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Abstract

Capillary phenomena have been studied by mathematicians and physicists for hundreds
of years. In this thesis, both two-dimensional(2D) and three-dimensional(3D) bodies float-
ing on an unbounded reservoir are studied based on the Young-Laplace equation. We re-
consider the 2D floating cylinder problem studied in a groundbreaking paper of Bhatnargar
and Finn from 2006. We derive the total energy E7r relative to the undisturbed state and
the total force in vertical direction and show that Fp = —df—hT, where h is the height of
the centre of the cylinder relative to the undisturbed fluid level. The number of equilibria,
the floating configurations and their stability are also studied. In the 2D floating square
problem, we rederive the floating configurations and their stability in the no surface tension
case. Allowing surface tension, one example with contact angle v = 7 is considered. We
show that there is one unstable equilibrium of the floating square with a horizontal side.
In the 3D floating object problem with radial symmetry, the shooting method is applied to
obtain the fluid height v and radial distance r from the vertical axis numerically in terms
of the inclination angle 1) parameter. In the vertical cylinder problem, the relation between
Er and Fr is found to be consistent with 2D cylinder case. In the floating ball problem, a
non-monotone relation between height of centre h and the wetting angle ¢q is found. We
also give an example of two floating configurations with the same height h. More study of
the 3D floating ball problem is anticipated.

111



Acknowledgements

First, I would like to express my deepest gratitude to my supervisor Professor David
Siegel. Thank you for your support, guidance, opportunities and encouragement during
my master’s study in mathematics.

I would like to thank my committee members, Professor Sivabal Sivaloganathan and
Professor Marek Stastna, for your suggestions and time. I would like to thank the chair of
the defence, Michael Waite, for your time.

Furthermore I would like to thank my office mates Brian Fernandes, Minxin Zhang,
Kamran Akbari and Lindsey Daniels for creating the harmonious working environment
and your valuable comments for my thesis. 1 would like to thank to my department
colleagues Cesar Ramirez Ibanez and Yangang Chen for the inspiring conversations about
the philosophy of mathematics. I would like to thank to my Friends Jian Liang and Naijing
Kang for providing me countless free lunch and dinner. I would like to thank to my family
for the continued support and unconditional love.

v



T My Drerts anct Forne



Table of Contents

List of Tables

List of Figures

List of Symbols

1 Introduction

2 Two-Dimensional Cylinder on An Unbounded Bath

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

Fluid Interface and Configuration . . . . . . . ... . ... ... ... ...
The Capillary Equation . . . . . . . . .. ... .. ... .. ... ...
Derivation of the Total Energy Ep . . . . . . . . . ... .. ... .. ...
The Relative Adhesion Coefficient 5. . . . . . . .. ... ... ... ....
Total Energy with One Parameter E7(¢) and the Analysis of the Forces .
Total Energy and Total Force . . . . . . ... ... ... ... .......
Two Independent Non-dimensional Parameters . . . . . . . . . ... .. ..
Trigonometric Series . . . . . . . ...
Stability Behaviors . . . . . . . ...
291 TheCasey =73 . . . . . .. ..
292 TheCasey >3 . . . . ... L
293 TheCasey < .. . ... o

vi

ix

xiii



2.10 Asymptotic Behavior of A* and ¢f fory=75 . . . ... ... ... ... 27

2101 AsC—0 . .. e 28
2102 ASC =00 . . o o v o 29
2.11 Imtersection Condition . . . . . . . . . . .. ... 29
2.12 C vs A: Regions with Different Numbers of Equilibria . . . . . . . ... .. 32
2.12.1 Example One: v =0 . . . . . . . .. . 33
2.12.2 Example Two: v =7 . . . ... ... oo 33
2.12.3 Example Three: v=7 . . ... ... .. ............... 36
2.12.4 Example Four: v = % ......................... 37
2125 Example Five: y =7 . . . . . ... oo 38
2.13 An Example That Admits Two Configurations . . . . . . . ... ... ... 39
Two-Dimensional Floating Square 41
3.1 Configurations with No Surface Tension . . . . . . . ... ... ... ... .. 41
3.1.1 Two Corners Immersed . . . . . . . ... .. ... ... ... ..., 42
3.1.2  One Corner Immersed . . . . . ... ... ... ... ... ..... 44
3.2 Emergy Point of View . . . . . . . ... 45
3.2.1 Total Energy E7(f) in Force Balance . . . . . ... ... ... ... 46
3.2.2  Stability Analysis of Two Corners Immersed Case . . . . .. . ... 47
3.2.3 Stability Analysis of One Corner Immersed Case . . . . . . . . ... 49
3.3 Floating Square With Rotation and Surface Tension . . . . . . . . .. ... 50
3.3.1 Configuration Withy =% . .. .. ... ... ........... 50
3.3.2  Total Energy Fr and Stability Analysis for Y=4 oo 52
Three-dimensional Floating Objects 55
4.1 Governing Equation . . . . . .. ..o oo 55
4.2 3D Floating Vertical Cylinder . . . . . . . . . ... ... ... ... .... 57
4.2.1 The Shooting Method for Fluid Height w When x =1 . . . . . . .. 58
4.2.2 Numerical Computation of Er .o 60
4.3 Discussion of the 3D Floating Ball . . . . .. ... ... ... ... .... 63

vii



5 Conclusions and Future Work
5.1 2D Floating Cylinder Problem

5.2 2D Floating Square with Rotation. . . . . . . . ... ... ... .. ...,
5.3 3D Floating Vertical Cylinder and Ball . . . . . . ... ... . ... ... ..

5.4 Future Work . . . . . . .. ..
APPENDICES

A Er of the 2D Cylinder
A.1 Surface Tension Energy E, . .
A.2 Fluid Potential Energy Er . .

B Analysis of the Buoyant Force
C Relation between —Z and Fr

dh

D Asymptotic Series of ¢; and A*
D1 AsC—0 . ..........

