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Abstract

Roth’s theorem, proved by Roth in 1953, states that when A C [1, N| with A dense
enough, A has a three term arithmetic progression (3-AP). Since then the bound originally
given by Roth has been improved upon by number theorists several times. The theorem
can also be generalized to finite abelian groups. In 1994 Meshulam worked on finding an
upper bound for subsets containing only trivial 3-APs based on the number of components
in a finite abelian group. Meshulams bound holds for finite abelian groups of odd order.
In 2003 Lev generalised Meshulams result for almost all finite abelian groups. In 2009 Liu
and Spencer generalised the concept of a 3-AP to a linear equation and obtained a similar
bound depending on the number of components of the group. In 2011, Liu, Spencer and
Zhao generalised the 3-AP to a system of linear equations. This thesis is an overview of
these results.
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Chapter 1

Introduction

1.1 Main results

This thesis is a collection of research done over the last twenty years on generalizing Roth’s
theorem on finite abelian groups. This introduction includes content which will be repeated
later on, so that each chapter may be read independently from the others with relative
ease.

Definition 1.1.1. Let G be an abelian group. A three term arithmetic progression (or
3-AP) is a subset {z,y, 2z} C G with z + z = 2y. If x = z, we say that the 3-AP is trivial,
and that it is non-trivial otherwise.

For k € N = {0,1,2,...}, let Z; denote the cyclic group of order k. Let G be a finite
abelian group with
G =2k ®Ly, @+ D Ly,

where k; € N, k; > 2 fori € {1,...,n} and ky | ko | - -+ | k,. Each finite abelian group can
be decomposed uniquely in this form [4]. We denote the number of components of G by
¢(@), thus, here ¢(G) = n.

Definition 1.1.2. Let G be a finite abelian group. Define

D(G) = ilég |A.

A contains no
non-trivial 3-APs

Definition 1.1.3. Given non-negative functions f(x), g(x) defined on a subset of the real
numbers, we say that

f(@) = O(g(x)) or flr) <glx),



if there is some C' > 0 and xy > 0 with f(z) < Cg(x) for each x > xy. We say that

if for any € > 0, there exists z; > 0 with f(z) < eg(z) for each x > z;.

In 1953 Roth [9] proved that D(Z,,) = O(m/loglogm). From Heath-Brown’s [3]
work in 1987 and Szemeredi’s [11] work in 1990 this bound was improved to D(Z,,) =
O(m/(logm)®) for any fixed o with 0 < o < 5. The best current bound on Roth’s
theorem is by Tom Sanders, and gives D(Z,,) = O(m(loglogm)®/logm). It has also been
shown by Brown and Buhler [1] and Frankl, Graham and Rodl [2] that when G is any finite
abelian group of odd order that D(G) = o(|G|).

In 1994 Meshulam [8] used his result bounding D(G) by the number of components
of a finite abelian group G with odd order to improve the asymptotic bound on D(G).
Intuitively, it seems that D(G) depends on the size of G and also the number of components
of G, with a large number of components decreasing the size of D(G). Indeed, consider the
two finite abelian groups Zg, and Zs @ Z3 ® Zs3 & Z3. These two groups have the same size,
but the latter gives us very little room to build subsets while avoiding non-trivial 3-APs.
Meshulam’s result gives us a formal verification of this intuition. In 1994 Meshulam [§]
proved the following.

Theorem 1.1.1. Let n € N and define

D(G)
d(n) = sup :
e(@zn |G|
|G| odd

Let n € N. We have
d(n) <

S|

By definition we see that d(n) < d(n — 1) for each n. Meshulam’s proof uses induction
on d(n). It shows that if G is a finite abelian group with odd order and ¢(G) > n, and
A C G with no non-trivial 3-APs, then |A|/|G| is bounded above by 2/n. Notice that
this theorem only holds for groups which have odd order. Indeed, for Meshulam’s proof
to work, we require that the finite abelian group G has odd order (in particular we need
that 2a = 2b implies a = b). In 2003 Lev [5] adapted Meshulam’s proof for finite abelian
groups with the condition that 2G = {g + g : ¢ € G} is non-trivial, i.e. G is not a direct
sum of Z,.

Before stating Lev’s result, we need to re-examine our definition of a non-trivial 3-AP.
Previously, we called a subset {a,b,c} C G a 3-AP if a + ¢ = 2b. It was a trivial 3-AP if
a = ¢ and a non-trivial 3-AP otherwise. When G has odd order, the condition that a = ¢
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implies that a = b = ¢, so that each 3-AP is a set of either 1 or 3 elements. When G has
elements of order 2, this distinction becomes more subtle. For example, in Zjq, the subset
{1,6} is a 3-AP since 6 +6 =2-1 and 1 + 1 = 2- 6. This 3-AP is not necessarily trivial
since it consists of two different elements, but it does not consist of three distinct elements.
Notice that if we define ¢ : G — 2G by ¢(g) = 2¢, then when G = Zj,¢(6 — 1) = 0. In
general, if @ — b € ker ¢, then a + a = 2b and so {a, b} is a 3-AP. The choice of defining a
trivial 3-AP as one in which a = ¢ was motivated by this. When a # ¢, this implies that
the 3-AP has 3 distinct elements. Lev’s generalization of Meshulam’s result is below.

Theorem 1.1.2. Let G be a finite abelian group so that the group 2G = {g+g¢g: g € G}
1s non-trivial. Then we have that

2|G|
D(G) < :
(@) = c(2G)
Forn € N define
D(G)
d(n) = sup ——,
( ) c(2G)>n G’
so that we may equivalently state,
d(n) < 2
n) < —.
n
When G has odd order, 2G = G and thus ¢(2G) = ¢(G). In this case Lev’s result
reduces to D(G) < %, which is exactly Meshulam’s result.

Lev’s result gives a very good bound on sizes of subsets containing only trivial 3-APs
for most finite abelain groups. The subsequent research looked at generalizing the concept
of a 3-AP. In 2009 Liu and Spencer [6] generalized Meshulam’s result to subsets which
contain no trivial solutions to a linear equation.

Let s € N with s > 3. Let r = (ry,rq,...,75) € (Z\ {0})* be a vector satisfying
ry+ry+---+ 17y =0. Given a finite abelian group G,

G=Zy &Ly, ® - DL,

with k; € {2,3,...} for each i € {1,...,n} and k;|k;; fori € {1,...,n —1}. Wesay G
has n constituents, and denote this by ¢(G) = n. We let |G| denote the cardinality of G.
We say that G is coprime to r if ged(r;, |G|) = 1 for each i € {1,..., s}.

Here, we have that a 3-AP {a,b,c¢} C G is generalized to a solution to the linear
equation r.

Definition 1.1.4. Let x = (x1,...,xs) € G°. Wesay x is a solution tor if rix;+- - rexs =
0. A solution x € G* is trivial if there is some subset {j1,...,5} C {1,...,s} with
xj =---=uxj and r; +---+1; = 0. Otherwise we say a solution x € G* is non-trivial.
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Theorem 1.1.3. Letr = (rq,...,75) € (Z\{0})* so that ri +---+ 15 =0, with G a finite
abelian group coprime tor, and let A C G. If every solution x € A® is trivial, we say that
A is free of non-trivial solutions and write A € NTSF, (non-trivial solution free subsets).
Define

D.(G) = max |A|

ACG
AENTSFy

and

D.(G
cz()G)Zn

Then there ezists a constant C'= C(r) > 0 such that

C(r)s—2 |

—2

de(n) <

nS

This indeed generalizes Meshulam’s result. If we let r = (1, —2, 1), then a non-trivial
solution is a 3-AP, and C(r) = 2. Note however, that this does not generalize Lev’s result.
A group which has even order is not coprime to r = (1, —2, 1). Similar to the proofs written
by Meshulam and Lev, the proof of this result uses induction on d.(n) and a bound on
|A|/|G|, where A C G contains only trivial solutions.

The final result this thesis examines generalizes the previous result from bounds on
sets containing no solutions to a linear equation to bounds on sets containing no solutions
to systems of linear equations. This bound, depending of course on the system of linear
equations being considered, was found in 2011 by Liu, Spencer and Zhao [7]. It is necessary
to re-define a trivial solution, and to find a requirement on G similar to that of it being
coprime. Below the result is outlined in all its technicality.

Definition 1.1.5. Let R, S € N such that S > 2R+ 1. Let Y = (y;;) € Z"*° be a
matrix satisfying y;1 + vi2 + - + yis = 0 for each i € {1,...,R}. Let L € N with
R<L<S—R-—1. Let G be a finite abelian group.

Then we say G is L-coprime to Y if there exists L columns of Y satisfying the following
conditions:

e Upon choosing any R of these L columns, we obtain an R x R matrix Z € Z#*R
with ged(det(Z), |G]) = 1, where det(Z) denotes the determinant of Z.

e Upon removing any L — R + 1 of these L columns from Y, there exist within the
remaining columns two disjoint sets of R columns which form R x R matrices 2, Z5 €
7> with

ged(det(Z2y), |G|) = ged(det(Z), |G]) = 1.



When a matrix G is L-coprime to Y € Z#*9 the indices of the L columns satisfying
the above conditions are denoted by Iy (G; L), i.e. if the L columns of YV satisfying the
conditions of L-coprimality are

Y151 Y150 Y151
Y2,51 Y2,jo Y2,

. 3 . I . )
yR:.jl yR7j2 yR7jL

then Iy (G; L) = {1, J2,- .-, jr}

Definition 1.1.6. Let R, S € N, and Y € Z®*° be defined as above. Let G be a finite
abelian group. We say that T = (z1,...,7,) € G° is a solution to Y if YT = 0, i.e.
T = (x1,...,xs) is a solution if

Y1121 + Y1202 + - + Y1525 0
Y2121 + Y2202 + -+ YasTs [ 0
Yr1%1 + YroTo + - + YrsTs 0

We say that a solution T € G° is trivial if there are i # j, i,j € {1,...,S}, with z; = ;.
Otherwise, when each x; is distinct, we say that T is a non-trivial solution.

Definition 1.1.7. Let R,S € N, L € N, and Y € Z® be defined as in Definition 5.1.1.
Let G be a finite abelian group which is L-coprime to Y, and let A C G. If every solution

7 € A® to the equation Y7 = 0 is trivial, we say that A contains only trivial solutions to
Y, and write A € TRIVy. Define

Dy(G) = max |A]

ACG
A€ETRIVy
and Du(C
dy (N; L) = sup (@)
G is L-coprime to Y ’G‘
c(G)>N

Theorem 1.1.4. Let R, S € N such that S > 2R+ 1. Let Y = (yi;) € Z% be a
matric satisfying yix + Yiz + - + yis = 0 for each i € {1,...,R}. Let L € N with
R <L <S—R-—1. Then there exists a constant C = C(Y;L) > 1 such that, for any

N e N,
C
wvin) < ()

L—R+41
R



1.2 Fourier Analysis Preliminaries

The proofs explained in this thesis use a substantial amount of Fourier analysis on fi-
nite abelian groups. Proposition 1.2.3 is particularly useful. Assume that G is a finite
abelian group. This section contains results on the Fourier analysis of G which are rele-
vant throughout the thesis.

Definition 1.2.1. Let G denote the character group, or dual group, of G, i.e.
G={y:G—=C|h@)|=1Yze G +y) =(2)(y) Yo,y € G}.

We call elements of @ characters on G.

Given v a character on G, for each x in G,
(@) = (2 +0) = 7(2)7(0)
so that v(0) = 1. Consider
V(@)y(=2) = v(z —x) =7(0) = 1,

so that v(z)™' = y(—z). Since y(x) is on the unit circle in C,

Together this means

Proposition 1.2.1. Let G be a finite abelian group. Then G = G.
Proof. Let G be a finite abelian group with
G =2k, ®Liy, ® - D Ly,

where k; € N, k; > 2 fori € {1,...,n} and ky | ko | --- | k,. Let a = (aq,...,a,) € G and
x = (x1,...,7,) € G, and define

d:G =G where Yo : G — C
a Y T e2m(%zl+m+%%>.
Note that v, is indeed a character on G, since

27ri(%(x1+y1)+~-~+2—"(xn+yn)> _ €2ﬂi(%x1+-~+%xn> 627ri<%y1+-~+%zyn)

7a(x+y) =e n = 7a<x>7a(y)'



Suppose that 7, = 7,. Then

¥R = 7,(1,0,...,0) = v(1,0,...,0) = ¢2™R

so that a; = b; mod ky. Similarly, a; = b; mod k; for each i € {1,...,n}, and ® is one
to one. To check ® is onto, let v € G. Then (1,0,...,0) = ¢*™* for some z € [0, 1]. Let
a; = zky. Since (0) = 1, we have that

1= ’7(]61, 0,... ’()) — eZm'klz
so that a; = k12 € Zy,. We can similarly define ay, . .., a,, and it is clear that v = v, ... 4,)-
As such, G = G. :
Definition 1.2.2. Let f : G — C. Define the Fourier transform of f as

f .G —C
)

zeG

Definition 1.2.3. Let f,g: G — C. Define the convolution of f and g as
Frgl) =Y fy)glx—y)
yeG

for x an element of GG, and denote f * f x--- % f where f is convoluted with itself k times
by f*.

