Einstein tensor then are [2§]

k) _ _ k(d=2)! (D?r)Yap — Do Dyr (o —(Dr)? -
Gop ~ (d—2k—1)! T ( 2 )
(d—2)/(d -2k —1) o — (Dr)2\"
T od—2k—1) ( 12 ) 7 (0)

where (Dr)? = v*(D,r)(Dyr) and D?r = D®*D,r. The remaining (4,7) components can be found
n [28]. As long as at least one ay # 0 for k > 1 all possible values of o yield solutions, even if
A oxag=0.

Consider a black hole for which

dar?
g(r)’

with the outer black hole horizon located at r = r, determined from f(r;) = 0. Employing (IIIB 1),

we have

Y = Y (r)dada® = — f(r)de* + (0)

2 1(fg) 2
- 5 f 1) (DT) =g,
1 /
D'Dyr = iig}f , D"Dyr= 29/ (0)

The Einstein—Lovelock equations then read

/

=g S ety () Lt (). o
ZK: —2k—1) <aﬂg>k1§0ak(d(2)!(d2kl) <ar29)’“_ ®

2(d -2k —1)!
We concentrate on the case where

Q

¥ \

/

8T, =

flr)=g(r), (2)

for simplicity. The more general case will be discussed in Sec. . Then, identifying temperature
with surface gravity yields

(2)

Horizon thermodynamics is based on the proposal that the energy—momentum tensor on the horizon
is interpreted as

P =T ey, . 2)



with the assumption that

Ed_g'f'd_l
V=242t 2
=it )
is the conjugate black hole volume. Note that T%;|,—. . = T"|p=r, due to our assumption that

f(r) = g(r). On the horizon, equation (or equivalently (] . thus reduces to

seb = 205 o, (:i)“ Z R <r+>k’ )

"+ =

upon using the regularity conditions (IIIB 1)) and (IIIB 1)) and the definition (III B 1f) of temperature
T.

Let us further identify

A (67
Pr=—— =9
AT T8 T 16n (3)

as the pressure associated with the the cosmological constant, and
P =P, + P,, (3)

as the total pressure of all the matter fields. Note that such P is determined from the matter content
and is not necessarily positive. We therefore arrive at

St (7) bt @

which, together with the identification 7 gives the HES for Lovelock gravity, P = P(V,T).
Note that to write down this equation of state one does not need to know the explicit form of f.
Furthermore, equation is an ansatz in this approach that has to be justified (similar to the
prescription for temperature T') by some other means, e.g. [34] [84H86].

2. Full-Cohomogeneity Lovelock Gravity

Lovelock gravity is a particularly interesting class of theories to consider, as the Wald entropy for
spherically symmetric black holes is not a simple area law (see Appendix [A]). The entropy here is

[D/2]

S = Zfakj(l{\[/lkl R)d4—2z (4)

where h is the induced metric on the horizon. We find that the procedure detailed above is able to
reproduce the correct entropy in spherical symmetry without the use of Eq. (IIIB 2)).

We continue to consider the static spherically-symmetric metric ansatz ([ILB 1f). Following [73], let
us include the contribution of the cosmological constant (if present) to the matter part, replacing the
definitions in by

A )

P=T"|. ——, = . 4
|+ 87T 471_ ()

The radial Lovelock equation evaluated on the horizon rewrites as the horizon equation of state, which
again assumes the form ([II A}), where now [73]

K K
D)= axBi(ry), C(ry)=> apCi(ry), (4)
k=1 k=1
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and

 d=2%k-1)(d-2) o\
Bilr) = = gn@ a2k — 11 (ri) ’
1 kd-2)! o\
Cutre) = g () ()

Identifying the volume V' with the black hole geometric volume [76]

Ya-2 4
V:d—lril7 (4)

the formulae imply

K _
ko—k ! Td 2k (5)
P d 2k: - 1)' d—2k T
Ed 2~ kay(d —2)! a2 (7 i [0(1 —Gaone1)  (2k—1) (©)
k 4(d — 2k — 1)! 2 2mry d— 2k

and we recover the horizon first law. Note that the derived S is a non-trivial generalization of entropy
for the Lovelock black holes [87]. By performing the degenerate Legendre transformation, we obtain

a2 2! 4ok
_167rzkd 2k )’"+ ’ (6)

which is the generalized Misner—Sharp energy [28]. The degenerate horizon first law can therefore
be understood as a special case of the ‘unified first law’ [28].

As argued in [88], to obtain a consistent Smarr relation, the first law has to be extended to contain
variations of the Lovelock coupling constants. This is easily achieved in our approach. Namely,
starting again from the horizon equation of state (III A]) with (I[II B 2|), we can also vary the Lovelock

couplings ay, (k= 2,...,K), thereby obtaining a generalized horizon first law
K
0G = —S8T + VP + Y UFsoy, (6)
k=2

where G and S, , are given above and

=(Cx, —VCy)T + By, — VB, (7)

_ Ed_z(d — 2)!0’1671 T’d_Qk {U(l*5d,2k+1) B 47T]€T:|
16m(d — 2k —1)! ry d—2k

are the conjugate potentials to variable ay; quantities Cy were determined from C = 2521 aCh
and similar for quantities By. Note that by construction the potentials ¥* depend on matter only
implicitly through the temperature 7. Because of this, Eq. @ corresponds to the vacuum values
of the potentials, c.f. Eq. (2.23) in [40]. The obtained horizon first law is obviously of
cohomogeneity-(K + 1). It is now easy to verify that one obtains the following Smarr relation:

K
(d—3)H =(d—2)TS —2VP+» 2(k—1)¥a, (6)
k=2

for the enthalpy, completing the horizon thermodynamic description of Lovelock black holes.
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8. FEinsteinian Cubic Gravity

Another interesting example where horizon thermodynamics seems to be applicable is in the cubic
gravity theory studied recently in [79]. The Lagrangian for Einsteinian cubic gravity reads:

1
L= o (<2AR) +87AP, (6)

with dimensionful coupling constant A and

P= 12RZ‘3R3§R% + RZiRZgR‘;g — 12R 0o R'RY + 8RR RU R . (6)
This theory is interesting in that it introduces cubic terms which are active even in four dimensions
remains ghost free.