E No Intersection for v =0

F FEr of the Square with Rotation

G Python Code of the Shooting Method

References

Viil

65
65
66
67
67

69

70
70
73

76

79

81
81
83

86

88

91

94



List of Tables

2.1 Stability Behaviors, Number of Equilibria with Different A

X



List of Figures

1.1
1.2

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12
2.13
2.14
2.15

Young’s diagram for contact angle and a counterexample. . . . . . . . . ..

A capillary tube. . . ..o

Configuration. . . . . . . . . . .
Centre height h, ug < 0 is pictured. . . . . . . .. . ... ... ... ....
Computation relative surface tension energy. . . . . . . . . .. .. .. ...
Computation of relative potential energy. . . . . . . . . . . . ... ... ..
Gravitational, buoyant and surface tension forces. . . . . .. . .. .. ...
Computation of buoyant force. . . . . . . . . ... ... L.
Young’s diagram and its correction. . . . . . . . .. ...
Qo VErSUS h. . . . .
Parameters: A =4, A*=5.0893andC=1. .. ... ... ... .. ....
Parameter: A=1. . . . . . . . ... ..
Parameter: A=1. . . . . . . . . .. ..
The performance of asymptotic series compared with numerical results. . .
Intersection for the v» < O case. . . . . ... . .. . ... .. .. ......
3

Intersection regions for vy = T and y==F. . . ... ... ...

C vs A: v = 0. 0 indicates the zero equilibrium point region and 1 indicates
the one equilibrium point region. The boundary curve between region 0 and
region 1is A=m. . . . . . . .



2.16

2.17

2.18

2.19

2.20
2.21

3.1
3.2
3.3
3.4
3.5

4.1
4.2
4.3
4.4
4.5
4.6

4.7

C vs A: v = 7. 0 indicates the zero equilibrium point region, 1 indicates

the one equilibrium point region and 2 indicates the two equilibrium points

M"wW2 vV 2+\/§> _ 36

region. The boundary curve ends at point (A, Cy) = (7? ol 2

C vs A: v = 5. 0 indicates the zero equilibrium point region, 1 indicates
the one equilibrium point region and 2 indicates the two equilibrium points
TEZION. .« . v v i e e 37
Cvs A: v = ?jf. 0 indicates the zero equilibrium point region, 1 indicates

the one equilibrium point region, 1v1liv indicates the one valid, one invalid
equilibrium points region and 2 indicates the two equilibrium points region. 38

C vs A: v = 7m. 0 indicates the zero equilibrium point region, 1 indicates
the one equilibrium point region, 1v1iv indicates the one valid, one invalid
equilibrium points region and 2 indicates the two equilibrium points region.

Ci(A)curveis A=m.. . . . . .. o 38
Two Equilibrium points: ¢o; = 2.3915 and ¢ge = 3.0178. . . . . . . . . .. 39
Parameters: v =7, A =3.8,C=2and radiusa=1. ... ... ... ... 40
Two corners immersed. . . . . . . . . .. ... 42
One corner immersed. . . . . . . . . ... 44
The floating square when surface tension is present. . . . . . . . .. .. .. 50
Two examples with v = 7 and a = % ...................... 53
Parameters: S =0.1, a = %l, y=%anda=5 ... .. ... ... ..., 54
Tangent angles ¢ and w. . . . . . . ... L oo 56
The cross-section of a floating vertical cylinder. . . . . . .. ... ... .. 58
The shooting method algorithm and the fluid height w(r).. . . . . . . . .. 59
Er vs h with parameters: a =1,a=01,B=landy=3. . . ... .. .. 62
The cross sectional configuration of the 3D floating ball. . . . . . . .. .. 63
Non-monotonic relation of ¢y and h, with parameters: B =1, v = 7 and

a=1. . e 64
Two different configurations with same h =—-1.3. . . .. .. ... .. ... 64

X1



Al
A2
A3

B.1
B.2

Computation of relative surface tension energy. . . . . . . . ... ... .. 70
Computation of relative potential energy. . . . . . . . . . .. ... ... .. 73
A non-graph case. . . . . . ... 74
Archimedes’ principle. . . . . . . ... 76
The buoyant force when surface tension is present. . . . . . . . . . . .. .. 7

xii



List of Symbols

We list the descriptions of symbols which will be used later.

= O M

x

b0

Yo

Ps

01

02

The wetted region.
The relative adhesion coefficient.

The contact angle.

The capillary constant, where x = £22.
The wetting angle, the supplementary angle of the azimuthal angle.
The inclination angle.

The inclination angle at contact point.

The density difference of the air and the fluid. Moreover, we assume p,; = 0 thus
p also represents the density of liquid.

The density of the solid or the floating body.
Surface tension along the fluid interface.

Surface tension between air and solid interface.
Surface tension between liquid and solid interface.

Radius of the cylinder in Chapter 2, side length of the square in Chapter 3 or radius
of the ball in Chapter 4.

The gravity force per unit mass in 2D or the gravitational field in 3D.

Xlil



h The height of the centre, the displacement from the centre of the cylinder, the
square, the vertical cylinder or the ball to the reference fluid level.

m The mass per unit length in 2D or the mass in 3D of the floating body.

U The fluid height, the displacement from the fluid interface to the reference level.
x The horizontal distance.
Yy The displacement from free surface level to the bottom of the cylinder.

Epr, Er The fluid potential energy and its dimensionless form.

Eg, E¢ The body potential energy and its dimensionless form.

Er, Er The total energy and its dimensionless form.

Ew, Ew The wetting energy and its dimensionless form.

E,, E, The surface tension energy and its dimensionless form.

Fg, Fz The buoyant force and its dimensionless form.

e, FG The gravitational force and its dimensionless form.

Fr, FT The total force in vertical direction and its dimensionless form.

F,, Fg The surface tension force and its dimensionless form.

b0 The critical point of Er, ¢o € (0, 7).