Prop(Eit\ion 1.2.2. Let f and g be functions from G to C and v be a character on G.
Then [+ g(7) = f(1)3 (7).

Proof. From the definition,

—

frgly) = Y (f*9) @) (-x)
zelG
= S fw)elx - y)r(-a).
zeG yeG

Since 7 is a character,

Y(—z) ==z —y+y) ==y (— +y),



which produces

Frg() = D> fWale —yhy(=y)(—z+y)
zeG yeG
= > (=9 D gz —yr(—z +y).

From the definition of the Fourier transform,

o~ ~

frg(v) = f(v)a(v).

Definition 1.2.4. Let A C (G. Define

—_

(z) = , ifzeA,
XA\T) = 0, otherwise.
If yv(z) =1 for all z € G we denote v by e.

Definition 1.2.5. Let ¢ : G — C be defined as

1, ify=e,
5(7)={0 .

otherwise.
Proposition 1.2.3. (Orthogonality) (1) Let vy be a character on G. Then

_ |G|7 Zf7 =€,
Z’y(m) o { 0 otherwise.

zeG ’

(2) Let x be an element of G. Then

S = Gl=icl. =0

« otherwise.
veG

Proof. (1) When v = e the above equality is clear. When v # e then there is some y € G
with v(y) # 1. Consider

Y oA = @ —y+y) =Y e -y =)D v —y) =)D y(@).

zeG zeG zeG zeG zeG

Since (y) # 1, the above equality holds if and only if > _.v(x) = 0.
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(2) When = = 0,7(z) = 1 for each ~ in the dual group. Therefore
> (0 = |G|.
'yEG
When z # 0, there exists some 7 in the dual group with 7o(x) # 1. Then

D@ =D oz —2)y(@) = y0(x) D vo(—

’yeé 76@ 'yEG’

Recall that for characters on G, y(—z) = v~ !(z), and that the group operation of G is
pointwise multiplication. This means

Z v(z) = Y0() Z vo 'y (z) = Yo(z) Z v(z)

Since yo(x) # 1, the above equality holds if and only if

> Alz) =

76@
[
Proposition 1.2.4. If f(z) = 1 for all z € G then f(v) = |G|0(v).
Proof. By Proposition 1.2.3(2), if f(z) =1 for all z € G then
T G|, ify=e,
fty) = Z 27 { 0, otherwise
zeG zelG
so that f(7) = |G|6().
[

Proposition 1.2.5. (Parseval’s Identity) Let p: G — C. Then

DB =161 lp()?

,yeé zeG

Proof. We first expand the Fourier transform of p:

DA =21 pla)y(—x)

ve@ veG 12€G

9



The square of the absolute value of the Fourier transform of p on v can also be expressed
as an inner product:

Sl = Z<Zp($)'y(—x%2p(y)v(—y>>

el ~eG \z€G ye@

= D Y plx)y(—2). p(y)v(—y))

~eG 2€G yeG

= 333 (pla)v(=2) (b (=w)

76@ zeG yeG

Recalling that v(—y) = 7(y) and rearranging the sums produces

STEOE = YD p@e) Y vz

~ve@ z€G yeG ~veG
= > > p@)py) Y Ay — ).
zeG yeG 76@

By Proposition 1.2.3(2)
Z ‘G| if z = 0,
v(z otherwise.

?
WGG

In the above case the sum is only non-zero when x = y, resulting in

DI =) p@)p@)|G =1GI Y [p(a)?

~eG zeG z€G
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Chapter 2

3-APs on Finite Abelian Groups of
Odd Order

2.1 Introduction

Definition 2.1.1. Let G be an abelian group. A three term arithmetic progression (or
3-AP) is a subset {z,y,z} C G with x + 2z = 2y. If v = y = z, we say that the 3-AP is
trivial, and that it is non-trivial otherwise.

For k € N = {0,1,2,...}, let Z; denote the cyclic group of order k. Let G be a finite
abelian group with
G =Zy, Ly, ® -+ D Ly,,

where k; € N, k; > 2 fori € {1,...,n} and ky | ko | - -+ | k,. Each finite abelian group can
be decomposed uniquely in this form [4]. We denote the number of components of G by
¢(@G), thus, here ¢(G) = n.

Definition 2.1.2. Let G be a finite abelian group of odd order. Define
D(G) = sup |Al.
AcG

A contains no
non-trivial 3-APs

In 1994 Meshulam [8] used his result bounding D(G) by the number of components of
a finite abelian group G with odd order to improve the asymptotic bound on D(G).

Definition 2.1.3. Let n € N and define

D(G)
d(n) = sup ———=.
( ) c(G)>n |G|
|G| odd

11



By definition we see that d(n) < d(n — 1) for each n. In 1994 Meshulam [8] proved the
following.

Theorem 2.1.1. Let n € N. We have

d(n) <

3w

2.2 Proof of Meshulam’s Theorem

Meshulam’s proof is inductive on d(n). The base case is trivial since D(G) < |G| always
holds. Therefore

d(l) = sup D|éC|¥) <1l<2.

Suppose that G is a finite abelian group with odd order with more than n components so
that ¢(G) > n > 2. Let A C G contain no 3-APs. Let B = —2A4 = {—2a:a € A}. Define
fr9,h: G — C as follows:

L f(v)=xa(v)
2. g(v) = x5(7)
3. h(v) = d(n —1)|G|5(v)

and let u : G — C be defined by u(x) = d(n — 1) — xp(z). We remark that

a(y) = > ulx)y(—w)

zeG
= d(n - 1) Z”y(—ﬂ?) — ZXB(x)’V(_:E
ze@G zeG
= d(n—1)|G16(7) = D xs(@)
rxeG
= h(y) —9().

Proposition 2.2.1.
max [i(7)] = d(n — 1)|G] - [A].

yeG

Proof. Let v € G be arbitrary, and let W denote the kernel of 7. Note that since the image
of v is on the unit disc, it is cyclic, and

c(W)>e(G)—1=n-—1.

12



Let x € G, and suppose that W N (z — B) has a 3-AP. Then {z — 2a,,x — 2ay, x — 2a3} is
a 3-AP, which gives us that

T — 201+ x — 2a3 = 2x — 4ay

so that
2&1 + 2@3 = 4&2.

Since G has odd order, we can reduce this to
a; +as = 2@2.

Therefore {a;,as,a3} € A is a 3-AP, which only contains the trivial 3-AP. Therefore
a; = as = as, and our 3-AP from W N (z — B) is also trivial. From the definition of d(n)
we see that

(W (z = B)| < [Wld(c(W)) < [Wld(n - 1).

In particular
[W|d(n—1) — |W N (z — B)| > 0.

We will use this fact to show that yy * u(x) > 0 for each x € G:

xw k(@) =Y xwlyulr —y) = Y ulz —w).

yeG weW

Expanding the definition of u(x) = d(n — 1) — xp(x) we see that

v+ u(@) = S (dn—1) = xple = w)) = [Wldn 1) = B (@ = W)

weWw

Note that y is an element of BN (x — W) if and only if x —y is an element of W N (z — B).
These sets have the same size, i.e. |[BN (z — W)| = |[W N (z — B)|. Therefore

xw *u(z) = [Wld(n — 1) — |W N (z — B)| > 0.

Recall that W is the kernel of v, which gives us

W) =D w)y=> 1=

weWw weWw

This guarantees that

D = u(y)] = XwNla(n)] = [Wila(y)].

13



By expanding the Fourier transform of yyu * u, and recalling that v € G has magnitude
|7(z)| = 1 for each x € G, we get the following:

ZXW*U

zeG

< IS xw ()

Earlier we found an expression for yy, *u which showed that xu *u(x) > 0 for each z € G.
As such, we can remove the absolute values:

|XW*U |—

T < S v+ ule)

zeG

= > [Wld(n—1) = |BN (z = W)
zeG

= |[G[W|d(n—1) =) BN (x—W)

zeG

Given b € B and w € W, there is a unique x € G with b = x — w. This justifies the
equality > . [BN(x —W)| = [B||W|, giving us

Xw #u(y)] < [G[Wld(n — 1) — |B[[W].
Putting it all together we get that
(Wla(y)| = [xw *u(y)| < [Gl[W]d(n — 1) — |B||W]
so that
la(y)] < |Gld(n —1) —|B|.

We will check that |B| = |A|. Clearly |B| < |A|. Suppose that —2a; = —2ay so that
2(a; — ag) = 0. Since G has odd order a; = as, giving us |B| = |A|. Our above inequality
becomes

a() < |Gld(n = 1) = [A].

14



Now we will check that the maximum is indeed attained by picking v = e. Indeed
i(e) = h(e) —gle)
= |Gld(n —1)d(e) — @(6)
= |Gl|d(n—1) ZXB x)e

zelG
|Gld(n — 1) — |B]
|Gld(n —1) — |A].
This completes the proof of the proposition. n

Lemma 1. The following equalities hold.
1. x4 * x8(0) = A].
2. 3 ca f(0)*9(v) = |GI|A].
3. 3 ea f()*h(v) = |APIGld(n — 1).

Proof. 1. Following the definition of convolution gives us

Xa #x5(0) = D xa(@)(xa* xs(—7))

zeG
= ZXA ZXA y)xs(—r —y).
zeG yeG

Suppose z,y € A and —x —y = —2a € B for some a € A. Then we have that x + y = 2a.
Since A has no 3-APs this only happens when z = y = a. Therefore

S xa(@) S xal)xs(—z - y) = 3 xal@)xa@)n(~22) = 4]

zeG yeG zeG

2. Recall the orthogonality property of the dual group, so that
Z |G| if v = O,
(= 0, otherwise.
VEG

From expanding the definition of f and g and using the commutativity of the Fourier
transform on convolutions, we see that

S F0%90) = G0 B0) = 3N vs)

~ve@ ~ve@ ~ve@G

15



From the defintion of convolution,

e = DD X = xs@)y(-2)

76@ veéxeG
2
= D b sxs@)d (-

Using the orthogonality property of the dual group along with the first result of this lemma
shows us that

) = |Gy * x5(0) = [GI|A].

WEG

3. Note that

=> xalx) = |A].

zeG

Thus when we expand the definitions of f and h,

S QPR = D f()PIGld(n — 1)(v)

veG veG

= [f(e)’|Gld(n—1)
Xa(e)’|Gld(n — 1)
= [AP|Gld(n —1).

Proposition 2.2.2.
|d(n — D|A] = 1] < d(n — 1)|G| - |4]

Proof. We start by multiplying |d(n — 1)|A| — 1| by |G||A| and using the previous lemma:

|Gl|Alld(n = DIA[ =1 = |d(n - 1)|GIIA]" - |G||A]

= DRt =D F()9()

76@ vea

= D@2 h(y) = 9()|-

veG

16



It was noted earlier that h — g = u, so that

GlIAld(n = DAl = 1] = | > FO)*a(n)| < D 1f ()P (max |a()]).

WE@ yeG

Using Proposition 2.2.1, expanding the defintion of f, and by Proposition 1.2.5 we have
that

GllAld(n = DAl =1 < (IGld(n —1) —A]) Y [Xa(n)F

'yeé
= (IGld(n = 1) = JADIG] Y Ixa(@)]?
zelG
= (IGld(n —1) = [AD|G]A].
The inequality |G||A||d(n — 1)|A| — 1| < (|G|d(n — 1) — |A])|G||A| reduces to
|d(n — D[A] = 1] <d(n — 1)|G| - |A],
finishing the proof. [

Recall that G is a finite abelian group of odd order with n components. We chose A as

a subset of G with no 3-APs. Our goal is to show that d(n) < 2/n, where d(n) = sup %,

and D(G) is the largest size of a subset of G with no 3-APs. If we can bound |A|/|G| by
2/n then we have finished the proof of Meshulam’s result. By Proposition 2.2.2,

din—1)|A| =1 <d(n—1)|G||A].
We can rearrange these terms so that

JAl _ Gt +d(n - 1)
Gl = 1tdn—1)

Here we note that d(n—1) < =% from our induction hypothesis. We can also bound |G|~
We know that G is a finite abelian group of odd order with n components. The smallest
such group is Z3z ® Zs @ - - - ® Z3, n copies of Zsz, and it has size 3". Therefore |G|™! < 37",
Putting it together, we get that

17



Al _ |G +d(n—1)

IG] = 14dn-1)
37" +d(n—1)
~ 14+d(n-1)
2
S
2
< -
n

2.3 Corollaries

In 1990 Szemeredi and Heath-Brown showed that there exists some o > 0 with 0 < o < %
such that D(Z,,) = O(m/(logm)®). Meshulam combined his above result with this bound
to acquire the following corollary.

Corollary 2.3.1. For any 5 >0 with0 < g < % and any group G which is finite, abelian
and of odd order
|G| >
D(G)=0 (— .
D=\ Ty

Proof. Let = 25 If ¢(G) > (log |G|)? then we are done, since Meshulam’s result

implies

(log |G)?”

Now we consider the case when t = ¢(G) < (log |G|)?. Choose A C G so that A contains
no 3-APs. By the pigeonhole principle we can also choose a cyclic subgroup of H < G (H
may be one of the components of ) with |H| > |G|"*. We know that G /H has % cosets.