It has recently been shown [79] that this theory admits spherically symmetric metrics of the form .
Interestingly, however, the equation of state is not linear in 7" but rather quadratic. While such a
theory could not be described by classical horizon thermodynamics, enhanced thermodynamics is
perfectly able to process it. In 4 spacetime dimensions concentrating on spherical horizon topology,
the on-horizon radial field equation reads [79]

I 12
Gr= L <”f,21> ~nagr L) (6)
167 Ty ry

For consistency with [79], in this section we take k = 87 G, not the surface gravity.
Identifying the temperature as T' = f'/4m, this rewrites as the equation of state

1

T 1 307273
PV,T) == (— - —5 ) - AT 12, (6)
2 \ry 8mry ri
Varying and multiplying by geometric volume yields the first law:
273\ 1 2048713 \T?
VéP = <m~i | rrA T) 0T +4 <r+ Iy 2TAT > : (6)
Ty 3 3 T4+

By taking advantage of our total derivative freedom, we can add and subtract the total derivative
S(4mAKT3) = 127 A\sT?6T to the right hand side to obtain

307273\ 1 2048713 \T2
VP = (wi + = Ay 7687r3)\T2> 0T +6 (u Iy T2 2567r3)\T3> . (6)
T4+ 3 3 T4+
to correctly identify the entropy as
3072713\
S =mr? + %T +T68TOAT? (6)
+
with a corresponding Gibbs energy of
1 2048713 \T?
G=_-ry— ETTi _ 2 AT 2563 AT . (6)
3 3 4
in order to arrive at the desired first law,
0G = —-S6T +ViP. (6)

Enhanced horizon thermodynamics is able to capture the temperature dependant entropy for an
equation of state which is non-linear in temperature. In fact, horizon thermodynamics predicts tem-
perature dependance in the entropy for any radial field equation which has terms (f')™, n > 2 on

12



the horizon. Note that the algebraic approach to standard horizon thermodynamics would be unable
to unambiguously find a temperature dependant entropy and energy, as the procedure only identifies
entropy as the coefficient of the temperature term in the equation of state.

By allowing the coupling constant A to vary, enhanced horizon thermodynamics can calculate the
potentials conjugate to the coupling, ®,. With variable A, the first law reads

307273\ 1 2048713 N1
VP = (mr2 + 2T 76873NT? ) 6T + 6 ( =ry — =T — = 2 95675\T
Ty 3 3 Ty
1 312 o
+ (53% + 2567r3T3> oA,
T+
The first law can then be written as
3G = —S6T + VP — ByoA, (5)
where in agreement with [79] we find
1 3
By = %ﬁﬁ 4 2567373 (5)
+

for the thermodynamic potential conjugate to A.
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IV. P -V CRITICALITY IN HORIZON THERMODYNAMICS

As with the variable-A approach, a rich spectrum of thermodynamics is observed in the extended
phase space diagrams in horizon thermodynamics. Similarly to variable-A, we find a similarity between
black hole horizon thermodynamics and Van der Waals fluids. Similar phase transitions, including
triple points, are seen in horizon thermodynamics, though in higher curvature theories than in the
black hole chemistry counterparts. Notably, however, horizon thermodynamics is blind to the contents
of the stress-energy of the spacetime, taking only the whole of the right hand side of the field equations
into consideration. This means that slices in extended phase space are not taken along fixed values
of the conserved charges of the spacetime.

A. Phase Transitions in Horizon Thermodynamics

We illustrate the possible behaviour of the horizon Gibbs free energy and the associated variety
of interesting phase transitions that occur in the horizon thermodynamics of spherically symmetric
black holes in first few lower-order Lovelock gravities (small values of K), generalizing recent results
for the Gauss-Bonnet case [72].

1. Einstein gravity

We start with an example from Einstein gravity (K = 1) in d = 4 dimensions (similar results hold
in higher d). Irrespective of the matter content, the equation of state reads

T 1 S}

N 5
2ry  8mri’ 3’ (5)

while the other thermodynamic quantities take the following explicit form:

EQTi 227‘+ 227’+ 3 2
s 4 7 8r ¢ 6 (871' "+ )’ (5)

and satisfy the horizon first law (III Aj).

The behaviour of the horizon Gibbs free energy is for o = 1 displayed in Fig.[l} Whereas for P > 0
we observe a shape characteristic for the Hawking—Page transition of Schwarzschild-AdS black holes
[89] (illustrated in Fig. 7 for P =0 and P < 0 we see that G is relatively simple and respectively
reminiscent of what happens for asymptotically dS and asymptotically flat (uncharged) black holes
[43, 44]. However, this similarity is only superficial and the actual physical interpretation depends on
the matter content of the theory, as we shall demonstrate below.

2. Gauss—Bonnet gravity

Carrying out the same analysis in Gauss—Bonnet gravity (K = 2) in d = 5 dimensions, the equation
of state reads

3T 3 3asT Ygrd
p=2t ooty 28T (5)
dr 8mry Ty 4
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FIG. 1. Horizon thermodynamics: d = 4 spherical Einstein black holes. The G — T diagram is
displayed for P = 0.03 (red curve), P = 0 (black curve) and P = —0.2 (blue curve). For positive pressures we
observe a characteristic shape reminiscent of the Hawking—Page behavior.

Pc>P>0

0.02 004 l \

FIG. 2. Horizon thermodynamics: d = 5 spherical Gauss—Bonnet black holes. The G — T diagram
is displayed for P = 0.01 (red dash curve), P = 0.0025 (red solid curve), P = 0 (black curve), and P = —0.05
(blue curve) and a2 = 1. For small positive pressures we observe a characteristic swallow tail reminiscent of
the Van der Waals-like phase transition.
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FIG. 3. Horizon thermodynamics: triple point. The G — T diagram is displayed for a spherical black
hole in the 4-th order Lovelock gravity for the following choice of parameters: az = 0.2,a3 = 2.8, a4 =1, P =
0.000425. We observe two swallow tails merging together, characterizing an existence of a triple point.

while the other quantities are

Sar3 12 33312 2
g Tk (1 120n) o 30k () 20
4 T 167 Ty

Y3[7203 — 1872 (48712 P)ag+3r —4r Prd]
487 (12 + dag)

G:

)

(4)

and satisfy the horizon first law .