B The Bond number, where B = ka?.

I(¢o,C) The intersection function of fluid interfaces.

b0 Equilibrium point of Fy if By admits at most one Equilibrium point.

$o;  BEquilibrium points of Fr if Fr admits two equilibrium points, where 7 € {1,2}.
A Dimensionless parameter is defined as A = a%p, which is used in Chapter 2.
A A satisfies Fip(¢7, A*) = 0.

C Dimensionless parameter is defined as C = /ka, which is used in Chapter 2.

X1v



Ci(A) The boundary curves distingish the number of equilibria in A vs C region, where
i€ {1,2,3}).

on The second critical point of Fp, which satisfies oy > 5

¢o  Satistying I(¢p,C) = 0 for given C.

(h*,0%) The critical point of Ep(h,6).

Esquare The characteristic energy of the square, where Eygyare = psag.

« The density ratio a = %s, where p; is the density of solid and p is the density of
liquid.

Dimensionless centre of height, where h= %

»n >

Dimensionless parameter is defined as S = m.

Uy The inclination angle to the right of the fluid interfaces.

(0 The inclination angle to the left of the fluid interfaces.

190 The inclination anlge at the right contact point.

199 The inclination angle at the left contact point.

0 The rotational angle clockwise from the vertical axis.

0 The critical point of Ep(6).

h* The height of centre in force balance.

hg  The displacement of the centroid of buoyance to the reference level.
E. The characteristic energy in 3D vertical cylinder, where E. = woa®.
F, The characteristic force in 3D vertical cylinder, where F, = woa.

Iy Modified Bessel function of the first kind.

Ky, Modified Bessel function of the second kind.

3>

The dimensionless radial distance, where 7 = .

XV



W

S

The tangent angle w > 0, the supplementary angle of .
The radial distance from the vertical axis.

The arc length along the fluid interface.

Xvi



Chapter 1

Introduction

When you walk across a lawn early in the morning, you’ll find dew drops attached to the
edges of leaf blades. When you read a burette in a chemistry lab, you’ll find the liquid
surface forms a meniscus. There are countless such capillary phenomena. The records
of capillary phenomena can be tracked back to the Renaissance. Leonardo da Vinci|l/]
described experiments associated with capillary phenomena in his manuscripts. His cel-
ebrated work is widely considered the first description of capillary phenomena. Many
pioneers such as Newton(1687), Huygens(1690s), Hawksbee(1709), Taylor(1712) and Ju-
rin(1718) have made contributions to the experimental work on capillarity. The description
of these pioneers’ work can be found in the literature review of capillarity by Lloyd [11].
In 1805, a breakthrough essay [22] by Thomas Young was published by the Royal Society
of London. He was the first to present the relation (1.1) between mean curvature H' and
the pressure difference dp across a fluid interface through balancing dp and surface tension
o, which is assumed to be a constant.

op=20H, (1.1)

He also asserted the contact angle condition (1.2) that the tangential forces along the solid
must be balanced. It is also known as “Young’s diagram” (see Figures 1.1, 2.7). It leads to

cosy = - 02, (1.2)
o

Young first introduced the notation of mean curvature H, which was precisely defined by Sophie
Germain several decades later.



where v is the contact angle, ¢ is the surface tension between air and liquid (we say
air/liquid surface tension for short.), oy and oy are air/solid and liquid/solid surface ten-
sions, respectively.

A 0'1

air
solid

09

Figure 1.1: Young’s diagram for contact angle and a counterexample.

“Young’s diagram” is widely used in engineering. In recent years, Finn argues its valid-
ity. In paper [6], Finn gives a counterexample of a floating spherical ball in zero gravity
(see Figure 1.1). If we follow Young’s diagram, the total force in the vertical direction can
not be balanced. In [2|, Bhatnagar and Finn argue that the surface tension force is only
along the fluid interface. In [16], Marchand, Weijs, Snoeijer and Andreotti also criticize
Young’s diagram and reach the same conclusion about the surface tension force. Related
discussions of Young’s diagram and Finn’s paradox example can also be found in [2], [7],

[5], [15] and [15].

Differing from Young’s qualitative analysis of capillarity, Laplace reintroduced Young’s
results with formal mathematical notations in 1806 [5]. Due to their contributions to cap-
illarity, the equation (1.1)? was named after Thomas Young and Pierre-Simon Laplace. In
1830, Gauss reproduced the capillary equation and the contact angle condition by reasoning
that the energy of this mechanical system is stationary in equilibrium [5].

Gauss’ energy method is presented in a general framework by Finn in his celebrated
book [5] on capillarity. We now employ Gauss’ energy method in a more specific case.
Consider a vertical tube with cross section €2 in an infinite reservoir. The density of liquid
is p;, the density of air is pu-, the surface tension of the air/liquid interface is o, the
air/solid interface is oy and the liquid/solid interface is oo. With downward acting gravity

2Tt is called Young-Laplace Equation or Capillary Equation.
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Figure 1.2: A capillary tube.

g and surface tension®, capillary action causes the air/liquid interface z = u(x,y), where
(z,y) € Q, which is assumed to be a graph (see Figure 1.2). If we consider the energy in
the vertical tube from the fixed height z = Htop4 to the reference fluid level z = 0, the
energy functional can be expressed as

8(u)—a/\/1+\Vu\2dQ+al/ (Htop—u)ds—i-@/ uds
Q o9

15)9)
2 HQ _u2
sy [ a0+ pang [ (—) a0, (13)
02 o\ 2

where o [, \/1 + |Vu|?d is the surface tension energy of the fluid interface. oy [, uds

and oy [, (Hyop — u) ds are the surface tension energy of liquid /solid interface and air /solid
Htgop—u2

interface, respectively. pg fQ “—;dQ and pgirg fQ (T) d$2 are the potential energy of the
liquid and the air in tube from z = 0 to 2 = Hyp.