Again we can use the pigeonhole principle to guarantee a coset x + H so that

G|
AN(z+ H)|— > |A
AN @+ )l 2 14]
or H
|Am(:c+H)yz|A|%.

18



Szemeredi and Heath-Brown’s result gives us |A Nz + H| = O(|H|/(log|H|)*) so that

|G| Gl |Gl

Al < < < .
A< GogTHDe < (og |G < Tog G]"

Since t < (log|G])?,

|G| ((log |G1)7)*
(log|G)~

Gl

Al <« _
4 (log |C])?

— |G|((log |G])* )™ = |G|((log |G|)a+1)* =

]

In 2011, Tom Sanders [10] gave the most recent bound for Roth’s Theorem. He showed

that for m € N,
D(Z.,,) = O (

Using a similar technique as in Corollary 2.3.1, we achieve the following Corollary.

m(loglogm)®
logm '

Corollary 2.3.2. Let G be a finite abelian group of odd order, and let D(G) denote the

largest cardinality of a subset which contains no three term arithmetic progressions.

holds that .
D(E) =0 <|G|<1oglog|a|>z> |

(log|G])>

It

Proof. Fix a finite abelian group of odd order G, let A C G so that A contains no 3-APs,

and let t = ¢(G).
Case I: Suppose that )
(In|Gl)2
(Inln |G|)z
In this case, we see by Theorem 2.1.1 that
G| _ |G|(loglog |G|)

2|G
pe) < 29 18 o 2
E T (g6

as desired.

Case II: Suppose that
(log |G])=

< ——20
(loglog |G[)2

19



Applying the pigeonhole principle, we can find a cyclic subgroup H of G so that |H| > |G| i
Applying the pigeonhole principle for a second time, we can find a coset © + H of G/H so
that

AllH
| |!¥| | <|An(z+ H)|=|(A—z)NH]|.
Note that (A —x) N H C H contains no 3-APs. By Sanders’s bound, it holds that
|GII(A — ) N H]
Al <
| 7l
|H||G|(loglog | H)°
|H|(log | H)
- [Glloglog ]
(log |G*)
< |GlQoglog|d])t
(log [G])
|Gl (loglog |G|)?
(log |G])>
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Chapter 3

3-APs on Finite Abelian Groups of
Even Order

3.1 Introduction

In the previous chapter we saw how Meshulam bounded the size of a subset free of 3-APs
for a finite abelian group. For his proof to work, we require that the finite abelian group G
has odd order (in particular we need that 2a = 2b implies a = b). In 2003 Lev [5] adapted
Meshulam’s proof for finite abelian groups with the condition that 2G = {g+ ¢ : g € G}
is non-trivial, i.e. GG is not a direct sum of Zs. For the remainder of this chapter, assume
that GG is a finite abelian group which is not a direct sum of Z,.

Before stating Lev’s result, we need to refine our definition of a non-trivial 3-AP. Pre-
viously, we called a subset {a,b,c} C G a 3-AP if a + ¢ = 2b. It was a trivial 3-AP
if a = b = ¢ and a non-trivial 3-AP otherwise. When G has elements of order 2, this
distinction becomes more subtle. For example, in Zjg, the subset {1,6} is a 3-AP since
64+6=2-1and 1+ 1= 2-6. This 3-AP is not necessarily trivial since it consists of
two different elements, but it does not consist of three distinct elements. Notice that if
we define ¢ : G — 2G by ¢(g) = 2g, then when G = Zj,¢(6 — 1) = 0. In general, if
a—b € ker¢, then a + a = 2b and so {a,b} is a 3-AP. When G has odd order, ker ¢ is
trivial, so every 3-AP consists of either 1 element (when it is trivial) or 3 elements (when
it is non-trivial).

Definition 3.1.1. Let G be a finite abelian group. We say that {a,b,c} C G is a 3-AP
when a + ¢ = 2b. If a,b and c¢ are all distinct, we say that {a,b,c} is a true 3-AP.

Remark that in the above definition, requiring a, b and ¢ to be all distinct is equivalent
to requiring a # c.
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We also need to redefine D(G) to address the subtlety of 3-APs in groups with even
order.

Definition 3.1.2. Let A C G be free of true 3-APs, i.e. if {a,b,c} C A with a + ¢ = 20,
then a = ¢. We denote the set of all such A C G by PF|G] (progression free subsets of
G). Then
D(G) = sup  |A].
ACG,A€PFI[G)
Definition 3.1.3. For n € N define

D(G)
dn)= sup ——=.
( ) c(2G)pZn ‘G’

Lev’s generalization of Meshulam’s result is below.

Theorem 3.1.1. Let G be a finite abelian group so that the group 2G = {g+g: g € G}
15 non-trivial. Then we have that

2|d|
D(G) < :
(@) = c(2G)
Note that Theorem 3.1.1 is equivalent to
2
dn) < —.
) < 2
When G has odd order, 2G = G and thus ¢(2G) = ¢(G). The result of Theorem 3.1.1
reduces to D(G) < %, which is exactly Meshulam’s result.

3.2 Proof of Lev’s Result

The proof of Theorem 3.1.1 is inductive on ¢(2G). The base case is trivial, since when
¢(2G) = 1 we require that D(G) < 2|G| which always holds since D(G) < |G| for all G.
Fix a finite abelian group G and suppose that ¢(2G) = n > 2, and that A C G is free of
true 3-APs. Showing that |A| < @ is enough to prove Theorem 3.1.1.

Let G be in the canonical form for finite abelian groups. As such, G can be expressed
as

G=2Zy ®Zk, - B Ly,

with k; € N for each i € {1,...,r} and k;_|k; for each i € {2,...,r}. Since n < ¢(2G) <
¢(G) =r, we have r > n.
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Let ¢ : G — 2G with ¢(g) = 2g. We let G denote ker ¢ = {g € G : 2g = 0}, so that
G/Gy = 2G. Let s:= |Gy| and t := |2G] so that st = |G|. Let

G/GOI{$1+G0,$2+G0,...,£L’t+G0}.

For each 1 <4 <'t, let
ni:‘{aeA:a—xieGo}‘

so that 0 < n; < |Gyl for each 1 <i <t and |A| =ny +ng+ -+ ny.

Recall from the previous chapter that for v € @,

Xa(v) =Y xal@)y(z) =) _7(a).

zeG acA

It is useful to note that

GO = ) A ).

a,beA

Since 7 is in the dual group, it holds that J(x) = v(—x) and y(c+d) = v(c)vy(d). Therefore

AP =D A(=a)yd) = > y(b—a). (3.1)
a,beA a,beA
Lemma 2. We have

Y (GM)PXA(R®) < [GIIAIG|.

veG

Proof. Since +y is in the dual group

(Xa()* = (ZW(@)) (ZW(C)) = (ZV(—0)> (Z v(—C)) =Y (-a—ec).

a€cA ceEA a€A ceA a,ceA

It follows that

Y GONGED) = ) (Z V(—a— C)> (Z vz(b)>

= Z Z v(—a — ¢+ 2b)
,YE@ a,b,ce A

= Z Zy(—a—cﬁLQb).
a,b,ce A ,YE@
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By Proposition 1.2.3 (2), we have that for fixed a,b,c € A

|G|, if —a—c+20=0,
ZPY(_G —c+2b) = { 0, otherwise.
yeG

Therefore

Y (GMIPXA(®) = [Gl#{(a.bye) € A% ra+ e =20},

veG

Since A € PF[G],a = ¢ and

Y (GMIXAE) = [GlI#{(abe) € A : 2a = 20}

el

= |G#{(a,b) € A’ :a—b € Gy}.

Without loss of generality assume that a € 1 + Go. This gives us ny; ways to pick a € A.
Since we require that a — b € Gy, we also have b € x1 + Gy. As such, there are n; ways to
pick b € A once we have chosen a. There are n? ways to choose (a,b) € A* with a —b € Gy
and a € x; + Gy. Similarly, there are n? ways to choose (a,b) € A? with a — b € Gy
and a € z; + Gg for each 1 < i < t. Since |A| = ny + -+ ny and n; < |G| for each
i€ {l,...,t}, this means

D (GONPNAE) = (Gl +ng+ - +np)

'yeé

IA

|G|(nq +ng + -+ + ny) max n;
1<i<t

|G| A Gol-

N

]

A character 7 is called a real character if y(x) € R for each € G, and 7 = 7. We now
split up the sum in Lemma 2 according to whether or not v is a real character. We note
that since |y(z)| = 1 for each x € G, if 7 is a real character then v(x) € {1, —1} for each
x € G, so that v is a real character if and only if v = e.

Lemma 3. Let
Si= > (xa()?
~veG y2=e

and let
M= max [xa(7")l.
veG 2 #e

24



Then
|ALS = [G][A]|Go| < M(|A]|G]| = S).

Proof. The inequality from Lemma 2 can be written as

Yo (GOPGED+ Y GEO)NAG?) < IGIAllG,

velG?=e vEQ 2 #e

which implies that

= Y GOGE) = Y (GEO))NGER) — GlIAl|Gol-

vEG Y2 e v€G y2=e
When 72 = e,
A =) 1=|4],
a€EA
so that
- > GM?PGE) = AL YD ()’ — IGIAlIG|
’766,72753 ’76@,'7228
= [A]S = |GI|A[|Gol.
We have
AIS = |GIAIIGl < = > (xa())*Xa(?)
vEG y2#e
< | S @oEE
vEG A2 e
< D IEO)PIAE)]
veG y2e
< M Y|P
v€G A2 e

When 7 is a real character, we see that

Xa(y) =) 7(a)

acA
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2

is a real number since it is a sum consisting of 1s and -1s. As such ya(7)? = |xa(7)|?, and

s= 3 @@= 3 @)

v€G y2=e veGA2=e
This means that
[A[S = |GIAIIGo| < M [ D 1AM =8
76@
By Proposition 1.2.5, we have

D IRGONE=1GIY xalz) = |GIIAL

~eG zeG

We can conclude that
|ALS — |G| A]|Go| < M(|A]|G]| - S).

]

By the definition of M, there exists a character v with 4¢ # e and M = |xa(70%)|- The
kernel of ¢ is a subgroup of G that we will call W i.e.

W={g€G:ylg) =1}

We wish to calculate

Xal 70 Z 7 (a

a€A

For a € A and g € G, notice that 3(g) = 74 (a) if and only if a — g € W. Therefore g € G
is counted for each a € A in the same coset as ¢g. For a fixed a € A, the number of g € G
with a — g € W is [W|. Therefore

>oaia) = Y ”0

acA aceA geG
a—geWw

= |ZZ%

geG a€A
a—geW

= Z’Yo (A—g)nW].

gEG
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Since 72 # e, By Proposition 1.2.3 (1), we have

D(W ,
0= S5 o)

geG
It follows that
|W|Z% (A—g)NW|= |W|Z (GN(DW) = [(A—g) N W]).
geG geqG
Thus, we have
T) = g7 (=80 DOV) = |4 =) W),

geG

Suppose that {z,y, z} is a 3-AP inside of (A—g)NW. Then {x+g,y+g,z+ g} is a 3-AP
inside of A. Since A contains no true 3-AP, x = z and (A — g) N W is free of true 3-APs.
Therefore D(W) — |(A — g) N W| > 0 for each g € G. We have

= [xa(¥°)| = |W|Z —5(g W) —1[(A—g)NnW])
geG
so that
M < |W|Z| —5(g W) —=(A—=g)nW|)
geG
- ZD (A—g)NW|
gEG
D( )
— G| — (A—=g)NnW|.

Notice that for a fixed g € G,
(A—g)NW|=#{(a,w) e AxW:g=0a—w}.
We have

DlA—g W= #{(aw) e AxW:g=a—w} =|AW]

geG geG
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Therefore

1
WZ\(A—Q)HVW = [A].
geG
If we let k = D(W)/|W|, we have
M < k|G| — |A].

Combining the above inequality with Lemma 3, we see that

|A]S = |G|Al|Go| < (JAIIG] = S) (k|G| — |A]) = k[A|IGI* — |AP|G| — SK|G]| + | AlS.
Rearranging terms and dividing by |G| results in

Sk + AP < KAJG] + Goll . (3.2
Lemma 4. Let S be defined as in Lemma 3. We have
S > AP
Proof. Recall that G/2G = Gy, and |Go| = s. Write
Go = G/2G = {y1 +2G,y2 + 2G, . .. ,ys + 2G}.

Let
=|{a € A:a—y; €2G}

so that m; < |2G| =t and |A| = my +mao + -+ - + m,. It is useful to note that for v € G
with 72 = e, |xa(7)]? = (xa(v))?. This holds since y(a) is real for each a € A.

By Proposition 1.2.3 we have

S = Z(;G|ZV )!XA )

76@ 9€G

- ZZV IKA0

gEG

For a fixed g € G, consider the above inner sum. By (3.1), we have
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S V@I = D) A9 > b —a)

= Z 27(29+b—a).

a,beA N e

By Proposition 1.2.3,

Zv(Zg—H)—a) =

veG

0, otherwise.