The corresponding G — T' diagram for spherical (¢ = 1) black holes is displayed in Fig. In
contrast to the K = 1 case, we now see that the additional gravitational non-linearity can yield more
interesting phase behaviour. Namely, for sufficiently small positive pressures [40, [72]

O0<P<P. =

967y | (4)
we observe a characteristic swallow tail reminiscent of the Van der Waals-like phase transition for
d = 4 charged black holes in extended phase space [36], illustrated in Fig. [5| For P > P, the swallow
tail disappears and the Gibbs free energy becomes smooth. On the other hand for P =0 and P < 0
we observe a cusp (corresponding to a divergent specific heat) and the shape of G = G(T') reminds
that of the charged asymptotically dS and asymptotically flat black holes, c.f. [43], 44].

8. General Lovelock gravities

For K > 2 we find further interesting phase behaviour. At each additional order in the Lovelock
expansion, we gain an additional degree of freedom corresponding to the additional Lovelock cou-
pling ag, allowing for more complex structures to arise. We find phenomena similar to those seen
previously in extended phase space thermodynamics for K = 1, such as reentrant phase transitions
[37], double swallow tails and a corresponding triple point [39],and even (for K > 2) isolated critical
points [40, 4T, [66]. However in contrast to the extended phase space approach, such behaviour in
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horizon thermodynamics is entirely due to the non-linearity of gravity (the larger values of K), fully
independent of the matter distribution. We depict a triple point in 4-th order Lovelock gravity in
Fig. 3

It remains an interesting open question whether the horizon thermodynamics of higher-order Love-
lock theories can bring some additional qualitatively new phase transitions to those described in this
section. In particular, can one find ‘n-tuple swallow tails’ and the corresponding n-tuple critical
points? This question is left for future work.

B. Comparison to extended thermodynamics with variable A

In this section we shall compare horizon thermodynamics to the recently studied (canonical ensem-
ble) extended phase space thermodynamics of asymptotically AdS black holes. The latter, sometimes
referred to as black hole chemistry [29], is essentially ‘standard black hole thermodynamics’ with the
additional feature that the (negative) cosmological constant is treated as an additional thermody-
namic variable, which is interpreted as a thermodynamic pressure P, according to Eq. and
allowed to vary in the corresponding first law. The first law for spherically symmetric Lovelock black
holes then takes the following form [88]:

OM =T8S+ ®:6Q; + VandPa + Y ¥Wsay, (4)
i k=2

and implies the associated Smarr formula

(d=3)M = (d—2)TS+(d—3))_ ®:Q; — 2Vip Pa
+> 2(k - )W Py (4)
k=2

through the Euler scaling argument. Here M stands for the black hole mass, now interpreted as a
gravitational enthalpy. We have also included the possibility that the black holes are multiply-charged
with several U(1) charges @; and corresponding electric potentials ®; (see Sec.|[V|for an example with
an STU black hole). The horizon temperature T and associated entropy S are the same as in the
horizon thermodynamics approach.

Let us now study some differences between the HFL and the extended first law .
The most obvious distinction is the appearance of extra work terms, » . ®;0Q;, in . These
terms in the horizon case (IIIB?2) are instead interpreted as contributions to the pressure, which is
associated with all matter fields. In the extended case one only has a completely isotropic
pressure due to the cosmological constant.

A more important difference between and (IV BJ) is the nature of the black hole volume.
In the horizon approach V is assumed to be given by (I[IIB1f); it is associated with the ‘Euclidean
geometric volume’ of the black hole and is independent of the matter content, c.f. [34] [84H86]. In
contrast to this the volume in extended thermodynamics

oM

Vo = (ﬁ)S,QI,... @

is a thermodynamic volume [34], a quantity conjugate to the pressure Py. Hence Vi is not an
independent input but directly follows from the identification of the black hole mass. It can also
depend on the matter content of the theory; for example the thermodynamic volumes of supergravity
black holes have this feature [34].

Another important difference is the nature and distinction between the quantities E, H, and M.
Whereas the latter is the black hole mass and can be calculated by standard methods, e.g. the
method of conformal completion [90], 1], the physical meaning of E is distinct. It evidently plays
the role of energy in , but this quantity is not the mass of black hole; indeed its properties
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are quite different. It vanishes for planar/toroidal black holes and can be negative for higher-genus
topological /hyperbolic black holes. It has been noted that it is associated with the transverse geometry
of the horizon [12].

Since it is a function only of the horizon curvature and the horizon radius r, we propose that it is
the horizon curvature energy: the energy required to warp space time so that it embeds an horizon.
This definition is analogous to that of the spatial curvature density in cosmology, which depends
only on the curvature of spatial slices at constant time in an FRW cosmology. Likewise, the horizon
enthalpy H then can be interpreted as the energy required to both warp spacetime and displace its
matter content so that a black hole can be created.

This physical interpretation is contingent upon the fact that the energy of horizon thermodynamics
corresponds to the generalized Misner—Sharp mass mys = mys(r) [27) 28]

mus(ry) = PAV+E=M (4)

evaluated on the black hole horizon [19] and whose properties in Einstein gravity have been previously
elaborated upon [7]. In this sense it is a quasi-local quantity that can be associated with the horizon
itself without referral to asymptotics and can be independently defined. This indeed is a primary
motivation of horizon thermodynamics. Furthermore, we note that the last equality in follows
from (which holds for P,, = 0), and so we see that the mass of a Schwarzschild AdS black hole
is the Misner—Sharp mass on the horizon. Setting P, # 0, it has been shown that ms(r4) satisfies
the HFL [7, 19].
In particular, using the Smarr relation , we find the following relation between M and H:
2

M=H+ Z Qi+~ (VP = VipPy) (4)
valid for the charged AdS Lovelock black holes. For singly charged Lovelock black holes, V = Vip
[40, [88] yielding

2
M:H—I—Q@%—TSVPm. (4)
as the relationship between mass and horizon enthalpy H.
If no matter apart from a cosmological constant is present P,, = 0. H and M then represent the
same quantities, and so

H=M=E+P\V (4)

which is the sum of the energy E needed for warping the spacetime to embed the black hole horizon
plus the energy PpV needed to place the black hole into a cosmological environment (‘to displace the
vacuum energy’). Note that for planar black holes E vanishes and the mass is entirely given by the
P,V term.