Minimizing the functional £(u) results in the capillary equation and contact angle
condition:

divTu = ku in Q.

v-Tu = cosy on OfL (1.5)

3Surface tension can be interpreted as energy per area.
4The surface z = u never touches z = Hiop.



Where v is the outer normal of Q, k = £=£arg is known as the capillary constant and

g
_ VU . — . .
u = Wk The interface z = u(z,y) meets the tube in the contact angle v with cos~y

given by (1.2). In addition, div Tu has the meaning of twice the mean curvature of the
surface u. With hydrostatic pressure in the liquid and air, we see that (1.4) is equivalent
to (1.1).

Two symmetric cases are discussed in this thesis. After introducing the inclination angle
Y (see section 2.1), equation (1.4) can be geometrically interpreted for the two-dimensional
(2D) cylinder in Chapter 2,

d
%sinw = KU, (1.6)

where z is the distance in horizontal axis. The left hand side of (1.6) is the curvature of
the interface curve. Moreover, the solution of equation (1.6) is classically known and can
be traced back to Laplace and Euler (see Section 2.2).

For three-dimensional(3D) symmetrical floating objects in Chapter 4, if we introduce
the radial distance r from the axis, the equation (1.4) becomes as follows,

(r sinw)r = Rru, (1.7)

where 1 is the inclination angle of the radial cross-section.

The equation (1.7) can also be written in parametric form,

du rsiny dr 7 coS Y

_—=— d —=—"7-—-—. 1.
dy  Kru —siny a dy  Kru —siny (18)

The non-linear first order system (1.8) is also used in the study of both interior problems
such as sessile drops [5] and exterior problems such as floating drops [3]. Vogel also gives
an analogous representation for the exterior surfaces in [20]. In addition, for the exterior
problem, the fluid interface tends asymptotically to the reference level: v — 0 and ¢ — 0
as the radial distance r — oo.

The study of a 2D cylinder floating on an unbounded bath is motivated by Bhatnagar
and Finn’s work in [2]. They give both energy and force analysis in the study of the floating
configurations and their stability. In the force analysis, they discussed different choices in
order to include surface tension. We agree with Finn’s choice which is inspired by Gifford
and Scriven’s work in [9]. The surface tension force exists only along the fluid interface
instead of along the air/solid or liquid/solid interfaces as depicted in Young’s diagram®.

5This can be treated as another counterexample to Young’s diagram.

4



When it comes to the buoyant force, the famous Archimedes’ principle can not be ig-
nored. In the work “On Floating Bodies”, Archimedes stated:

“Any object, wholly or partially immersed in a fluid, is buoyed up by a force
equal to the weight of the fluid displaced by the object."

But Archimedes’ principle is not in general correct when the air/liquid interface is not
flat due to the presence of surface tension. McCuan and Treinen discuss Archimedes’
principle and capillarity in [17]. Archimedes’ principle is also studied in Appendix B and
employed in studying the floating square in Chapter 3. In [2], Bhatnagar and Finn use the
principle of virtual work approach. Different from this work which considered infinitesimal
changes in the total energy, we give the full expression for the total energy Fr. We also
establish the relation between the total force in vertical direction and the total energy in
Section 2.6. [2] gives the first example where the floating cylinder admits two equilibrium
positions. In the thesis, we correct the stability assertions concerning these two equilibria.
Moreover, we give the full study of the total force Fr and the conditions on the number of
equilibria the system can admit and their stability.

The study of the 2D floating square is motivated by Erdds, Schibler and Herndon’s work
in [1] and Abolhassani’s work in [I|. We rederive the stability conditions of the floating
square with the allowance of rotation in absence of surface tension (see Section 3.2). Two
parameters are introduced, the centre of mass height h and the clockwise rotation angle 6
from the vertical axis. The case with surface tension is complicated. One example with
contact angle v = 7 is discussed. The result is similar to the case without gravity. Todd
and Siegel studied the stability of floating objects with polygonal cross sections without
gravity [12]. They concluded that the body cannot have a stable equilibrium with the fluid
interface not passing through two of the vertices. Since the stable configuration of the
square allowing rotation with surface tension is still an open question, we can only conclude
that there is one unstable equilibrium 6* = 0 of the floating square with a horizontal side
in one particular case.

The radial symmetric capillary equation (1.7), (1.8), has received much attention. The
study of the 3D exterior problem has drawn much attention. The parametric form (1.8)
of the capillary equation is employed in the study of liquid bridges [20], floating drops [3]
and sessile drops [5]. The non-linear first order system (1.8) does not have an analytical
solution. We have to apply the shooting method (see Section 4.2) to compute these. The
shooting method for the capillary equation was introduced by Hartland and Hartley in
[10]. Elcrat, Treinen and Hemphill also employ shooting method in the study of floating
bubbles in [11] and [19]. In the thesis, the shooting method is also applied in the study of

5



the floating vertical cylinder in Section 4.2. In the study of floating ball by McCuan and
Treinen in [17], the arc length parametrization is used instead. Through our numerical
computation, the inclination parametrization has better performance (see Section 4.1).
Finally, we discuss a challenging 3D problem, the floating ball. Differing from the 2D
cylinder case, a non-monotone relation between the height of h and wetting angle ¢, is
found. Moreover, two configurations are displayed with the same height h. The relation
between the vertical total force and the total energy is left for future study.

The structure of this thesis is as follows: the 2D floating cylinder is discussed in Chapter
2, we focus on Young’s diagram, investigating the relation between Fpr and Er and the
number of equilibria. The 2D floating square with rotation is studied in Chapter 3. The

stability conditions are discussed in no surface tension case. With surface tension, one

example with contact angle v = 7 is studied. In Chapter 4, the floating vertical cylinder

and the floating ball are discussed. Finally, conclusions and future work are discussed in
Chapter 5.