{ |G|, if 29 =a—b,

Therefore
ST S 229+ b—a) = |Gl#{(a,b) € A% a — b= 2g).

a,beA ,YG@

Putting it together

S = fazzﬂgmmr?

9€G yeG

_ |1?|Z S Y A2g+b-a)

geG a,beA ’Yeé

= > #{(a,b) € A’ a—b=2g}.

geG

Given a pair (a,b) € A% it is counted in #{(a,b) € A% : a — b = 2g} if and only if
a—0b € 2G. When a — b € 2G, since G/2G = Gy, there are |G| different g € G with
a — b = 2g. Therefore each pair (a,b) € A* which is counted in the above sum is counted
|Go| times, giving us

S = |Go|#{(a,b) € A* :a — b € 2G}.
Recall we had
Go = G/2G = {y1 + 2G,y2 + 2G, . . . .y, + 2G}

and m; = [{a € A : a—vy; € 2G}|. To calculate #{(a,b) € A? : a — b € 2G} suppose,
without loss of generality, that a — y; € 2G. We must also have that b — y; € 2G. There
are my ways to choose such an a € A and m; ways to choose such a b € A. As such, there
are m? pairs (a,b) € A% with b —a € 2G and a — y; € 2G. Similarly, there are m? pairs
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(a,b) € A? with a — b € 2G and a — y; € 2G for i € {1,...,s}. We have

S = |Gol(m]+m3+---+m?)
2
1 S
> |Gol- Z.
> (6t (o)
= |AP
since |Gy| = s and |A| = my + -+ - + m. This completes our proof. O

By Lemma 4 and (3.2),we see that
KA + [A]* < |A[|Go| + KIA]IG],

which in turn reduces to

Al < K(IG] = [A]) + |Gol-

Now it is time to apply the induction hypothesis to find an upper bound on k£ = %. For

a function f defined on a set X, and Y C X a subset, we let f|,- denote the restriction of
f to Y. Recall that W was chosen as the kernel of 7§. Let y1 = 7oy € 2G. Since 71 is in
the dual group of 2G, we have |y;| = 1 which means that the image of 7; is a subgroup of
the multiplicative group of the field of complex numbers. Since G = Zy,, ® Zy, ® - - - © Zy,
with k;|k, for each 1 < i < r, it must hold that the image of v, consists of k" roots of
unity. The image of v, is a subgroup of the image of 7y, so it too is a cyclic group. Since
72 # e, the image of 7; is non-trivial. Note that

1(20) =0 <= 0(29)=0 <= ) =0
We defined W as the kernel of 43. Thus
1(29) =0 <= geW <+ 292V

and ker(y;) = 2W. Therefore im(y;) = 2G/2W means that 2G/2W is either cyclic or
trivial. As such, 2G has one more component than 2W, so that ¢(2W) > n — 1. By the
induction hypothesis k = D(W)/|W| < d(n —1) <2/(n —1). We have

Al < KIG| = A]) +1Gol
2|G 2|1A
Gl _ 204 o

<
—n—1 n-1
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We use this to bound |A| so that

|G| 2 |Go
Al < :
S e P R e
We now need to consider the size of |Gy|/|G|. Recall that Gy = {z € G : 2z = 0}, and also
that

with k;_q|k; for each 2 <i <7r. Let [ = max{i € {1,...,r—1} : k; = 2}. If k; > 3 for each
1 <¢<rthen welet!=0. Let

l r
Gi=z, and G.= P 7,
=1

1=[+1

so that G = G @ Go. It holds that ¢(2G) = ¢(G3).

Our proof now splits in two cases. In the first case, G; = 0, so that ¢(2G) = ¢(G3) =
¢(G) > n. We have

Gyl 1 T 1 10 2 _1_1 2
|G| 2G| : ki ; k; 2 -2 nn-1)
i€[1,r]:k; is odd i€[1,r]:k; is even

Note that we require Gy = G for the first inequality: Since each even k; satisfies k; > 4 if

1Gol

and only if Gy = G, it is certain that 2 - < 1 . This upper bound on oI means that
G 2 2 Gl(n—1 2 1 2|G
‘A|§ | |2 + :| |(n ) ~n+ = | |
1+ = \n—-1 n(n-1) n+1 n—1 n n

For the second case assume that G is non-empty, and suppose that B C G with |B| >
|G1|D(G3). We claim that B € PF[G]. Consider the elements of B inside the quotient
group G /Gy = (. There exists some coset go + Go so that |[BN(go + G2)| > D(Gs). This
is true since there are |G| cosets in G /G, and assuming that |B N (g + G2)| < D(G) for
each coset g + G means that |B| < |G1|D(Gs), producing a contradiction.

Given that
(B — g0) N Ga| = |BN (g0 + G2)| > D(G»),

there exists a true 3-AP inside of (B — go) N Ga, say {b1 — go, b2 — go, b3 — go} with each
element distinct and by —go+bs—go = 2(ba—go). Then {by, by, b3} is a true 3-AP in B. Since
B was chosen arbitrarily as a subset greater than |G1|D(G2), we have D(G) < |G1|D(G5).
Notice that G5 was chosen so that ¢(2G3) = ¢(Gy) = ¢(2G) > n, so as a group G, falls
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into the first case from above, i.e. we have D(G3) < 2|Gs|/n. Since |G| = |G1]|G2],

2\Ga| _ 2/

n n

D(G) < |G1|D(Gs) < |G

as desired. This completes the proof of Lev’s result. Recall that with Meshulam’s result,
we were able to produce Corollary 2.3.2 which gave a bound for D(G) depending only on
|G| where G is a finite abelian group of odd order. The following Corollary uses Lev’s
result to achieve the same bound for a larger class of finite abelian groups. The proof is
similar to the one outlined for Corollary 2.3.2. We simply modify the first case by using
Theorem 3.1.1 instead of Theorem 2.1.1.

Corollary 3.2.1. Let G be a finite abelian group so that ¢(G) = c¢(2G), and let D(G)
denote the largest cardinality of a subset which contains no non-trivial three term arithmetic
progressions. It holds that

DG =0 <|G\<loglog |G|>2> |
(log|G])?
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Chapter 4

Solutions to Linear Equations on
Finite Abelian Groups

4.1 Introduction

In the two previous chapters we outlined results by Meshulam and Lev which bounded the
size of subsets that are free of 3-APs. In 2009 Liu and Spencer [6] generalized Meshulam’s
result to subsets which contain no trivial solutions to a linear equation.

Let s € N with s > 3. Let r = (r1,79,...,75) € (Z\ {0})° be a vector satisfying
r1+179+---+7r; =0. Given a finite abelian group G,

G=Zy Ly, ® - DLy,

with k; € {2,3,...} for each i € {1,...,n} and ki|k;, for i € {1,...,n —1}. Wesay G
has n constituents, and denote this by ¢(G) = n. We let |G| denote the cardinality of G.

Definition 4.1.1. Let r and G be defined as above. We say that G is coprime to r if
ged(ry, |G]) =1 for each i € {1,...,s}.

Definition 4.1.2. Let x = (z1,...,x5) € G*. Wesay x is a solutiontor if rix;+---ryxs =
0. A solution x € G* is trivial if there is some subset {j1,...,5} C {1,...,s} with
xj, =---=uxj and r; +---+1;, = 0. Otherwise we say a solution x € G is non-trivial.

Definition 4.1.3. Let r and G be defined as above, with GG coprime to r, and let A C G.
If every solution x € A® is trivial, we say that A is free of non-trivial solutions and write
A € NTSF, (non-trivial solution free subsets). Define

D.(G) = max |A|

ACE
AENTSFy
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and

D, (G
CFG)zn

For simplicity we write D(G) for D,(G) and d(n) for dy(n) when r is clear from the context.

Theorem 4.1.1. Let r = (r1,...,75) € (Z\ {0})® so that ry + --- +rs = 0. Then there
exists a constant C = C(r) > 0 such that

4.2 Preliminaries

Fixr € (Z\{0})* with 7 +---+7r; =0, let n € N, and fix a finite abelian group G that is
coprime to r with ¢(G) > n. Fix A C G so that A is free of non-trivial solutions to r. We
let T'(A) denote the number of solutions to r inside A. Let A = {r;a : a € A} and

(z) = 1, if x € rA,
XrialT) = 0, otherwise.

By Proposition 1.2.3,

D XmaMXa(n) - Xealy) = Y (Zv(—m)) (Zv(—m)) (Z 7(—7“5:1:))

76@ ,ye@ €A €A €A
= E E e E E Y(=(r1zy + roxe + - - - + 1525))
T1EA T2€A rsEA "/Eé

— |G|T(A).

Recall from previous chapters that

1, ify=e,
0 ={ o o

otherwise.

Lemma 5. Let G be a finite abelian group coprime to r with ¢(G) > n. Suppose that
A C G contains no non-trivial solutions to r. Let W C G be a subgroup. Then for each
ie{l,...,s} and for each x € G, W N (x —r;A) contains no non-trivial solutions to r, so
that

W (z—rA)| < DW).
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Proof. First note that since W C G is a subgroup of G, we have that |W| divides |G]|.
Since ged(r;, |G|) = 1 for each i € {1,...,s}, it follows that ged(r;,|[W|) = 1 for each
ie{l,...,s}, and W is coprime to r. As such, D(W) = D,(W) is indeed well defined.

Consider a solution (wy, ..., ws) = (r — r;a1, T — 509, . .., & — r3a4) SO that

0 = ri(z—mra) +reo(z —ra) + -+ rs(x — rias)
= x(ri+re+-+7rs) —ri(rian + raag + - -+ rsag).

Recall that vy + 79 4+ --- + r, = 0, so that the above equation reduces to
0 =ri(ria1 + reas + - - - + rsas).

Here we use the fact that G is coprime to r, (note that the 0 above is 0 € G, not 0 € Z).
Since |G| is coprime to r; for each i € {1,...,s}, G contains no elements of order r;
except 0. Therefore ria; + raag + -+ + rsas = 0, which means that (aq,aq,...,as) is
a solution to r. We chose A so that it only contains trivial solutions to r. As such,
(wy,...,ws) = (x —r;a1,x — 109, ..., —104) is also a trivial solution. Since (wq, ..., wy)
was chosen arbitrarily, we know that W N (z —r;A) C W contains no non-trivial solutions
to r. O

Lemma 6. Let G be a finite abelian group coprime to r with ¢(G) > n. Suppose that
A C G contains no non-trivial solutions to r. Then for each i € {1,...,s},

sup [|Gld(n — 1)0(7) = Xra(V)| = d(n — 1)|G| = [A].

veG
In particular, since |G|d(n — 1)0(y) = 0 when v # e, it follows that

Sup [Xria(7)| = d(n = 1)|G| — |A].
y#£e

Proof. Let v € G and let W = ker(y). Since 7(G) is a cyclic group and v(G) = G/W | we
have that ¢(W) > ¢(G) —1 > n — 1. Note that

WIIGld(n = 1)3(y) = Xra(M| = | D D _dln=1y(=2) = Y > Xralw)y(=2)|.

yeW zeG yeW zeG

For any y € W = ker(y), we have y(—z) = y(—z — y), and

D Xral@y(=x) =) xral@)y(=z —y) = > Xralz — y)y(—2).

zeG zeG zeG
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Therefore

(WI[IGld(n —1)8(y) = Xma(y)] =

> (Z dn—1) = > Xralz - y)) (=)

z€G \yew yeW
< D2 dn=1) =3 xnalz—y)|.
zeG |yeWw yeW
Since
(x—y) = 1, ifx—yernrA,
XriA v = 0, otherwise,

we have that
D xrale —y) = |(z = W) Nr Al =W N (x - r;A).

yeW
By Proposition 1.2.3, it holds that W N (x — r;A) € W contains no non-trivial solutions
to r. By the definition of d(n — 1),
(W (z—rA)
Wi

dn—1) >

and

WI|Gld(n = 1)3(y) = Xra(M| < DD dln=1)= Y xnalz —y)|.

zeG |yeWw yew

= Y IWldn—1) = [W N (z = r;A)|
zeG

= Y |Wld(n—1) = |W N (z —r;A).
zeG

To compute ) . |W N (x —r;A)| notice that for a fixed r;a € r;A, there are [W| different
x € G with x — r;a € W. Since G is coprime to r, the function g — r;g is a bijection on
G and r;,G = G, with |r;A| = | A| for any subset A C G. Therefore

S IW N (z =1 A)| = R AW = |A]|W].
€

It holds that
> [Wld(n — 1) = |G[W]d(n — 1),

zeG
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which results in
(WI||Gld(n —1)8(7) = Xra()] < |GI[Wld(n — 1) — [A[[W].
Therefore, for each v € G ,
IGld(n = 1)8(7) = Xrea(7)| < |Gld(n — 1) — |A],
so that

sup [|Gld(n — 1)6(7) = Xra(9)| < d(n = 1)[G| = [A].

veG

Equality holds since

IGld(n — 1)d(e) — Xrale)| = |Gldn—1)— Y 1
€T, A
= |Gld(n—1) — |A].
This concludes the proof. O

Lemma 7. Let G be a finite abelian group coprime to r with ¢(G) > n. Suppose that A C G
contains no non-trivial solutions to r. Let B, = B denote the number of different subsets
0 {rj,....rF C{r1,...,rs} withry, +---+r;, =0. Let d*(n) = d*(n; A, G) = |A]/|G].
Then

B * s—2
d*(n)* — d*(n)(d(n — 1) — d*(n))* 2 — % <0,
Proof. We saw in the beginning of this section that
GIT(A) = D Xea(MXma(y) - Xma(y)
veG
Xra(e)Xmale) - Xrmale) + Y Xna()Xma(y) -+ Xma(y).