Criticality and possible phase transitions in the framework of extended phase space are governed
by the associated Gibbs free energy

Gr=M-TS, (4)

in comparison to the horizon Gibbs free energy G (11 B 2)).
In particular, and obvious from the above discussion, in the vacuum with negative cosmological
constant case we have the same expressions

G=Gr, P=P,, (4)

for the Gibbs free energy and equation of state. Only in this case and for positive P do the two
approaches yield the same kind of thermodynamic behaviour and phase transitions (Van der Waals
behaviour, reentrant transitions, triple points, isolated critical points) in any Lovelock theory. These
phenomena will only take place for sufficiently large K (sufficient gravitational non-linearity).
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The two approaches differ significantly once matter is introduced. Generically they give rise to
very distinct phase diagrams with completely different physical interpretations. The difference is
rooted in the inherent degeneracy in horizon thermodynamics: it is described by only two parameters
T and P (together with their conjugates). This degeneracy is removed in extended phase space
thermodynamics, with each matter field having its own contribution to the free-energy, leading to
a description in a different (often incompatible) thermodynamic ensemble. Furthermore, in horizon
thermodynamics negative pressures are possible even if A < 0, whereas in the extended case negative
pressure requires A > 0.

We shall now illustrate these distinctions for a spherical (o = 1) charged-AdS black hole in d = 4
dimensions (K = 1)

2 o dr? 2 102
dS :7fdt +7+7’ dQQ,
F=dA, A:—th, (4)
r
where dQ? = r2(df? + sin?0dp?),
oM Q* 2
=1—-— 4+ =+ = 4
f r + r2 + 12 (4)
and A = —l% is the cosmological constant. This simple example will allow us to discuss all important

differences without the need for complicated expressions; generalization to ‘arbitrary’ charged Lovelock
black holes is straightforward [40].
The HES now reads

T 1 4
- - V = Zxrs 4
2ry  8mri’ 3" )

upon setting o = 1 in (IV A 1)). Interestingly, using the expression for the energy-momentum tensor,

2
Pm:Trriszla (4)
3mry
the HES (IV B)) can be rewritten as
T 1 T 1 Q?
Pr=g———~Pa=g—- A 1
T 8mra 2ry  8mrl 8wl @

which is the extended phase space equation of state in the canonical ensemble [36] upon setting @
constant and identifying Py = —A/(87). Note that V4 = V and so the thermodynamic and geometric
volumes are the same and
QQ
Py=P , 4
A * 871'1"3_ 4)

since P = P,,, + Pj.

Note that in the extended phase space approach there is no need to ‘invoke the Einstein equations’
to derive this equation of state since we are using a concrete solution. In fact simply follows
from the ‘definition’ of the temperature

f/
T="—
A7’
upon using the explicit form of f from ([V B)). The horizon enthalpy

re(1+27Try)
3 )

(4)

H =
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FIG. 4. Hawking—Page transition. The characteristic Ga —T diagram is displayed for the uncharged (Q =
0) AdS spherical black hole in d = 4. The black hole Gibbs free energy admits two branches of black holes: small
black holes (displayed by blue dashed curve) have negative specific heat and are thermodynamically unstable
while large black holes (solid red curve) have positive specific heat and thermodynamically dominate for large
temperatures, T' > Typ, over the radiation phase displayed by horizontal magenta line. Note that (being in
the framework of extended phase space thermodynamics) each point on the black hole curve corresponds to
different black holes (of increasing horizon radius r4 from right on the dashed blue curve to bottom left) in
the same environment of fixed A and fixed @ = 0.

and mass (gravitational enthalpy)

M= 7‘112 + Q%2 + ri (5)
o 212’]"+ ’

of the black hole are related via (IV B|), M = H 4+ ®Q + 2V P,,, , where ® = Q/r, and P, and V are
given by (IV B)) and (IV B|). This then implies the following relation:

2

2
Gr=G+®Q+2VP, =G+ 2%
3’)"+

2
Py=P 5
A +87T7"i’ (5)

between the horizon and extended Gibbs free energies|T]

These relations imply fundamentally different thermodynamic behaviour in the two approaches.
Even after removing the degeneracy in by imposing a constant () constraint, the P = const
and Py = const slices of thermodynamic phase space are incompatible, and yield different behaviour
of the Gibbs free energies G(T') and GA(T'). We shall illustrate this point by comparing the positive
pressure curve in Fig. 1 describing the behaviour of G in horizon thermodynamics to that of Gp
displaying the Hawking—Page transition for Q = 0 and the Van der Waals like behavior for @) # 0 in
the extended phase space thermodynamics, Fig. [ and Fig.

In horizon thermodynamics the description is in terms only of {T, P}, and only ‘Hawking—Page-
like behavior’ of the horizon Gibbs free energy G = G(P,T) can be observed, as shown in Fig.

1 Note that the extended phase space equation of state (IV B)) was directly derived from the horizon equation of state
(IV A 1)) by splitting P = Py, + Pa,. This is not true for the Gibbs free energy G, .
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FIG. 5. Van der Waals-like phase transition. The characteristic Ga — T" diagram is displayed for the
charged (Q = 1) AdS spherical black hole in d = 4. For sufficiently small pressures, P < P. = 1/[967Q?], the
GA — T diagram displays the characteristic swallow tail behaviour indicating a small to large black hole phase
transition ala Van der Waals. As with Fig. E| , each point on the curve corresponds to different black holes
(of increasing horizon radius r4 from left to bottom right) in the same environment of fixed A and Q.

Furthermore, as T' changes, moving along a constant-P curve entails modifying some combination of ),
r4, and A: different points on the curve are comparing different black holes in different environmentﬂ
The expected transition at G = 0 to pure radiation (which has @ = 0) can only occur if there is a
reservoir of charge, so that () can appropriately vanish as this transition takes place.