Chapter 2

Two-Dimensional Cylinder on An
Unbounded Bath

The 2D cylinder horizontally floating on an unbounded bath is motivated by the ground
breaking paper of Bhatnagar and Finn [2|. They studied equilibrium configurations and
their stability through considerations of energy and the analysis of the total force. In this
chapter, we will follow Bhatnagar and Finn’s approach but with some modifications. The
three most important contributions are:

1. The relation between the total energy and the total force.

2. How the parameters influence the number of equilibrium configurations and their
stability.

3. The limitation of the capillary model due to the possible intersection of fluid inter-
faces.

In addition, we see limitations in the use of Young’s diagram and determine the buoyant

force when the fluid interface is not flat.

2.1 Fluid Interface and Configuration

Suppose an infinite reservoir of fluid has its interface at the zero level. Introduce an infinite
cylinder of radius a floating horizontally on the infinite reservoir and assume the free fluid

7



level is unchanged. If we admit the presence of surface tension, the fluid will be lifted up
or pushed down to the fluid height w.

When the fluid height v > 0, the inclination angle is measured counterclockwise from
the positive horizontal direction, 1 ranges from —7 (on the top) to 0 (free fluid level).
When the fluid height v < 0, ¥ ranges from 0 to .

u >0

S o

u <0

Figure 2.1: Configuration.

Assume that both the fluid and the cylinder are homogeneous. Once a unit length is
chosen, our ideal model turns into two-dimensional problem. Viewing the cross section,
we set the centre of the cylinder on the vertical axis. At the contact point between the
fluid and the cylinder, we can define the contact angle v, the inclination angle 1y and
the wetting angle ¢q at the contact point (see Figure 2.1). Immediately, we obtain the
geometric constraint:

o= ¢o+7— . (2.1)

Since the configuration is symmetric about the vertical axis, we only need to look at
the fluid interface on one side such that the horizontal distance x > 0.

2.2 The Capillary Equation

The fluid height u satisfies the one-dimensional capillary equation:

% siny = ku. (2.2)



where k = 22 is known as the capillary constant, o is surface tension along the fluid

interface, p is the density difference of the fluid and the air, and g is the gravity force per
unit mass.

According to our assumption, the fluid height u goes to zero asymptotically as x — +o0.

lim u(z)=0. (2.3)

xr—+oo

In this chapter, we will have that the capillary equation (2.2) with boundary condition
(2.3) admits the unique symmetric solution w(z). This solution is classically known and
can be traced back to Laplace and Euler.

®

h

Figure 2.2: Centre height h, ug < 0 is pictured.

Finn and Bhatnagar in 2] have given the solution where v and z are functions of .
We modify the solution to treat v > 0 and u < 0 simultaneously and to be consistent with
our notation.

u(yp) = —%sin%. (2.4)
() = —% 2cos%+ln|tan%|—2(zos%— n|tan%| +asingg.  (2.5)

At the contact point, the horizontal distance is xy = asin ¢, the vertical fluid height
at xg is up = u(g) = —\% sin % We define the height of the centre h = a cos ¢ + ug (see

Figure 2.2), therefore
h = acos ¢y — 2 sin @. (2.6)
NG 2



2.3 Derivation of the Total Energy Er

In this section, following the method of Gauss [5], we determine all the potential energies
of the floating cylinder system. Because of the unboundedness of the exterior fluids, we
have to consider the relative energy instead of the full one to avoid the confusion of infinite
energy. The types of energies will be expressed explicitly in terms of the contact inclination
angle 1)y and the wetting angle ¢,.

We have the following four types of energy:

e The body potential energy:

the body potential energy relative to the free fluid level can be expressed as Fg =
mgh, where h = a cos ¢y — T sin 2. F is a function in terms of ¢y and ¢y:

Ec (o, o) = mg (a oS o — % sin %) (2.7)

e The wetting energy:
the wetting energy is written Ey = —(0|X|, where the wetting area per unit length
is denoted by |X| = 2a¢g. With the relative adhesion coefficient 8, Ey, only depends
on ¢QI

Ew(¢0) = —2Boagy. (2.8)

In Section 2.4, we will show that  is equal to cos~y.

e The surface tension energy:

surface tension has the interpretation <=2, In order to avoid infinite energy, we

define the surface energy F,, a relative energy compared with the surface energy of
undisturbed fluid surface (Figure 2.3). It has the form:

E, =20 lim [ /1 du Qdm —/ dx] : (2.9)

In Figure 2.3, the fluid surface is a graph. The fluid interface can also have a non-
graph shape. The computation of both cases is in Appendix A. E, is shown below:

E, (o, ¢o) = (1 — cos %) — 20asin ¢y. (2.10)

7
10



Figure 2.3: Computation relative surface tension energy.

e The fluid potential energy

the fluid potential energy Er is also treated as a relative energy compared with the
free fluid level as shown on Figure 2.4. A better expression for Er is to break Ep
into two parts Er; and Epo:

L

Figure 2.4: Computation of relative potential energy.

xo y2 e’} U2
Er = 2pg/ —dx—|—2pg/ —dx . (2.11)
E“;l E‘;g

Where y is the vertical height from the free fluid level to the bottom of the cylinder.
The calculation of Er is in Appendix A. Er is shown below:

11



1
=——— (1 — 2cos % + cos % cosz/Jo) + Epgag’ sin 3¢
3
— pga’¢g cos ¢y + Z—lpga?’ sin ¢y — a*\/opg sin % sin 2¢q

+ 2a*\/0pgeo sin % + 4oasin? % sin ¢y. (2.12)

The total energy Er can be expressed of the sum of the above four energies.