YEGyF#e

For each i € {1,...,s},

Xeale) =D xralx = Y 1=1|nAl= 4],

zeG zETr; A

and we have

Xria(€)Xraale) -+ Xroale) = |A]® = d"(n)*|G/".
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By Cauchy’s inequality,

Y Xna()Xma() - Xma(y)

VG ye
< max [Vna() - Xa | DD Xmal)ma(y)
vEGyF#e eGrate

-
N

< max @(7)---@(7)( > @(7)2> (Z@(v)z)

€G y#e = ~
T vEG e v€EG

By Proposition 1.2.5, for ¢ € {1,2},

Y AP <IG1Y Ixnal@)? = 1G] Y 1=G||4],

~eG e z€G xer;A

and by Lemma 6
max |X;,a(7)] < |Gld(n — 1) — |A].
V€G yF#e

It follows that

> XA Xma() - Xmaly)| < (1Gld(n — 1) — |A])*? |G| A]
veG ye
= |G]P?(d(n — 1) — d"(n))*?|G||A]
= |G|d"(n)(d(n —1) —d"(n))**.
We have
IGIT(A) = Tmale)Xmale) - Gmale) + D> Xma()Xmaly) - Xnaly)

~EG ye

— \ —

> nale)nale) - male) = | Y Xma(xXma() - xmal)
veG e

> d'(n)°|G* — |G d*(n)(d(n — 1) — d*(n))*™>.
This implies a lower bound on T'(A), specifically

T(A) = |G~ (d*(n)* — d*(n)(d(n — 1) — d*(n))*") .
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Since A contains no non-trivial solutions to r, if 7y a; +- - - +7rsas = 0, then there is some () #
{rj,...,rj} S {r,...,rs} with r;, +---+7r;, =0 and a;, = --- = a;,. There are B ways
to fix indices {Jji,...,/i} with rj, +---+7;, = 0. We can assume without loss of generality
that {j1,...,5t ={s—1+1,...,8} so that {1,... s} \ {j1,-- ., 5} = {1,2,...,s = 1}
Notice that since r consists of non-zero integers, [ > 2 and s — [ < s — 2.

Consider the number of solutions in A with a;, = --- = a;,. There are |A| different
ways to pick a;,, and since a;, = --- = a;,, this fixes each aj. Consider the indices
{1,...,8}\{j1,-- -, a1t ={1,2,...,s—1}. There are |A| different ways to pick a;. Similarly,
there are |A| different ways to pick a; for i € {1,2,...,s — 1 — 1}. Since

ra +roas + -+ rsyas_ =101 + - - Tsa5 — (rja5, + - -rj05,) =0—0=0,

it holds that

Ts_1s—; = —(r1a1 +roQg + - -+ Te_1051).
This means that either a,_; is determined by the choices for a4, . .., as_;_1 or there is no valid
choice for as_; € A. Therefore, given 00 # {rj,,...,r;,} C{r1,...,rs} with rj, +---7;, =0,
there are at most |A||A]*7'=1 = |A]*~! < |A]*~? different solutions in A with a;, = -+ = a;,.

We then have
T(A) < B|A|*? = Bd*(n)* ?|G|* 2.

Putting together the bounds on T'(A), we see that
(G (d* (n)* = d*(n)(d(n — 1) — d"(n))**) < Bd"(n)"*|G|""?,

so that Y eo
2 Bd*(n) <0

d*(n)* = d*(n)(d(n — 1) = d*(n))*" G =

4.3 Proof of Theorem 4.1.1

Let r = (r1,...,7s) € (Z\ {0})* so that ry +--- +r, = 0, and let B, = B denote the
number of different subsets 0 # {r;,,...,r;,} € {r1,...,rs} with r;, +---+7r; =0. Let G
be a finite abelian group coprime to r with ¢(G) > n. Suppose that A C G contains no
non-trivial solutions to r. Let d*(n) = d*(n; A, G) = |A|/|G|. The proof of Theorem 4.1.1
is inductive on n. First pick /' € R with F' > 1. Let

, 1
E="%1-—
F’
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and let

B a1 (25—4\ (E+1)=
C—max{(BF) <61H2)7(E+1)512_1}.

We claim that this C satisfies -2

ns—2 :

d(n) <

5—2 5—2

To show that d(n) < £ it is enough to show d*(n) < £ To verify the base case recall
that D(G) < |G| for every finite abelian group G, and

D(G)
d(l) = su — < 1.
( ) Gcoprirge tor |G’ o
c(G)>1

It holds that )
(E+1)s—2
(E+1)72 —1
so that d(1) < C*72, as desired. Assume that

1<

0572

dn—1) < TRt

By its definition, d(n) < 1, so when n < C' the proof holds trivially. Assume that n > C,
and consider the following two cases:

Case I: Suppose that

FB
d*(n)* < —.
|G|
Since G is a finite abelian group with at least n constituents, it holds that |G| > 2".
Therefore ) )
FB\? FB\>?
d* < | -— < | —
m= (i) < (5)
and )
FB\?
d*(n>n572 S (_) nsz
on
Define 5
¥

so that the above inequality can be written as

d*(n)n*% < (FB)%f(n)
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Since f(0) =0 and lim,_,~ f(z) =0, f attains a maximum value on [0, 00). We have

r7%(s—2) 1z ?In(2)

/
Tr) = T - A T
fi@) x22 2 x22

so that the only zero of f'(x) is x = (25 — 4)/In(2). Therefore, for each positive x € R,
25 — 4 25 —4\°7°
< = .
f<x)_f(ln(2)) (ean)

s—2
CSiQZ(BF)% (28—4) ’

By the definition of C,

eln?2
so that )
d*(n)n* 2 < (FB)%f(n) < (FB)2 25 -4\ <P
- - eln?2 - ’
and 2
d*(n) S ns—2
as desired.
Case II: Suppose that
FB
d*(n)* > —.
|G|

After multiplying both sides by d*(n)*~? and doing some rearranging, this implies

d*(n)® - Bd*(n)s~2
F Gl

We have seen in Lemma 7

d*(n)® —d*(n)(d(n — 1) — d*(n))*2 — Bd*(n)* 2 < 0.

Therefore
e (1 - %) d'(n)" = d'(n)" < d"(n)(d(n — 1) = d'(n))" + %
and
(1 - %) & () < & (m)(d(n — 1) — d* ()2 4+ 2 |<Gn|) - g} -
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Since Bd*(n) ) & (n)
*(n)5— *(n)*

— <0

G F ’

we have
1

F

E2d*(n)* = (1 — —) d*(n)* < d*(n)(d(n — 1) — d*(n))* 2.

This gives us
E52d*(n)* ' < (d(n — 1) — d*(n))* 2,

so that
05—2

Ed*(n)=2 +d*(n) < d(n — 1) < T

Notice that Ex+=2 + z is an increasing function of z. As such, if

X 1 X 08—2 s—2 05—2
par=+am<p(S5) 7+ 55

then it follows that d*(n) < S—:j By the definition of C, it holds that

O (E+1)s2
T (B4+1)7 -1
which leads to the following inequalities:
1
¢ > i +1
(E+1)s—2 -1
1
C
= — < (E41)s>2
¢ Vb
— <ﬁ> < E+1
Os—l
Cs—l
Define, for x € R with x > 1,
LUS_l
g(x) (x _ 1)372 T

(4.1)



Then we have

g(2) —($—D(1+xi1y4—w
_ (x—1):::(521)(x_11)k x
- k:: (8;1>(1’—1)1_k—$

Therefore

- 1+0+82j(1—k)<8;1>(:v—1)_k—1

_ z]y_mC;lyx—n*.

k=2

We have that 1 —k < 0 for k > 2, (°.') > 0for k € {2,...,5s — 1}, and (z — 1)™% > 0

for x > 1, so that ¢’(z) < 0 and g(x) is a decreasing function. Since we are considering
n > C, we have

nsfl Csfl
— < —— —(C<(CFL.
n—1)=2 "=(@C—-12 =
This leads to the following inequalities:
ns—l
(=17 n < CE
— 1 1 < EC
(n _ 1)3—2 ns—2 — ps-1
1 EC 1
— (TL _ 1)5—2 S ns—l ns—Z
— 05—2 - ECS—I 05—2
(n _ 1)3—2 - ns—1 ns—2
s—2 s—2 % s—2
— C < C C
(TL _ 1)372 nsf2 nsz
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Therefore

s—1 52 C5—2\ 2 (52
* s=2 * — < — <
Ed*(n)s—2 +d"(n) <d(n—1) < - E (n52) +

and we can conclude that )
o

d*(n) < ¢

ns—2 ’

This completes the proof of Theorem 4.1.1.

4.4 Additional remarks

Remark 1. Minimizing C(r)
Fix r = (rq,...,rs), and notice that C(r) worked for any value of F' > 1. Recall that

[ 1
E="%1-—.
F
1

Therefore given any E € (0,1), we can find F' > 1 so that £ = *3/1 — . Remark also

F
that )
1 B 2s—4
BF)7wi = ——
N =)
1 1
B \%1 [(2s—4\ (E+1)7
C:max (m) (12), 1 .
elin (E+1>s—2—1

When we consider )
B 25-4 (25— 4
(1—E32) (ean)
25—4

as a function of I defined on (0,1), it is increasing. Indeed, B and 2= are positive
constants depending only on r, and —4— is increasing on (0,1). When we consider

so that

(E+1)+
(E+1)72 —1

as a function of E defined on (0,1), it is decreasing. Indeed, the function (E + 1)ﬁ is

increasing for £ € (0,1) and gives values in (1, 25). The function —*5 is decreasing for

x > 1. Composing these two functions verifies that our function is decreasing on (0, 1). As
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such, to minimize our value of C', we may choose a value of E such that
B \T7 (25—-4\  (E+1)7>
1— Es—2 eln?2 _(E_|_1)ﬁ_1'

y B \T7 (254
- \1— B2 em2 )~

(E+1)7
1 1 = 5

E=0t (B 4+ 1)72 — 1

Since

and

we are guaranteed the existence of such an E € (0,1). We saw earlier that the above
functions are increasing and decreasing, respectively, which tells us that this value of
E € (0,1) is unique.

Consider now the case when r = (1, —2,1). We have G is coprime to r exactly when |G| is
odd. We also have that a solution (z1,x2,z3) C G is a three term arithmetic progression.
This is the case we examined in Chapter 1, where we saw that given n € N,

2

N .

da,—21)(n) <

To apply Theorem 4.1.1 to r = (1, —2,1), we have s = 3 and notice that B(r) = 1, since
the only subset of {1, —2,1} which sums to 0 is {1, —2,1}. We therefore have

C(r
d,—21)(n) < 72 )

co-me{(5) () 522}

Let C) = -5 ~ 0.39049508, so that C/(r) is minimized when

n2
1
C; \* FE+1
1—F - F

with

=

— i (E41)
1-E E2
— C?°E = —E°-E*+E+1

— B+ C}+1D)E*-E—-1 = 0.

Solving the cubic equation gives us a unique zero at E ~ 0.9632906555864345. This mini-
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mizes C'(r) at 2.03810827418. Unfortunately, this is slightly larger than the constant given
in Meshulam’s bound in Theorem 2.1.1. We will address this in subsequent remarks.

Remark 2. Minimizing C(r) in special cases

The very general result of Theorem 4.1.1 can be adapted for more specific cases by mim-
icking the proof of Theorem 4.1.1. For example, consider the cases where r = (rq,...,rs)
has only one subset {r;,,...,7;,} € {r1,...,rs} with r;, +--- +r; = 0, namely the subset
{rj,...,r5} = {r,...,rs}. In this case, we have T'(A) = |A| where A C G is free of
non-trivial solutions to r. We use this information to alter the general result of Lemma 7,
where we devised an inequality from two bounds on T'(A). We previously had an upper

bound of
T(4) < B(x)d' (n)|G]

and a lower bound of
T(A) > |GP(d*(n)® — d*(n)(d(n — 1) — d*(n))*"?).
We can now write

A 2 |G (d"(n)* = d(n)(d(n — 1) = d"(n))")

with
0 > G ) — d () dln — 1) — () — ()G
= () = 1) = ) =

This leads to the following result:

Corollary 4.4.1. Letr = (ry,...,rs) € Z° withri+---+rs = 0 and for any {r;,,...,r;} <
{r1,...,rs}, we have rj, +---+1r; #0. Let

1
C = max{ FGeD6- (5_1)7 (E+123—2 |
eln2 (E+ 1) — 1

where F is any real number with F' > 1 and E = (1 — F‘l)ﬁ (so that F = ). It
therefore holds that

Cﬁf2

n§—2'

de(n) <
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Proof. Case I: Suppose

* 5— F
d (TL) ' < |G|5—2'

Since GG has at least n components, we have

1 1
F E= F =1
d* < | — < (-
m< (i) =< (@s)
Fo\+1 Fememn
d*<n)ns—2 S - ns—2 — —nn )
(271)5—2 25-1

We will verify that

so that

1
F (s=1)(s=2)m,

2sf1 - ’
so that we may conclude
C s—2
d'(n) < [ —
= (%)
For non-negative x € R, define
f@) = =
2331 '

We have that f(0) = 0 and lim,_,, f(z) = 0, so that f attains its maximum value on
[0,00). Notice that

f'(x) =

1z @ 1 (1_&(2)).