In other words, the physical interpretation of Fig. [1]in horizon thermodynamics depends crucially
on the matter content. In contrast to this, the extended phase-space picture breaks this degeneracy,
allowing for imposition of independent constraints on @ and the pressure Py. If @ = 0 (Fig. 4) the
standard Hawking—Page phase transition is recovered [29], whereas for fixed @ # 0 (Fig. , Van der
Waals-like behaviour is observed [36], with the Gibbs free energy Gy = Ga(Pa, T, Q) exhibiting a
swallowtail structure. In either case, each point on the curve in a G vs. T diagram corresponds to
different black holes in the same environment (the same A and Q).

We see that the distinction between the two approaches in this example is reminiscent of the
canonical vs. grand-canonical description of charged AdS black holes. For a charged AdS black hole
we observe Van der Waals phase transitions only in a canonical (fixed @) ensemble (as in the extended
phase space approach), whereas in the grand canonical (fixed ®) ensemble behaviour similar to Fig.
is observed (as in horizon thermodynamics).

In summary, horizon thermodynamics describes a system from the viewpoint of an ensemble de-
scribed by only two variables P and T. The Gibbs free energy therefore only depends on the type of
gravity considered. Such a description is ‘universal’ and ‘formally independent’ of the matter content.
However, the actual interpretation of the thermodynamic behaviour is matter dependent. In general
it is not unique due to the degeneracy of the description, in contrast to the non-degenerate description
in extended phase space thermodynamics. Consequently in horizon thermodynamics the ensemble is
very different from traditional ensembles in standard thermodynamics. The distinguishing feature is
that the total pressure P is held fixed. All pressures are summed over to yield this total pressure, and

2 Since constant-P undetermined condition, its realization can be always achieved by setting @ = 0 and tuning A
accordingly. For this reason it is not that surprising that the horizon Gibbs free energy mimics the @@ = 0 behavior
of the extended phase space Gibbs free energy.
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in general this renders the ensemble different from both the canonical and grand-canonical ensembles
that are usually considered in black hole thermodynamics.
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V. BEYOND HORIZON THERMODYNAMICS

In this section we provide some open topics for consideration in horizon thermodynamics. Namely,
we concentrate on extending the principals of horizon thermodynamics to more general spacetimes
with fewer spacetime symmetries. As we can see, the procedure for generating first laws becomes
more ambiguous and the interpretation of the equation of state can be more questionable.

A. Thermodynamics of General Spherically Symmetric Black Holes

Consider the most general spherically symmetric metric in 4 dimensions,
1
f(r)

an ansatz that is able to accommodate black holes with more exotic matter content. The radial
Einstein equation evaluated on the horizon reads

fro)d(ry) 1= fr)@(r)? ‘

ds* = —f(r)dt* + dr? + g(r)%d9?, (5)

81T r|r, =G rlry, =

()

9(r4) (9(r+))
which, since we define the horizon to be at f(r;) = 0 yields
_Ty'(ry) 1 (5)
2 g(ry)  8m(g(ry))?

Examples of such a metric include the STU black hole, where the metric of the STU black hole has
the form (V A)), where [92]

:1_Tm+%2H(r)7 H(T)ZH(l—I-qg‘/?”)- )

7(r) = II
This new equation of state is now of the form
P(T.g,9') = B(g) + g'C(9)T . (5)
Varying this new equation of state with no a-priori restrictions on ¢’, yields
P = KdB +4g'T (dc>>] 89+ ¢'CoT + CTéqg' . (5)
dg dg
Assuming a volume V' (g), we can re-write this as
VP = ¢'S6T + dG + TSéy', (5)

where we define

S = /g C(g) (‘3;) dg (5)

as derived in [74]. We enforce this relation in part because it provides the correct entropy [34] even
for the general STU black hole.

There are two serious problems with the proposed first law ; firstly the final anomalous term
going as the variation of ¢’ has no clear thermodynamic interpretation. With this in mind, it may
be hard to even justify calling G a Gibbs free energy unless there is some feasible thermodynamic
quantity that this term can be related to.
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The second issue is that the first law (VA: does not obey a Smarr relation.
Let us instead define a new temperature, shifted from the Hawking temperature by a dimensionless
factor which depends on the matter content of the spacetime,

Ts =g'T. (5)
In terms of this new “temperature”, our equation of state then takes the form
_ Ts 1
29(r+)  8m(g(ry))?

Varying the equation of state and taking volume to be a geometric volume

P(Ts,qg)

Vig) = / dngdy, (5)

we reach a first law of the form

§G = V&P — S6Ts (5)
with
av
o (%), _ .2

Note that this enforces the degeneracy between entropy and volume observed in [73]. We find the free

energy to be
_ [? V() Vi(g)
G= / g dg — TS/ 2 dg . (5)

From here, it is straightforward to see that in 4D Einstein gravity, for the equation of state (V Al
these definitions satisfy the Smarr relation,

G=ST-2VP. (5)
For the STU black hole, the shifted temperature evaluates to
4 4 14 qijl;[i(l—i—%)l/‘l
Ts = _H(1+7f)”4—47,z(1+qi)3/4 T. 5)
i=1 i=1 p

More interestingly, the entropy evaluates to

4
2 2 14 Ziyi/a
S=mg> =m?[J(1+ mO R (5)

=1

which is exactly the expected value for the horizon entropy of an STU black hole [34].

B. Rotating horizon thermodynamics

Another interesting example where complications arise in horizon thermodynamics is black holes
with non-zero angular momentum. We work here with the following ansatz for a rotating black hole
geometry

sin?6

A 2
ds? = —p—2(dt — asin20d<p)2 + %er + p?do* + v ladt — (r* + a2)dgp]2 , (6)
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generalizing the Kerr metric, where
p* = 1%+ a®cos?d, (6)

and we assume that the metric function A = A(r) determines the position of the (non-extremal) black
hole horizon located at the largest root of A(r;) = 0.