Er=FEqs+ Eyw +E, + Ep. (2.13)

The full expression of Er in terms of 1)y and ¢y is:

Er(vo, o) = mg (a Cos ¢g — 2\/Esin @> — 2Boagpy + §U\/E (1 — cos® @>
pg 2 3 Vg 2

1 3
— 20asin ¢g cos Yy + Epga?’ sin 3¢y — pga® g cos ¢y + Zpga?’ sin ¢

— a*\/opgsin % sin 2 + 2a*+/opgdo sin %. (2.14)

2.4 The Relative Adhesion Coefficient

Finn argues in a very general setting by a variational argument that § = cos~y in [5]. In
this section, we will show that minimizing Er (1, ¢o) subject to h = hg (ho is a constant)
gives the same result. The Lagrange multiplier is applied.

VE;r = MAVh, (2.15)
Obr .
—— 4+ Aasin = 0, 2.16
96 ” (210
obr A Yo
8_77/10 + ﬁ COS ? = 0. (2.17)

We multiple \/LE Ccos % and a sin ¢y both sides on (2.16) and (2.17) respectively to obtain:

12



—= €08 ——— = asin gg——. (2.18)

By substituting total energy Er into (2.18):

o 2 Yo

1
RHS = —mga—=sin ¢ cos il + 4a—= cos” — sin Yo sin ¢y

NG 2 VE 22

1
+20a? sin? ¢ sin ¢y — §a3\ /0 pg cos % sin 2¢ sin ¢ + a®\/Tpgeg cos % sin ¢y.

Yo

LHS = —mga——=sin ¢qcos % — QBaL cos — — 2ai COS Qg COS Yy COS @

NG VE o2 NG 2

1

—i—z—la?’\/apg coS % cos 3¢ — a’\/opg cos ¢y cos % + a®\ /o pgeo sin ¢y cos %
3

+=a®\/opg cos ¢y cos @ — 204’ sin % cos @ cos 2¢¢ + 20a* sin @ cos @.
4 2 2 2 2 2

=
LHS = RHS,
Qa% sin ¢ cos % singg = —QBa% cos % — Qa% COS ¢pg COS g COS 70,
sinypsingg = —f — cos ¢gcos Yy,

B = —cos(¢og — to).

With the geometric constraint vy = ¢ + v — 7, then 5 = cos~.

13



2.5 Total Energy with One Parameter Ep(¢)) and the
Analysis of the Forces

With the geometric constraint ¥y = ¢o + v — m and § = cos~y, the total energy Er (g, ¢o)
can be converted to Ez(¢p):

ET(CbO) =mg (acOng)o + 2\/Ecos <¢0 +7>> — 20a¢y cosy + §U\/E (1 _ sind (¢0 +7>)
Py 2 3V pg 2

1 3
+ 20asin ¢g cos (¢g + 7v) + Epga?’ sin 3¢ — pga®py cos dg + Zpga3 sin ¢y
Po +

+ a*\/apg cos (T) sin 2¢g — 2a*/apggy cos (% ; 7) : (2.19)

Figure 2.5: Gravitational, buoyant and surface tension forces.

By symmetry the surface tension forces in the horizontal direction cancel so that the net
force in the horizontal direction is zero. We only consider forces in the vertical direction.
Bhatnagar and Finn give an analysis of the forces in [2], we suppose upward is positive
direction and modify the expression of the forces as follows.

e The gravitational force:

with downward pointed gravitational field g and the mass of a unit length m, the
gravitational force can be expressed as

Fo = —mg. (2.20)

e The buoyant force:

14



the buoyant force rises from the pressure of fluid acting on the floating object. With
the outer unit normal of the cylinder 7. and the unit vertical upward pointing vector
k, the buoyant force has the form:

(2.21)

Figure 2.6: Computation of buoyant force.

The buoyant force can also be calculated by integrating with respect to ¢ (see Figure
2.6):

%0
Fp = 2/ Py cos gpa do
0

%o
= 2/ pg(acos @ — h) cos pa do
0

1
= —4a./opg cos <¢0 ; 7) sin g — §pga2 sin 2¢o 4+ pga’ . (2.22)

With no surface tension, the Divergence Theorem leads to Archimedes’ principle. But
Archimedes’ principle is not generally correct when the surface tension is present (See
Appendix B).

e The surface tension force:

15



in 1805, Thomas Young derived the formula to determine the contact angle v in terms
of three surface tensions. The Figure 2.7 is known as “Young’s diagram”. Balancing
the forces tangential to the solid gives:

01 — 09

cosy = ———. (2.23)

Where o is air/liquid surface tension, o; and o9 are air/solid and liquid/solid surface
tension, respectively.

Figure 2.7: Young’s diagram and its correction.

The discussion of Young’s diagram has gone on for centuries. Recently, Finn gives
a counterexample to show the incorrectness of Young’s diagram [6]. Instead of ap-
plying Young’s diagram, we agree with Gifford and Scriven’s interpretation |9] of the
direction of surface tension acting: the surface tension acts along the fluid interface
(see Figure 2.7).

In our case, the vertical component of the surface tension is

F, =20 siny
= —20sin(¢g + 7). (2.24)

The full expression of Fr in terms of ¢ is
Fr(¢o) =Fq + Fy + Fg
= —mg — 2o sin(¢gy + ) — 4a\/opg cos (@) sin ¢
— 1 24in?2 2
5P9a" 5in 200 + pga”go. (2.25)

16



2.6 Total Energy and Total Force

As minimizing the total energy E7(¢) is laborious, we introduce a more convenient ap-
proach. Firstly, we write h in terms of ¢y by substituting the geometric constraint.

2
h(¢o) = acos ¢o + NG COS <¢0 ; 7) . (2.26)
The derivative % = —asin¢g — % sin (‘1)0; 7) < 0 where equality only holds when
¢po =7 = 0or ¢9 = v = wm. Therefore, h and ¢, are in one-to-one correspondence.

With the parameters in Bhatnagar and Finn’s paper [2] {g = 980 cm/s?*, m = 1.2 g, p =

lg/cm? o = 72dyn/cm, v = 5, a = \/LE cm}, the one-to-one correspondence between h
and ¢q is shown in Figure 2.8.

qb() vs h

Figure 2.8: ¢( versus h.