255 s—195% 93 s—1

It therefore holds that f contains only one critical point, and f attains its maximum at

r = 2L where
7 s—1\ s—1
In(2) /)  eln(2)’
1
Fene2y

In(2)
S 1 (s—1
_ = F<s—1><s—2)f(n) < FG6-D6-2) ( ) <(C

As such,

251 eln(2)
finishing our first case.

Case II: Suppose
F

d*(n)s_l > W
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By our modified version of Lemma 7, we have

fgf+(1_%)fmy:fmfgﬁmﬂﬂn—n—fWNs{ﬂggg

so that

(1 - %) d*(n)* < d*(n)* <d*(n)(d(n—1) — d*(n))SJ * !Cg\(PZ - d*gl)s'

Since 2(n) ()
n n)®
G2 i < 0,

we have
2

(1 - %) d'(n)* = E*7%d*(n)* < d"(n)(d(n — 1) — d"(n))" ",

which is identical to inequality 4.1. We saw in the proof of Theorem 4.1.1 that inequality
4.1, combined with the assumption that

C Z (E + 12 5—2 7
(E+1)s—2 -1
results in ,
C\*
dr <|— .
w=(9
This completes our proof. L]

We notice, in a similar fashion to our observations on Theorem 4.1.1, that for any E € (0, 1)

we may write,
1 e (g 1 E41)5=
C=max] (— 2 soly  @EryTE L
1— FEs—2 eln2/ (E4+1)s7=2 -1

To minimize C', we again notice that

. 1 \G0ew (51 (B4
lim | ——— = lim T = 00
E—1- \1— Es2 eln?2 E=0t (B 4+ 1)572 — 1

with the two functions of £ € (0, 1) increasing and decreasing, respectively. Therefore C'
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is minimized when

1 e (s—1\  (E+1)72
1— FEs—2 eln2 _(E—i—l)ﬁ—f

In the case examined by Meshulam, where r = (1,—2,1) and s = 3, the above equality

reduces to )
1 2 E+1
1-E) eln(2) E °

We solved this earlier in this section where E =~ 0.9632906555864345 gives us C =
2.03810827418. It should be expected that Corollary 4.4.1 does not alter the case when
s = 3: If (ry,ra,r3) € (Z )\ {0})>, then 71 + ry = 0 implies r3 = 0, contradicting our
requirements for r.

Remark 3. The case r = (1,—-2,1)

To obtain Meshulam’s result, we can use the same modified version of Lemma 7 which was
used in Corollary 4.4.1, which states

d*(n)

0> d*(n)* — d*(n)(d(n — 1) — d*(n))*? — G

In the case where r = (1, —-2,1), we have s = 3 and G coprime to r if and only if |G| is

odd. Therefore -
d*(n)* — % < d*(n)(d(n — 1) — d*(n)),
so that

d*(n)* +d*(n) — — <d(n—1).

1
|G
Since ¢(G) > n and |G| is odd, we have

1 1
d*(n)* + d*(n) — 3n < d*(n)? 4+ d*(n) — al <d(n-—1).
We can assume inductively that d(n — 1) < 2/(n — 1). Notice that our base cases n = 1

and n = 2 are trivial since d(n) < 1 for each natural number n. Consider n > 3, and notice
that

—n—2~""
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so that

n—1 2 2
< — < —,
(n—2)3" = 3 = n?
We therefore have
n—1 _2n—-2) 2n*+2n-—4 (2n+4)(n—1)
S = —_— 2 = - 2,
3n n? n? n?

which implies that

2 _2m+4 1 (2)2 2 1

n—1= n2 3 \n + n 30
Therefore )
1 2 2 2 1
d*(n)> +d*(n) — — <d(n—1) < <= - — .
()" + d*(n) 3" (n >_n—1_(n> +n 3"
For fixed n, the function 22 + z — 3% is increasing. As such, d*(n) < %, which provides

another proof of Theorem 2.1.1.
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Chapter 5

Meshulam’s Theorem on Systems of
Linear Equations

5.1 Introduction

In the previous chapter, we saw a generalization of Meshulam’s Theorem from 3-APs to
linear equations, and outlined the proof of Liu and Spencer. In 2011, Liu, Spencer and
Zhao [7] found a bound for sets containing only trivial solutions to a system of linear
equations.

In their work, they consider matrices Y = (y;;) € Z%*5 satisfying R, S € N with
S>2R+1and y;1+vyi2+ - +yis=0foreachi e {1,...,R}. Given such a matrix Y,
we can distinguish a class of finite abelian groups G for which we can bound the size of a
subset A C G containing ’trivial’ solutions to the equation Yz = 0, where x € A%.

Given a finite abelian group G, we can write

G=Zy, Ly, ® - DLy

with k; € {2,3,...} for each i € {1,...,n} and k;|k;; fori € {1,...,n —1}. Wesay G
has n constituents, and denote this by ¢(G) = n. We denote by |G| the cardinality of G.

Definition 5.1.1. Let R, S € N such that S > 2R+ 1. Let Y = (y;;) € Z%*° be a
matrix satisfying v;1 + vi2 + --- + yis = 0 for each i € {1,...,R}. Let L € N with
R<L<S—R-—1. Let G be a finite abelian group.

Then we say G is L-coprime to Y if there exists L columns of Y satisfying the following
conditions:

e Upon choosing any R of these L columns, we obtain an R x R matrix Z € ZF*R
with ged(det(Z), |G|) = 1, where det(Z) denotes the determinant of Z.
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e Upon removing any L — R + 1 of these L columns from Y, there exist within the
remaining columns two disjoint sets of R columns which form R x R matrices Z;, Z5 €
7> with

ged(det(Z27), |G|) = ged(det(Z), |G]) = 1.

When a matrix G is L-coprime to Y € Z#*5 the indices of the L columns satisfying
the above conditions are denoted by Iy (G; L), i.e. if the L columns of Y satisfying the
conditions of L-coprimality are

yl)jl yl:j? yl,jL
Y25 Y2,ja Y251

. ) . I . )
YRr,j, YR, jo YR,jr

then Iy (G5 L) = {j1,J2,---,jc}

Definition 5.1.2. Let R, S € N, and Y € Z#*5 be defined as above. Let G be a finite
abelian group. We say that T = (z1,...,7,) € G° is a solution to Y if YT = 0, i.e.
T = (z1,...,xg) is a solution if

Y1101 + Y1202 + - + Y1573 0
Y2101 + YooTo + o+ YasTs | 0
YR1L1 + Yr2T2 + -+ + YR STs 0

We say that a solution T € G¥ is trivial if there are i # j, i,j € {1,...,S}, with z; = z;.
Otherwise, when each x; is distinct, we say that T is a non-trivial solution.

Definition 5.1.3. Let R,S € N, L € N, and Y € Z®*% be defined as in Definition 5.1.1.
Let GG be a finite abelian group which is L-coprime to Y, and let A C G. If every solution
7 € A° to the equation YZ = 0 is trivial, we say that A contains only trivial solutions to
Y, and write A € TRIVy. Define

Dy(G) = max |A4|

ACG
AETRIVy
and Dol
dy(N; L) = sup ﬁ
G is L-coprime to Y |G|
c(G)>N

Theorem 5.1.1. Let R, S € N such that S > 2R+ 1. Let Y = (yi;) € Z"° be a
matriz satisfying yi1 + Yiz + -+ + yis = 0 for each @ € {1,...,R}. Let L € N with
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R<L<S—R-—1. Then there ezists a constant C = C(Y; L) > 1 such that

L—R+1
R

dy(N;L) < (%)

for any N € N.

5.2 Generalizations to several dimensions

Before proving Theorem 5.1.1, we will prove a variation of Proposition 1.2.3.

Proposition 5.2.1. Let G be a finite abelian group, and let G denote the character group
as defined in Chapter 1. Then GE = G%.

Proof. Let v € GR so that for (91,92, -, 9r), (h1, ha, ... hg) € GE, we have

L 7(917927"’791‘2) € (C
b ‘7(917927"'791%)’ =1
® y(g1+hi,92+ha,...,gr + hr) =7(91,92,- -, 9r)V(h1, ha, ..., hg)
Define ¢ : Gl s GF by ¢(v) = (7,72, - --,Vr), Where
71(9) - ’y(gaoa70)

72(9) - 7(0797 s 70)

fYR(g) = 7(07 0,... 79)
for any g € G. Notice that ~; is indeed in the character group G since

and
y(g+h)=~(g+h,0,...,0) =7(g,0...,0)v(h,0,...,0) =v1(g9)11(h).

Similarly, v; € G for each i € {1,..., R}, so that (v1,7,...,7r) € GE. For v,C € C/ﬁ%,

(7€) = ((v¢)1, (vQ)2, - - - (V¢ r)
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where
(vO1(9) =¢(9,0,...,0) =7(g,0,...,0)((g,0,...,0) = 71(g9)C1(9)-
Similarly (v¢); = v for each i € {1,..., R}, so that

o(v¢) = (W1, (2, -+ (VO r) = (MC1,72G1 -+, VRCR) = D(7)¢(C)

and ¢ is a group homomorphism. Notice that for v € C/ﬁ%,
7(917927 ce 7gR) = 7(917 07 cee ’0)7(07927 cee 70) o ’V(O, 07 s 7gR) = 71(91)72(92) T VR(QR)

Suppose that (b(’)/) = (b(C) so that (717 Y2y .- 77R) = (Cla C27 s 7<R) for 77C € é?? We have
for (91,99, ...,9r) € G

(91,92, ---,9r) = 71(91)72(92) - - - vr(9R)
= G (91)@(92) o 'CR(QR)
= ((91,92,---,9r):

so that ¢ is injective. Let (y1,72,...,7r) € CA;'R, and define v from G® to C by v(g1, 92, . - ., gr) =
Y1(g1)v(g2) - - - vr(gr). We have that 7 is indeed in G%, since

17(91, 92, -+ gr)| = I (91)7(g2) - - - vr(gr)| = 1

and

Y(gr +hi,92 +hey ... gr +hr) = Y(g1 + h)y2(92 + he) - - - Yr(gr + hR)
= N (91)71(’11) e 'WR(QR)VR(hR)
= ’Y(gl,gg,...,gR)’y(hl,hQ,...,hR).

Let (b(f}/) = (Clv C27 R CR) € éR? with

Gi(9) =7(9,0,...,0) = 71(9)72(0) - - - vr(0) = 1 (9),

so that (; = ;. Similarly, ¢; = 7; for each i € {1,..., R}. Assuch, ¢(v) = (71,7%2,---,7R)
and ¢ is surjective. Therefore GE = G,

[]

Proposition 5.2.2. Let G be a finite abelian group, let G denote the dual group of G, and
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let R e N. For~y = (v1,%2,---,7R) € GE and g = (g1, o, - - -, gr) € GE, we have

o Z Y1(91)72(92) - - - Yr(9R) = { (1): if (91,92,---,9r) =0,

|G| 4= otherwise.
vEGR

Proof. 1t holds that

R
—1 1
|G| " Z 7(91)72(92) - - - Yr(9R) = H @ Z Yi(gi)
'YEéR i=1 %‘E@
By Proposition 1.2.3, for each i € {1,..., R}
@ Z%(gi) a { 0, otherwise.
"EG

Therefore

1 _ 17 if (917927"'7gR) :07
IGR Z 71(91)72(92) -+~ Yr(gR) = { 0, otherwise.
~yeGR

]

We let e denote the trivial character of G , GR and GF. The implied dual group will be
clear from context. We let I'(G) = G\ {e}.

Lemma 8. Let G be a finite abelian group, and let R € N. Let Z € ZF*F be a matriz
satisfying ged(det(Z),|G|) = 1. Then for T € G, we have ZZ = 0 if and only if T = 0.

Proof. We have

G = Ly, © Ly, EB"'EBZkM
with k; € N and k; > 2 for each i € {1,..., M} and k;|k;4q for each i € {1,..., M — 1}.
As such, for 7 € G%,

T 11D T12D - Dar1 M
. T To1 B X2 D Dxopm
Tr = = .