We begin by deriving the modified HFL and HES and (IIT A)), assuming Einstein gravity
minimally coupled to matter. From the geometry we can immediately identify the black hole horizon
area

A=dn(ri +a®) =48, (6)

in terms of the entropy S. The horizon angular velocity

Gty a
Q=% = (6
oo 1y i +a? )

can likewise be identified, as can the black hole temperature

Al(ry)
B dm(r? +a?)’ (6)
+
via standard Wick-rotation arguments. Note that no field equations are required up to this point,
though the latter relation in (V B|) employs the assumption of Einstein gravity.
Let us next consider the radial Einstein equation, evaluated on the black hole horizon

. ” a? =12 +r A'(ry)
o A B N + o , (6)

where p3 =72 + a” cos*d. Using we obtain

B 87rpiTTT|T+ + ri — a2

T
drry (ri 4 a?)

; (6)

which yields

20417 |, N r? —a?
r(ri 4+ a?) drry (ri + a?)

768 = 5S (6)

upon multiplication by §5 = 27(r dr. + ada). Note that the first term on the right-hand-side of
depends on the matter content, whereas the second term is universal and completely fixed in
terms of r4 and a.

Now we make the following interesting observation. This latter term in can be written as

r2 —a?
— L S =0E—-Q¢
drry (r2 + a?) 5 I (©)
upon defining
2 2
E:T++a J:Ea7 (6)

27’+

the former quantity being defined only up to a total variation. We see that the expressions for £ and
J are formally identical to those for the mass and angular momentum of vacuum Kerr black hole,
respectively. Furthermore, in the absence of rotation, a — 0, E reduces to the Misner—Sharp energy
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of a spherically symmetric spacetime evaluated on the black hole horizon. We therefore identify E as
the horizon energy E and J as the horizon angular momentum of the black hole described by @
We have thus found the following relation

20477, |,

0FE =T§ 0J - ———
SRR r+(rl +a?)

3s. (6)

Since T must be constant on the horizon [93], the last equation is consistent only when p{ 7", is
independent of §. We therefore introduce the surface tension

4 pr
P vy
— = 6
T T(T‘_‘_,a) 27‘4_(7”1 +a2) ) ( )

and so obtain (III Af) for the modified HFIE|
OE =T65+QéJ —10A. (8)

Such a law is cohomogeneity-2 as both the horizon radius r; and the rotation parameter a can vary
independently. Moreover, Eq. (V B|) together with (V B) yields

T a? — ri

T=7(4,JT) = 4 + 16774 (r2 + a?) (8)

which is the surface tension HES . Here ;. and a are implicitly given in terms of J and A
through relations and .

Equations and are together with the definition of the surface tension the most
important results of this section. Note that in order to write these equations down, no new quantities,
apart from E and J, had to be defined and the expressions are entirely given in terms of geometric
horizon properties such as the area A, temperature T, and angular velocity 2.

1. Surface tension criticality

Let us now study the possible critical behavior associated with the generalized horizon thermo-
dynamics derived in the previous subsection. For concreteness, we do this in a canonical (fixed .J)
ensemble.

Since according to the HFL , the quantity F in plays the role of thermodynamic energy
(that is a thermodynamic potential expressed in terms of extensive thermodynamic variables S, J and
A), we define

G, =G, (T,7,J)=E—-TS+7A, (8)
which is the corresponding surface tension Gibbs free energy G.. This quantity formally satisfies
0G = =S6T +Q6J + Adr. (8)

The behavior of G = G(T, 7, J) is displayed in Fig. |§| for fixed J = 1 and three representative values
of 7. For any 7 we observe two branches of black holes, meeting at a characteristic cusp. For negative

3 Note that in vacuum 7 = 0 and we recover the standard 1st law of black hole thermodynamics

0E =T5S+Q6J . )
In the electrovacuum (Kerr—Newman) case, we have
Q? Q*
T" = — T=— . 8
rle 8mpl 16774 (r3 + a?) ®
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FIG. 6. 7 — A criticality. The G, — T diagram is displayed for J = 1 and various 7. The red curve
corresponds to positive tension 7 = 0.008, the dashed black curve to 7 = 0, and the thin black curve to
negative tension 7 = —0.003. We observe a characteristic cusp whose position depends on 7. For positive T,
the corresponding upper branch terminates at finite temperature 7.

7 both branches on the other end terminate at finite G and T' = 0, whereas for positive 7 the upper
branch eventually asymptotes to G — oo at T' = 47, with a divergence at T' = 0 occurring for 7 = 0.
Apart from the presence of a cusp, no interesting thermodynamic behaviour is observed for any values
of J.

As with the spherically symmetric case [73], an interpretation of the concrete thermodynamic be-
haviour depends on the actual matter content. For example, in vacuum, 7 = 0 and only the black
dashed curve applies. Similarly, for the electrovacuum case with nontrivial charge 7 < 0 and behavior
similar to the thin black curve in Fig. [f] is realized. We expect that our ansatz could be suitably
generalized to accommodate rotating black hole with some type of a scalar hair [94], with free-energy
plots similar to the the positive 7 curve.

2.  Effective temperature

The modified HFL (V BJ) has three terms on its right-hand-side but inherently is only cohomogeneity-
2. Furthermore, variation of S is not independent of the variation of A. This suggests that we introduce
an effective temperature

1 72 —a?
e=T —d4r = ——=

T L
4wy (r? +a?)’

e

(8)

which is easily obtained by grouping the 7.5 and —7JA terms together. Note that this quantity has
no explicit dependence on matter, is constant on the horizon, and is positive for 4 > a. With this
identification, the modified HFL (V B|) becomes manifestly of cohomogeneity two and reads

OFE =T,465 + Qd6J (8)
which is equivalent to Eq. (V BJ). In fact, since E' and J coincide with the mass and angular momentum

of the vacuum Kerr black hole, the effective temperature T, is nothing other than the temperature
of the Kerr solution and (V B 2) is the corresponding first law.
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FIG. 7. Universal criticality. The Gt — Tex phase diagram is displayed for J = 1. We observe a
characteristic cusp that is completely independent of the matter content of the theory.

Stated this way, horizon thermodynamics is recast in universal form that is completely independent
of the matter content and represented by the thermodynamics of a vacuum solution. Note that the
same is true in the case of spherical symmetry upon absorbing the —PdV term into 7dS in (VB),
which then simply reads 6 E = T,,0.5, with T, being the temperature of the Schwarzschild black hole.
This interpretation of horizon thermodynamics also opens a new way of deriving the horizon equations
and , as we demonstrate in App. A.