When the chain rule is applied, —%£Z and the vertical total force Fr are equal, as

dh
expected (see Appendix C).

dBEr  dErdgy
dh ~ ddo dh

Fr. (2.27)

This leads to the following equivalences.

17



Since % < 0 (except pg =77 =0or ¢y = v = 7), CfTOT and Fr have the same sign by
(2.27):
dE
sign (—T) — sign(Fr). (2.28)
do
Assume that ¢y € (0,7) is the critical point for Ep(¢p), then
dETr , - _
—L(ho) =0 &  Fr(d) =0. (2.29)
dgo

So the critical point ¢ for Er(¢y) is equivalent to the vertical force balance point Fr(¢g) =
0. If we rearrange equation (2.27) and differentiate with respect to ¢, we obtain

_ d*Ep _ dFy dh N d*h
dg2 — doo dey T dgE

(2.30)

If we plug in ¢g, we have the following sign equivalence:

sgn (G2 ) = sen () ) (231)

¢y is a local minimum if sign (dsff (gz%)) > 0 and ¢y is a local maximum if sign (dsz
0 0

(ﬁgo)) <

0, equivalently,

dFr - _
TJ(%) >0 = ¢ is locally stable. (2.32)
0
dFy - -
W((ﬁo) <0 = ¢ is locally unstable. (2.33)
0

The cases ¢g = v = 0 and ¢y = v = 7 are not physically realizable, they are in the
intersection case, see Section 2.11.

Equipped with the equivalences above, we can focus on Fr instead of Er to solve the
minimization problem. But finding the force balance point is still not easy. Two techniques,
non-dimensionalization and Fourier decomposition, are introduced in the following sections.
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Remark 2.1. Bhatnagar and Finn first give an example where the floating cylinder admits
two equilibrium positions (we label the equilibria: ¢o1 < ¢o2). With parameters: {g =
980 cm/s*, m = 1.2 g, p = 1g/cm?, 0 = T2dyn/cm, v = 5, a = \/LE cm}, they assert ¢oy
is unstable and ¢gy is stable. Here, we correct their stability assertion based on (2.32) and
(2.33), thus the smaller equilibrium point ¢y is stable and the larger equilibrium point ¢

1s unstable.

2.7 'Two Independent Non-dimensional Parameters

Bhatnagar and Finn introduced two dimensionless parameters in [2]:

a’.

A:a%p and B =

R

Where B is known as the Bond number, which is the ratio of gravitational to surface tension
forces. It will be more convenient to introduce C = vB = y/ka. The equation of the total
force Fr in (2.25) can be expressed as:

Go + v

Fr=o|— AC* — 2sin(¢y + 7) — 4C cos < ) sin ¢g — %CQ sin 2¢g + C?¢g|.  (2.34)

If we define a characteristic force as F. = 1o, where 1 is the unit length of the horizontal
cylinder. The non-dimensional form total force Fr can be expressed as

®o +
2

Fp = —AC? — 2sin(¢y + 7) — 4C cos ( ) sin ¢ — %Cz sin2¢ +C*go.  (2.35)

Moreover, we require A > 0 and C > 0 to have physical meaning, A only appears in
the constant term, if we increase the value of A, the curve of Fr in terms of ¢q shifts down.

2.8 'Trigonometric Series

The total force Fr in (2.35) is mainly comprised of trigonometric functions sine and cosine.
The Fourier decomposition can be applied and the main part of Fr can be written as the
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trigonometric series in terms of

3 3
{sm % cos Q;O sin ¢q, cos @y, sin %, cos %, sin 2¢yq, cos 2¢0} . (2.36)

The projection formulas give the expression of the coefficients:

1 A .
ay = o /. Fr(¢o) cos ( (/§O> d¢o where n e {l1,2,3,4}. (2.37)
T
1 A
b, = ), FT (o) sm( >d¢0 where n € {1,2,3,4}. (2.38)
T
neg

Where a,, is the coefficient of cos(%2) and b, is the coefficient of sin("£2).

The total force equation Fy in (2.35) can be transformed to the following:

FT(%) = — AC? — 2C cos % sin % + 2C sin % cos % — 2cos 7y sin ¢g

30 Y 300

— 28iny cos ¢y —QCCOS%SIHT — 2CSln§COST

— §C2 sin 2¢g + C2o. (2.39)

2.9 Stability Behaviors

We wish to study the stability behaviors of our floating cylinder system. First of all, we
have to find the equilibria based on the equivalence relation (2.29). We just need to focus
on finding the total force balance point ¢q, where Fr(¢g) = 0.

In the analysis of the total force equation, there are four parameters: ¢q, v, A and C.
We consider two dimensionless parameters A > 0 and C > 0. The contact angle y € [0, 7]
and o > 0. The discussion can be divided into three cases: v =7, v > 7 and v < 7.

2.9.1 The Case v =3

The following properties are very useful in analyzing the shape of Fr curve.
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Property 2.1. 1. Fr is centrally symmetric with respect to the point (g, FT(g))

2. There are two critical points for Fr(¢y), one is in (0, %) and the other is in (5, ).
Proof. 1. We pick ¢ € [0, 7] and so 7 — ¢y € [0, 7].
; _ 2 Po . %o 3¢
Fr(m—¢o) = —AC" — \/5(30087 + \/§Csm? + 2 cos ¢p + \/560087

—|—\/_CS1 —|— CQS1n2¢g+C (W_(bO)

Moreover,
Fr(¢o) + Fr(m —¢o) = —2AC*+C%n
AT
= 2Fy (5) .
2. We take the first derivative %:

dfy V2 & \fc. J% 3¢
-— = - 2 Y gin = 4 2si noy — cos —
doo 2 2 2

3vV2C 3

+ ‘2[ sin g’o—cﬂ 0s 2¢o + C2.