TR TR1DPTro D - DTrMm
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so that for each ¢ € {1,..., M},

X1,
il e Zy.
TR
We have that
T1
z| 7 =0
TR
if and only if, for each ¢ € {1,..., M},
L1,
z| % =0ew,
TR,

Given i € {1,...,M}, k; divides |G|. Since ged(det(Z),|G|) = 1, it also holds that
ged(det(Z), k;) = 1 for each i € {1,...,M}. Therefore, for each i € {1,..., M}, Z is
invertible over Zj,, and

L1
1‘27‘
z| Tl =0ez,
TR,
if and only if
L1, 0
T2, 0
LR,i 0

which holds if and only if # = 0 € G®. Therefore, given 7 € G®, Zz = 0 if and only if
T =0. O
5.3 Preliminary Lemmas

In this section we outline a series of results which contribute to the proof of Theorem 5.1.1.
For the entirety of this section we fix R, S, L € Nwith S > 2R+1land R<L<S—R—1,
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and Y = (y; ;) € Z% a matrix satisyfing y;1 +yia+- -+ 4.5 = 0 for each i € {1,..., R}.
Fix N € N. We subsequently fix GG, a finite abelian group which is L-coprime to Y with
¢(G) > N, and A C G so that A contains only trivial solutions to the matrix Y.

Lemma 9. Let T(A) = |{T € A° : YT = 0}|. Then
S R
T(A) < (2)|A|S Rt

Proof. Suppose T € A with YZ = 0. Since A contains only trivial solutions to the matrix
Y, we have that T = (21, s,...,2s) where z; = x; for some i,j € {1,...,S} with i # j.
There are (‘;) ways to fix two distinct elements ¢ and j from {1,...,S}. Having chosen
i,7 €{1,...,S} with i # j, we consider

[{z € A% :2; = z; and YT = 0}|.

Suppose that {i,j} NIy (G;L) = 0, i.e. neither ¢ nor j indexes one of the L columns
which satisfies G’s L-coprimality with Y. Without loss of generality, suppose that these L
columns are indexed by {1,2,...,L}. Then the R x R matrix Z € Z"™% formed by the
columns indexed by {1,..., R} has det(Z) coprime to |G|, by the definition of G being
L-coprime to Y. Since YT = 0, we have

T1 Yia Y12 - YR x1
T2 Y21 Y22 - YR X2

TR Yr1 YRrR2 - YRR TR

Y1171 + Y1202 + - + Y1, RTR
Y2,1%1 + Y2202 + - - + Y2, RTR

Yr1T1 + Yr2T2 + -+ + YRRIR

Y1,R+1TR+1 + Y1,R+2TR+2 T - + Y1,5%s
Y2, R41TR+1 T Y2,R12TR2 + - T Y2,8T5

YRR+1TR+1 T YR R+2TR+2 T+ T YR STS

Within the set {zp41, Tgio, ..., 25} C A, there are |A| ways to pick z;, which fixes z; = z;.
There are |A| ways to pick the each of the remaining S — R — 2 elements, so that there are
|A]°~f~! ways to determine the set {xr.1,Tr12,...,75} C A. Since ged(det(Z),|G|) =1,
we have by Lemma 8 that Z is invertible over G. As such, once {xg41,Tri2,..., 25} C A
is fixed, the above equations determine the elements {z1,zs, ..., 2z}, which may or may
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not be elements of A. Therefore the number of solutions of YZ = 0 with # € A° and
x; = x; is bounded above by |A[~F~1.

Suppose now that {i,7} NIy (G;L) # 0. Without loss of generality, assume that j €
ly(G;L). Since G is L-coprime to Y, we can remove any L — R 4+ 1 of the L columns
indexed by ly(G; L) and there exist within the remaining columns two disjoint sets of R
columns forming matrices which have determinant coprime to |G|. By removing L — R+ 1
columns which include the j column, there exist two disjoint R-subsets of {1,...,S}\{j},
called U and V| which index columns forming R X R matrices with determinant coprime
to |G|. We have that j is in neither U nor V, and that 7 is in at most one of U or V.
Without loss of generality assume that U N {i,j} = 0. Now our proof mirrors that of the
first case:

Without loss of generality assume that U = {1, ..., R}. Within the set {1, Tri2,...,Ts}
A, there are |A| ways to pick x;, which fixes z; = ;. There are |A| ways to pick the each
of the remaining S — R — 2 elements, so that there are |A|*~f~1 ways to determine the
set {Try1,TRios .., 25} C A. We have that the R x R matrix Z € Z™* formed by the
columns indexed by U = {1,..., R} has det(Z) coprime to |G|, and it is invertible over
G by Lemma 8. As such, once {xgi1,Tgi2,...,T5} C A is fixed, the invertibility of Z
determines the elements {1, xs,...,2r} C G, which may or may not be elements of A.

Therefore the number of solutions of YZ = 0 with 7 € A° and z; = x; is bounded above
by | A’S—R—l'

Combining the two cases, we see that upon fixing distinct columns indexed by 7 and j, the
number of solutions T € A% to YZ = 0 is bounded above by |A|*~#~1. Since there are (g)
ways to fix ¢ and j, we have

7)< (5 ) 1AP

as desired.

Lemma 10. We have that

> @)

z€A

sup < d(n—1)|G| - |A].
ve@
v#e

Proof. This proof is similar in spirit to the proof of Lemma 6. Recall ¢ : G — {0,1} was
defined by
1, ify=e,

o(7) = { 0, otherwise,
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and that x4 : G — {0, 1} was defined by

|1, ifgeA,
xalg) = { 0, otherwise.

We first show that

sup [|Gld(N —1)6(7) — x=a(y)| < d(N = 1)|G| - |A].

veG

Let v € G and let W = ker(y). Since 7(G) is a cyclic group and v(G) = G/W, we have
that ¢(W) > ¢(G) —1 > N — 1. Note that

DD AN = Dy(—2) = Y xalz)y(—x)

yeW zeG yeW zeG

(WI|IGId(N = 1)d(v) = X=a(y)] =

For any y € W = ker(v), we have v(—z) = v(—z — y) and

D xal@(=2) =Y xal@y(—r—y) =D x-alz —y)y(-w).

zeG z€G zeG

Therefore

WI||Gld(N = 1)6(v) — X=a(y)] =

> (Z AN =1) = > x_ale - y>> y(—z)

zeG \yeW yeWw
< ST A=Y x|
zeG |yeWw yeW
Since
(x—y) = 1, ife—ye—A,
X-A Y771 0, otherwise,

we have that

Y o xoalz—y) =@ =W)N—A] = [W N (z+ A4)

yew
Suppose that W = (w1, ..., ws) = (x+ay, x+as,...,v+as) € (WN(x+A))% with Yw = 0.
Let 7 = (z,z,...,x2) € G* and @ = (aq,...,as) € A%, so that 0 = Yw = YT + Ya. Since
the elements of each row of Y sum to 0, we have Yz = 0 which implies Ya = 0. We chose
A so that if Ya = 0 there is some ¢,j € {1,...,s} with i # j and a; = a;, so that w; = w;.
Therefore there is no vector w = (wy, ..., ws) € WN(xz+ A) of distinct elements satisfying
Yw = 0. As such,
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and

WIIGIAN = 1)3(v) = xa()] < DD dIN=1)=> x-alz—y)|.

zeG |lyeW yew

= Y IWI[dN =1) = W N (z+ A)|
zeG

= Y |Wd(N = 1) = [W N (z+ A)|.
zeG

To compute Y . |[W N (x+ A)|, we first arbitrarily choose a € A. There are || different
x € G with z +a € W, so that

S W (z+ A)| = |A[[W].

z€G

It holds that
> [WId(N = 1) = |G||W|d(N — 1),
zeG

which results in
(WI[|GIA(N = 1)é(y) = x=a(v)| < [GIWIA(N — 1) — |A||W].
Therefore, for each v € G ,
IGIA(N = 1)8(7) = Xx=a()| < |Gld(N — 1) - |A],

so that
sup [|G|d(N — 1)d(7) — x—a(y)| < d(N = 1)|G| - |Al.

yeG
When v # e, we have §(y) = 0, so that
sup [X—a(y)| < |Gld(N —1) — [A].

veG
y#e

We have
Aty =D x-al@y(=z) =) (a),

zeG a€A
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so that

sup | > y(a)| = sup [X_a(y)| < |Gld(N — 1) — |A].
Y€G |acA ~eG
v#e y#e

Lemma 11. Define
Qy(G;L)={BCly(G;L):|B|=L—R+1}.
Given B € Qy(G; L), define

Lpy(G; L) = {(717727 .-»R) € G VWA g F e forall j € B}-

Then R
BeQy (G;L)

Proof. Fix (v1,72,...,7r) € I'(G). It holds that amongst any R columns chosen from the
L columns satisfying G’s L-coprimality to Y, there exists some column indexed by k so

that

Y1,k Y2,k YR,k
Y1 Y2 TR # e.

To verify this we assume otherwise: Choose R columns from the L columns satisfying the
L-coprimality of G, and let these R columns be indexed by {l1,ls,...,lr} Cly(G;L). Let
7 € 77 be the matrix formed by these R columns, and note that since G is L-coprime to
Y, we have Z = (yiy;)1<i,<r satisfies ged(det(Z),|G|) = 1. Assume that

Yy Y2 YR1;
M1 Y2 Tt Yp T =€

for each j € {1,...,R}. We saw in Chapter 1 that G = G. Let p G — G be an
isomorphism, so that for each j € {1,..., R},

yl,lj y2,lj YRl

0=ple)=p(v "7 7 vr ") =v,,(M) + y2u,0(72) + - - + Yrt,p(VR)-
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As such,

0 Y1, P(1) + Y2,,0(2) + -+ yru p(VR)
01 [ v1p(n) +920.0(02) + -+ + Yr1p(VR)
0 Y1,iP(11) + Y2020(02) + - + Yr1zP(VR)
Y, Yl 0 Yiig
Yo, Y20, 0 Y2
= (p(n),p(12), -, p(7r)) U o
Yriw YRI, " YRJgr

= (p(n). (). ---. p(1R)) 2.

By Lemma 8, we have p(v1) = p(2) = -+ = p(yg) = 0. Since p is an isomorphism
from G to G, we have that (y1,72,...,7r) = ¢ € GE. This contradicts the fact that
(71,72, - - -, Yr) € T'(G). Therefore, there exists some k € {ly,...,lg} with

Yk Y2,k YR,k
Y1 Y2 VR # e.

Iteratively, choose R columns, indexed by {li,...,lg} C Iy (G;L). There is some k; €
{ll, SN ,ZR} with

Y1,ky Y2,k YR, kq
M1 Y2 R # e.

If possible, choose R columns indexed by {l1,...,lr} C ly(G;L) \ {k1}. There is some
kg € {ll, e 7ZR} with

Yl,ky  Y2,ko YR, ko
L g P F e

At the ™" step, choose R columns indexed by {li,...,lg} C lIy(G;L) \ {ki,...,ki_1} if
possible, and choose k; € {ly,...,lr} with

Yl,k; Y2k, YR, k;
me R F e

After L — R+ 1 steps, it is no longer possible to choose R columns since

}ly(G, L) \ {]{51, ey ]{?L_R_HH =R-1.

Let B ={ky,...,kp_g+1}. Then for all j € B,

Y1,5 . Y2,5 YR,j
YT R Fe
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so that (y1,72,...,vr) € I'py(G; L). Since (71,...,7r) € ['(G) was chosen arbitrarily,

e c | TevGo

BeQy (Gs;L)

as desired.

O

Definition 5.3.1. Let GG be a finite abelian group and let A C G. For vy = (1,72, ...,7r) €
G, define

Fi(v; A) = 2 r2(yez) - vryrz).

T€EA

When it is clear from context, we write F;(v) = F};(v; A). By properties of the dual group,
we can equivalently characterize F;(7) in the following ways:

Fi(v) = Y me)nye,e) - vr(ys,e)
z€A
= S (@) )
z€A
— Z,yylj y2]‘ yR](x)‘
x€A
Lemma 12. It holds that
L L—R+1, (\S—L[—1
aTF |R > |BF--Fsly \_<L RH)(d(N—l)!G!—!AI) AP

v€l(G)
Proof. As defined in Lemma 11, let
Qy(G;L)={BCIly(G;L):|B|=L— R+1},
and for B € Qy(G; L), let

I'py(G;L) = {(’yl,fyg, ...,YR) € GE . Ayl £ e for all j € B}
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Given B € @), we have

|G|R Z |F1F2 -Fs(y )} = ﬁ Z <H|FJ(7)|) H|F](7)

v€l's ~vel'p \jeB j¢B
1
< G—<SUPH|F |> Z H|Fj(7)
7€l jep velp j¢B
1
< g (T (s 00)) S T
jep \1€l'B velp j¢B

Recalling the definition of I'g, we notice that for j € B and v € I'g,

Yi1,5 _Y2.5

Y1 T yRJ#e

so that

Y1,5 Y25 YR,j

N € T(G).
Therefore, by Lemma 10

sup [F5(7)] = sup |D Ay ()
vel'p vel'p €A
< sup v(z)
vel'(G) :ceZA

< d(N = DG = [A]

This implies that

| ‘R Z ‘FlF? FS(V)‘ < ’L (Hd - 1|G| - |A|> Z H|FJ(7)

v€l's JjeB V€l'p j¢B
1
= |G|R( (N =DIG =AD" TTIE ()
'yEFBj¢B
= (AN =1)|G| - [AD* R“ |R > 1TIEM
vel's j¢B

We have that B C Iy (G; L) with |B| = L— R+1, so that we can apply the second condition
of G being L-coprime to Y: After removing the columns indexed by B we can find two
disjoint subsets U,V C {1,...,S} \ B so that
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LU =[V]=
2. the matrix formed by the columns indexed by U has determinant coprime to |G/,

3. the matrix formed by the columns indexed by V has determinant coprime to |G|.