In the light of previous discussion, it is obvious that the criticality of the HFL coincides
with that of the Kerr solution. Namely, the associated Gibbs free energy reads

ri + 3a?

GTeff - GTeff(Teff7 ‘]) = E - TeffS == 4’]"+

: (8)

and obeys
0Gr,, = —S6T .+ Q0J . (8)

The corresponding G, = G (T, J) diagram is displayed in Fig. lﬂ For non-trivial angular mo-
mentum J, we observe a characteristic cusp, completely independent of the matter content of the
theory.

To summarize this section, we stress that both the surface tension and the effective temperature
approaches are very natural in the horizon thermodynamics of rotating black holes. Both permit
study of cohomogeneity-2 HFLs since variations of both da and dr, are allowed. Furthermore, there
is no need to identify any extra structure beyond the horizon energy E and angular momentum J in
(V Bf). We shall now consider an alternate approach in which an additional structure, the black hole
volume V', is defined.

C. Tautological derivation of horizon equations

Although precisely in the spirit of horizon thermodynamics [9] generalized to the rotating case, the
derivation of the horizon equations (V B|) and (V B) in the main text suffers from non-uniqueness of
the definition of horizon energy E and horizon angular momentum J, (V Bf). Although their definition
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is motivated by (V B)), the possibility of redefining E by a total derivative (accompanied by a proper
modification of J) remains. For this reason in this appendix we give an alternate derivation of these
equations, turning around the logic of the reasoning. Namely, we start again with the ansatz @ but
consider the vacuum solution ﬁrstE| This allows us to identify £ and J. We then carry the analysis
to the non-vacuum case, keeping the same F and J to rederive Eqs. and in a different
fashion

Let us start again with the ansatz @ and specify to the vacuum case, setting A = 72 — 2mr + a2.
The thermodynamic quantities then read

2 2
E:mzﬂ J=Ea,
27’+
a A 9 9
T =5 =i +ad),
r2 _ g2
To =T = * (7)

drry(rd 4+ a?)’
and obey the standard first law
O0F =1Tp0S5 + Q6J, (7)

which is of course identical to the effective first law .

We next consider the spacetime with matter, keeping the same ansatz @ and general A = A(r)
that determines the position of the horizon. The derivation of the horizon equations and
then consists of the following 4 steps:

e We insist that even in the presence of mater the horizon energy E and the horizon angular
momentum J are given by the vacuum expressions @[) (This in some sense directly generalizes
the idea of Misner—Sharp quantities to the case with rotation.)

e We employ the Euclidean trick to identify the actual temperature of the black hole horizon
according to

_ Ay
CAn(r? 4 a?)’

(7)
e We impose the radial Einstein equation evaluated on the horizon, to relate T and Ty,
a? —r2 +ri AN (ry)

87T |r, =Gy, = < (7)
P+

which rewrites, upon using @D, as

8mpd T ey,

T=Ty+4 =—T "
oFdr, T drry (ri + a?)

(7)
So we identified the matter contribution to the temperature called surface tension 7 in the main
text, and recovered the HES (V B).

e The final step is to rewrite the standard first law (V C)) in terms of the actual temperature in
the presence of matter,

SE = TyoS + Q6J = TS + Q6T — 76 A, (7)
which is the HFL (TITA).

4 This goes directly against the spirit of horizon thermodynamics that essentially tries to avoid working with concrete
solutions of field equations.
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We believe that this derivation in some sense reveals the true nature of horizon thermodynamics.
It describes the standard vacuum first law from a perspective of an observer who measures the actual
black hole temperature T and the surface tension 7 associated with matter fields present in the
spacetime. This is the origin of universality of horizon thermodynamics: all black holes satisfy ‘an
equivalence class’ of first laws irrespective of the matter content of the theory. Specific features
of a given black hole emerge only after the actual matter content and associated conserved charges
are identified, along with their respective contributions to the first law.

Of course, exactly the same derivation would apply to the spherically symmetric case.
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VI. SUMMARY

This thesis has taken the assumption that the radial gravitational field equations can be interpreted
as an equation of state P = T}7|,, = P(V,T) and explored the thermodynamic consequences. It is
important to note that nowhere do we evaluate the legitimacy for this assumption, but instead simply
explore what must follows if this analogy does in fact hold. Through the studies presented here, we
found that while perhaps not as robust as could be desired, horizon thermodynamics does produce
a rich spectrum of thermodynamics with perhaps more predictive capacity than would naively be
assumed.

Firstly, we have found that this assumption is more potent than previously assumed and have
formulated enhanced horizon thermodynamics, a full cohomogeneity first law directly from the equation
of state which provides an independent definition of horizon entropy and Gibbs free energy up to a
total derivative. This is a significant improvement over traditional horizon thermodynamics, where
entropy must be identified with the Wald entropy (discussed in Appendix and the standard first
law is degenerate. The horizon entropy is independent from Wald’s definition of entropy as a Noether
charge, and follows purely from the assumption of field equation as an equation of state. Surprisingly
however, this entropy is consistent with the Wald value in several non-trivial cases. The enhanced
horizon thermodynamic entropy matches the Wald entropy for spherically symmetric black holes
in Einstein gravity, higher curvature Lovelock gravities, and even cubic gravity theories where the
entropy has intrinsic temperature dependence. The later of these is a unique feature of enhanced
horizon thermodynamics, with the degenerate standard horizon thermodynamic prescription unable
to unambiguously identify the entropy and energy. In the case of Lovelock gravity, enhanced horizon
thermodynamics also provides the Lovelock potentials as a natural consequence of the equation of
state. In any case, we found that horizon thermodynamics results in surprisingly similar pictures to
the seemingly distinct conserved charge approach. The precise reason for these correspondences may
perhaps be an interesting topic for further study.

We found that horizon thermodynamics also provides a full spectrum of thermodynamic behaviour
analogous to a Van der Waals fluid when examined in an extended phase space picture. While there are
some appealing features of thermodynamics from this approach, namely the simplicity of calculation
and the elegance of being able to interpret the field equations as an equation of state, this comes at the
cost of abandoning the concept of conserved charges being fundamental to thermodynamics. However,
by construction, holding fixed thermodynamic variables in this approach does not fix the conserved
charges of the spacetime, resulting in possibly questionable interpretations of phase diagrams.

Finally, we examined the consequences to extending these ideas to more general spacetimes. We
found that new ambiguities arise which can be difficult to reconcile without a-priori knowledge of the
thermodynamics of the spacetime. Perhaps there is a more general form of horizon thermodynamics,
which reduces to the form studied here in the case of sufficient spacetime symmetry. Indeed, it
seems reasonable to expect that the pressure would no longer simply be the radial component of the
stress-energy in the absence of spherical symmetry. Or perhaps the relations found here are purely a
consequence of the limited degrees of freedom in the spacetimes studied; it must be noted that for all
of the cases which horizon thermodynamics naturally applied the radial field equation was sufficient
to fully determine the metric. We leave these questions as a topic for future research.
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Appendix A: Entropy as a Noether Charge

The notion of horizon entropy as a conserved charge has been referenced several times throughout
this thesis. The calculation by Wald [95] gives entropy as the integral of the Noether charge associated
diffeomorphism covariance. We sketch the argument here, while a more complete derivation can be
found in [87, 95l 96] for example.

Jacobson and Myers similarly found the entropy of black holes in Lovelock gravity to be the integral
of the Noether charge associated with diffeomorphism covariance [97].

This derivation relies on the calculus of forms. For a review, see [98] . For a D-dimensional space,
we define the n-codimensional volume form

= VI N S S NN e (A0)

€ M1 n s Vn41 (D _ n)|€M1~-‘Mn7Vn+1m

for a spacetime with metric g"” described by a theory whos Lagrangian is described as a fuction of
the metric and the Riemann tensor RHYP7.
We can write the Lagrangian as a D-form as

L= Le. (A0)
We vary this action with respect to the metric to find
0L = e£MY0g,,, + dO(g,dg), (A0)

where @ is a boundary term arising from integration by parts so that the Lagrangian is extremized
for the field equations given by E#¥ = 0.
The symplectic current form is defined as a function of the symplectic potential ® as

w(g,019,029) = 610(g, 629) — 020©(g,019) . (A0)
From Eq. @ we see that
dw = —01(eE*)029, + (1 <> 2). (A0)

Recalling that the equations of motion for the theory require £#¥ = 0, this implies that for systems
which satisfy the equations of motion, this current form is closed, i.e. dw = 0. This allows us to
invoke Stokes theorem and assert that the integral of w over a compact Cauchy surface is a conserved
quantity,

9(975197529) = / W(g,5197529). (AO)
C

Now we may invoke the symmetry under diffeomorphisms of the theory to define a Noether current
for a vector field &

Je=0(g,Leg) —€- L. (A0)
The Lagrangian of a diffeomorphism invariant theory varries as
deL=LL=¢-dL+d(¢-L), (A0)
by Cartan’s formula. Then, again using Eq. , we can write the exterior derivative of J¢,
03¢ = —cE" Leg (40)

which we note vanishes when the field equations of the theory are satisfied. It has been shown that
we write this current as the derivative of a Noether charge (D — 2)-form,

Je=dQ: +¢"Cy, (A0)
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where C, = 2¢,E}'. Note that when the field equations are satisfied, the current can be expressed as
an exterior derivative J = dQ.

Then, if there exists infinitesimal time translations ¢* and rotations ¢® in the spacetime, the
cannonical energies and angular momenta are defined

SE = / (6QlH] —t-©), (A0)
and
§J = / 5Qly] . (A0)

If one takes €% to be a Killing field which vanishes on some (D-2) Killing surface ¥, normalized
such that

£ = 1%+ Qp, (A0)

where ) is the angular velocity of the surface X, then L¢g = 0, d(0Q) = d(& - ®) and as a result

5/ZQ:6E—QdJ, (A0)

which can be interpreted as a first law of thermodynamics.
This can be improved upon by identifying

0Q = KiQ, (A0)
for surface gravity « defined
£V o8P = keP (A0)
via the algorithm presented in [99].
Then, defining the conserved charge
s=2 [ Q. (A0)
b
the first law reads
K
—30S=0F—Q06 A
505 J, (A0)

as desired.

Appendix B: Specific Examples

Now that we have reviewed the formalism behind the Wald entropy, we demonstrate it explicitly
in a couple of cases of particular relevance to this thesis—first in General Relativity then in Lovelock
Gravity (see [95], [97] for more detail).

1. General Relativity

For calculational convenience, define

L
e Jf : (BO)
nvpo
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for a theory of gravity with Lagrangian L. In Einstein gravity where L(R) = R, P*"P? evaluates to

1
PHYPo — 5 <gupgua _ guagl/p) ) (BO)
Then, under a diffeomorphism
ey (B0O)

the associated Noether current is given explicitly by
JH = —2PMPIN &, + 48, (V,PHP7) . (B0O)

Taking £ to be a Killing vector vanishing on a Killing horizon ¥,,,,, then the Wald entropy is given
by

1
S=— [ J¥dx,, . BO
o s, (B0)
For Einstein gravity, we can evaluate the integrand
1
S=— 2K)dA BO
5 . 2raa. (50)
which yields the expected area law
A
S=—. BO
; (50)

2. Lovelock Gravity

The entropy of black holes in Lovelock gravity theories was given as a Noether charge in the work
of Jacobson and Myers [97].
Following the same procedure, we define

PNV,DQ _ 8Ln
" ORuvpo

(BO)

where L, is the nth Euler characteristic, with n ranging from 1 to a maximum [D/2] in D dimensional
gravity.
Defining the Noether current

MNmax

j/“’ — ZanJ#V = Z [ — 2anPfLWpGVp§g + 45,,@77, (va#VpU)] ) (BO)

n

where «,, are the Lovelock coupling constants. Then the Wald entropy is defined as the integral over
Killing surface %

1
. /,: TS, . (BO)

With the Lovelock Lagrangian then, this reduces to

Nmax

S = Z 47rnozn/ELn_1dD_2x, (BO)
n=1

which is the entropy expected from [97].
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