Let U = {j1,72,---,7r}, and let Z € Z#*f be the matrix formed by the columns indexed
by U, i.e.

Y191 Y - Yije
Y251 Y252 0 Y24r

Z = . . . . )
yR’jl yR:jZ o yR’]R

ged(det(Z), |G|) = 1, and Z is invertible over G by Lemma 8. Notice that

‘G|R Z HF - |G|R Z H’F

= o Z 1 5:6). £:6))
— Z H<Z/yyl] y2j yRJ Zvylj y2] yR](b)>
R .
|G| '}/EGR jeU \a€A beA

Utilizing properties of the dual group and by indexing U = {j1, j2, ..., jr}, we have

|G|R Z HF

= aw SIS Gl s )

’VEGR i=1 a,beA

B |G|R > H(Z N g e _b)>

'yGGR i=1 \a,becA
- |G|R > H (Z NWr5a = y150) - TR(YRj0 — yR,jib)> :
’yEGR i=1 \a,b€A
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For @ = (ay,...,ar),b= (by,...,bg) € A% we may instead write

CL]1 bj1

a _ b
_ 2 52
a= . and b= )

Ajp bjR

It holds that

11 ( > nra—y5b) - vr(yrja - yR,jib)>

i=1 \a,bcA
R R
= Z g (Z ylvji(ajz’ - b]z)) IR <Z yRaji(aji - bh)) :
abeAR i=1 =1
Therefore
' 2
W Z HFJ'(V)
Ve{;R jelu
1 R R
e Yo D> om (Z yuji(a; — bﬁ)) R <Z Yrji(aj; — bj¢)>
~eGR a,be AR i=1 i=1
1 R R
= GI7 dom (Z Y@ — bﬁ)) “ R <Z yrji(aj; — b;e)) :
a,be AR ~veGR i=1 i=1

By Proposition 5.2.2, the inner sum is only non-zero when

R R
Zyl,ji(&ji - sz> == ZyR:ji(aji - b]z) = 0.
i=1 i=1

In this case, the inner sum is equal to |G|®. We therefore have

R R
1
G > (Z Y1 (aj, — bﬁ)) YR (Z YR, (aj, — by;-)) =1
1=1 i=1

veGR
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if and only if

Y151y + Y1ja iy + - Y1550

Y2,51 Wy + Y255 0jp + *+ - Y25, A

YR,j1 A5, + YRjoUjy + YR jr(jg
which is equivalent to

Y11 Yije Yiir ajy

Y251 Y250 Y2,5r Ay

YR,j1  YR,ja YR,jr Ajp

Y1,jrbir
Y2,jrbir

Y1505 + y1gpbj, + o
Y2510y + y2.55bj, + -+

Yrjbjr T Yrjsbjs + YR jpbig

Ylir bj1
y27]R

Y152
y27j2

y17.j1

Y2,5 J2

s

YRj1 YR.jo Yrjr/) \Dir

The preceding equality can be expressed as Za = Zb. Since Z is invertible over G, this
equality holds if and only if @ = b, so that having chosen @ € A%, it determines b = @. As

such, we can write

2
o = || = T a-an
yeGR 1j€U acAFR
Similarly,
2
|G|R Z HFJ(V) - Z =A%
veGR 17V acAR
Notice that for v € GE and jed{l,...,S},
nyylj Y2,5 . ZURJ <Z‘,yylg Y2,5 ng |_Zl_|A|
z€EA TEA T€A
Therefore
|G|R S IIEM = |G|R S ILEOITTEO T 15O
~eGR j¢EB ~veGR JEU Jjev j¢B
jeuuv
< o Z HF H ij(,y) |A||{1,...,S}\(BUUUV)|
| ~veGR 1JEU JjeV
_ S—L-1-RrR__*
veGR 1jEU Jjev
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Remark that B,U,V are all disjoint, with |B| = L — R+ 1 and |U| = |V| = R, so that
{1,...,9}\(BUUUV)| = S—L—1—R. By Cauchy’s inequality and previous calculations,
it follow that

N|=

150

jeU

1150

Jjev

‘G’RZHW < |A[SLR |G‘RZ

cGR j¢B ~eGR
|A[SE1-R A7) A2
|fHS—L—y

’(;V% EE:

veGR

Continuing with previous estimates, we see that

1
i 2 AR Fs()] < @ =116 = [A) 7 o 3 T 6)
JeTs V€l'p j¢B
1
< @V =DIG = 1A s 3 T IR O)
~eGR j¢B

< (d(N—1)|G| - |AD* AP~
We also have that

> |RF-- Fs(y)| < |G (AN = 1)|G] — [A)FF AP

v€l'p

By Lemma 11, it holds that

rec |J Tor(GiL),

BeQy (G;L)
so that
> AR B0 < 3, ) [RFEs()]
v€l(G) BeQy (G;L)~€l'p
< Qv (G DG (AN = 1)|G| — [APTH AP
Since

Qy(G;L)={BCIly(G;L):|B|=L— R+1},

we have that

@rGol=(; )
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and

(d(N = D|G| = |AD" AP,
a2 = (0 ne)
as desired.
O
Lemma 13. It holds that
|A|S L L-R+1) 1§—L-1 S S—R—1
d(N -1)|G] - A A < A .
o~ (1) @ =161 A) A  < ()14
Proof. Recall that T(A) = |{Z € A% : YT = 0}/, and notice that
s
Z BFy--Fs(y) = Z HFz(’Y))
veGR yeGR \i=1
s
= Z H (Z Y1(y1:7) 72 (y2,i7) - - "7R(yR,iCU)>)
,YE@R i=1 \z€A
= Z Z 71(y1,11’1) o 'VR(yR,liﬁl)) (Z 71(?/1,5355) e "VR(yR,SxS))
’YG@R x1€EA $REA
S S
= Z Z (H 71(91,#%)) (H ’YR(yl,il"i))
VEGR (21,,mg)EAS \i=1 i=1

(€1,.,x5)EAS yeGR

By Proposition 5.2.2, we have

: ) ) IGE it S i) == (0 yraa ) =0,
dom (Zy1x> R (;yfzx> { ( =1 ) ( 1 )

0 otherwise.
~eGR ’

Therefore

ZF1F2"'FS(V) = |G|R

veGR

s
{(1]1,...71'5) e A% Zyj,ixi = 0 for each j € {1,...,R}H

1=1
= |GI*"|{ze A% : YT =0}]
= |GI"T(A).

69



Note that for each i € {1,...,5},
Fi(e) = Z e(yriz)e(yziz) - - - e(yYriz) = Z 1=]A[
€A €A

We can therefore deduce that
1 1

T(A) = WFl(G)FQ(G)Fs(B)-FW Z F1F2F5(7>
v€T(G)
AF 1
= W+W Z P Fy - Fs(7).
v€T(G)
By Lemma 12 we can conclude that
A5 1
) = IGIE " IGIF > |RFy---Fs(y)]
v€T(G)
Al® L L—R+1, \S—L—
> () = (G ) g
By Lemma 9,
|A|S L L=R+1| p15-L-1 S S—R-1
Sl B — — <
o () @ = D161 = 1A A < ()

therefore proving the lemma.

5.4 Proof of Theorem 5.1.1

Let R,S € N with S > 2R+ 1. Let Y = (y;;) € Z"*° be a matrix satisfying y; 1 + yio +
oty g=0foreachi e {1,...,R}. Let L&e Nwith R<L<S—R—1. Let N € N. Let
G be a finite abelian group so that ¢(G) > N and G is L-coprime to Y. Let A C G contain
only trivial solutions to Y. Let d*(G) = |A|/|G].To ease our calculations, we introduce the
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following notation:

) a-(3)

L
2) @:(L—R+J’

3) =20y = (2o o
— L—R+1 —
S T )
R

I I=RF1
R L L—R+1
4) C4Z(C3+1>LR+1:<<2<L—R—|—1)) —f-].) .

Let
C = max

(R+1)(L—R+1)
eR1In(2)
We will show by induction that

R C,
2C) BFDEZ—R+1) .
(201) et

L—R+1
C R
* < -

and since G and A were chosen arbitrarily, we can conclude that

L—R+1
R

dy (N; L) = sup {d*(G)|G is L-coprime to Y, ¢(G) > N} < <%) :

thus proving Theorem 5.1.1.
Notice that when N < C', we always have that

L—R+1

d*(@:%ﬁlﬁ(%) ’

so the theorem holds trivially. Notice also that C' > ij 1 > 1, so this addresses the base

case. We now assume that N > C and consider two cases:

Case I: Suppose that
B Cld*(G)S_R_l - d*<G)S
G| -2

d*(G)
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so that
d*(G)S - Cvld*(G)SfRfl

2 |G
This simplifies to
2C
d*(G>R—|—1 S I
G|
so that )
2CT \ B+
T (G) < (—)
G|

Since ¢(G) > N, it holds that |G| > 2V so that

ﬁ ﬁ 1 —N

To obtain the result of Theorem 5.1.1, we will verify that

2q1ﬁ< o\ R
9N S\

Define a function f : [0, 00) — R with

—x  L—R+1

f(w) = 27"

Notice that f is continuous, f is non-negative on [0, 00), f(0) = 0, and that the limit of f
as x approaches infinity is 0. Therefore, f attains its maximum on [0,00). We have that

—* L - R ]' - 1 2 —x —

Setting f’(x) = 0 gives us the unique critical point of f at

(L-R+1)(R+1)
RlIn(2) ’

so that for z € [0, ),

L—R+41
R

ﬂ@Sf(@—R+UW+U>:(@—R+UW+U)

RIn(2) eR1In(2)
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Therefore

200\ FFT 1o L
(5)" = o)

L—-—R+1
R

< (207 (

L—-—R+1

C™=r

s (2)" = )

s Cld*(G)S_R_l - d*(G)s

|G| 2
Noticing that |A| = d*(G)|G| and incorporating the definitions of Cjand Cs, the conclusion
of Lemma 13 can be expressed as

(L-—R+1)(R+1)
eR1n(2) )

IN

As such, we have

as desired.
Case II: Suppose that
d*(G)

& (G)S|G S P—Chd* (G)S 1| GIS R —Cy (AN —1) |G| =¥ (@) G))  ar (@) S G5+ <o,
which reduces to

B Cld*<G)S_R_1

(1S
d*(Q) e

— Cy(d(N = 1) —d*(G)) " ar (@5 <o

Our assumption for the second case means that

d*(G)S

5 < Ca(d(N —1) = (@) (@)

which simplifies to
L—-R+1

d*(G)MH <20, (d(N — 1) — d*(Q))

We get that
d*(G)T R < (205) 777 (d(N — 1) — d*(@))

so that .
Cs3d™ (G)T-r7+1 + d*(G) < d(N —1).
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For x € (1,00), define

We will see that g(z) is a decreasing function, and to ease our computations we let s = %.

As such, s > 1 because L > R. Write
g(z) = 2°(x — 1) — .

Therefore
g (z) = sxs_l(x - 1)1_5 +2°(1—s)(z—1)"°—1.

We have
g () = s(s—Dx* 2z -1 +s2*'(1—s
+(1—=s8)sz* Nz — 1)+ (1 —s)x

_ 5(3—1)% (1_2(xi1>+<xi1)2)

n ~—

—~
S
|

—_

~—

.

Since x > 1 and s > 1 we conclude that g is concave up. By L’Hopital’s rule, we see that

s—1
. . €
ao,9(@) = Jﬂfﬁlf((x_l) —1>

(%) -1

= lim
T—00

(s—1) (ﬁ)S_Q (1:1)2

8 =

= s—1.

We have shown that g(z) is a concave up function with a finite limit point, so we may
conclude that g(x) is decreasing on (1, c0).
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Since we are only addressing the cases when N > (', it holds that

L+1 Lt1
N
(N-1)"7" T (-1
Notice that
Cy < C
045 1 -
— < Cy=(Cy+ 1)7L_’§+1
C L*IR;CJrl - 1
= —_— -1 <
((J -~ 1) < G
C Lng»l
o =
— 1 e, -C < CCs.
We therefore have
N
- N < 0C
(N —1)5F ’
N% L—R+1 L—R+1 L+1
= v LngO R — NCRr < (C5CR
N% L—R+1 L+1 L—R+1
= —7C B < C3CrR +NC k
(N -1 g g
L+1 L—R+1
= (%) = a@ e
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By the induction hypothesis, we see that

Csd*(G)T=rr +d*(G) < d(N —1)

AN
A~
|
1

IN

&2
—
=1ie!

—_

A

+
—
=2lQ
~—

L—R+1 Lfij;rl L—R+1
B C g R N g R
- B \N N ‘

If we let f(x) = Csz PSR 4 g, it is clear that f(z) is increasing on [0, 00). Therefore

we can conclude that
L—R+1

4 (G) < (%) ’

which finishes Case II and therefore the proof of Theorem 5.1.1.
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