Check the end points ¢9 = 0,7 and ¢y = 3

(0)=—-2v2C <0 and %(ﬂ') = —20C < 0.
0

ZZZ (W> —2{1+C+Cz]

dFy
de

That 2T is strictly increasing on (0, %) follows from:

do?> 4 2

9v2C 3
S o 300

s— + <;50+— sin

> Fp V20 . ¢y V2C b , 9v2C . 3¢y
Sy T T 9%y 2

0 4 oc? sin 2¢y > 0.
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Since 4 W is a continuous function, %(O) < 0 and dFT( ) > 0, so Fy admits exactly
one critical point in (0,%). With the central symmetry property, Fr also admits
another critical point in (5, 7).
O
2Tota1 Force with v = 5 Total Force with v =
0
- -2
~ -4
-6
_8 o "o
0 1 2 3 0 1 2 3

Figure 2.9: Parameters: A =4, 4* = 5.0893 and C = 1.

Property 2.1 gives the behavior of the ﬁT(qﬁo) curve. Fp decreases at the beginning then
reaches the first critical point, and then Fir increases until reaching the second critical point,
finally Fr decreases. The Figure 2.9 shows the important result that Fr admits at most
two equilibrium points (we label the equilibria: ¢o; < ¢g). According to the criteria (2.32)
and (2.33), the smaller ¢, is stable and the larger ¢, is unstable.

We consider how the values of A affect the number of equilibria of Fr. Since A only
appears in the constant term of FT, if the value of A increases, the curve of Fr will shift
down (see Figure 2.9). Given the value of C, we define A* such that

FT(¢S7'A*) =0, (240)

where ¢ > 7 is the second critical point of Fr. A* has to be found numerically. The
following table shows the number of equilibria and stability behaviors for different values

of A.

The number of equilibria can also be shown in C vs A Figures. The details will be
discussed in Section 2.12.
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Range of A Number of Equilibria Stability

0<A<(%+7r 1 B stable

C% +r <A< A" 2 ¢o1 is stable, ¢go is unstable
A= A" 1 unstable
A > A* 0 NA

Table 2.1: Stability Behaviors, Number of Equilibria with Different .A.

2.9.2 The Case v > 3

When v > 7, the stability behaviors of the FT(%) depend on the sign of % at the end
point ¢y = 0. This leads to the following theorem:

Theorem 2.1. For v > 7, there are two types of behavior of the total force Fr curve.

1. If %(0) < 0, there are two critical points, one lies in [0, %], the other lies in [T, 7.

Fr decreases to the first critical point, then increases to the second critical point, and
then decreases.

2. If %(O) > 0, there is only one critical point in [3, 7. Fr increases to the only
critical point and then decreases.

Proof. We firstly consider the following two cases for ¢ € [0, §].
1. If %(0) < 0, we have
Y . v oL
2CCOS§ +cosy>0 <& 2cosysingg > —4C cos §sm¢0,

where 7 # 7 and ¢y # 0. The latter inequality gives the underlined terms in the
following calculation.

&Py C Y. %0 .Y b v . 3¢ . v 3
5 = = | CO8 o sin — —8in — cos — + 9 cos = sin —— + 9sin - cos ——
doo 2 2 2 2 2 2 2 2 2
+ 2C?% sin 2¢ + 2 cos 7 sin ¢ + 2 sin vy cos ¢y
C 3 3
>5(Cos%sin%—sin%cos%—8cos%sin¢0+9005%sin%+981n%/cos%)

2C? sin 2¢p9 + 2 siny cos ¢y > 0.
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In the last inequality, the term in parentheses is shown to be positive by graphing it
with Matlab.

Moreover, ZZ; 7 =4Csin 7 + 2sinvy > 0 when ¢y = 0. Therefore, % is increasing on
0.7].
dFy

3 3
(%) = C (—cos%cosg—sin%sing—3cos%cos§+3sin%sing)

+C? + V/2(siny — cosy) > 0.

doy

According to the Intermediate Value Theorem, F'r has a critical point, which lies in
0.5].

2. If %(O) > 0, we have

2C cos % + cosy < 0. (2.41)

Condition in (2.41) implies the monotonicity of F at [0, ik

dF
_dqu = (C?—C?%cos2¢py — 2 cosycos dy + 2sin -y sin ¢y
0
3 3
+C(—COS%COS%—sin%sin%—3cos%cos%—l—3sin%sin%)
3
> 02—620052¢o+23inﬁysin¢0—2cos*ycos¢0+Csin%(SSin%—sin%>
1 3 3
+§cosycos%+§cosvcos%20.

The equality only holds for ¢y = 0. Therefore, Fy increases on [0, 7l

Next we consider ¢g € [7, 5],

dF
Té = —CCOS%COS% —Csin%sin% — 2cosy cos ¢p + 2sinysin ¢y
3 3
—3Ccos%cos% +3Csin%sin% — C?%cos2¢y +C* > 0.
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Hence, Fp is increasing at [§, 7).

Finally, we consider ¢, € [5,7]. We evaluate - at end points 7,

dF
dTé(w) = —4Csin% +2cosy < 0.
dFT 2
( )= \/_Ccos——l—\/_Csm——i-2smfy+2C > 0.
dpo "2 2 2

When ¢, € [F,7],

& Fr _ ¢ coszsm@ - smzcos@ +9C08181nﬂ —1—981r11(:os.ﬂ
dgo® 2 2 2 2 2 2 2 2 2
+2C? sin 2¢ + 2 cos 7y sin ¢y + 2siny cos ¢y < 0.

CcllZT is monotone decreasing on [%, 7. By the Indermediate Value Theorem, there exists
a ¢* € [§, 7| such that %@ ) = 0. Therefore, Fr(¢) increases then attaches the critical
point, and then decreases on [, 7). O

’y:?jfandC:OE 'y:%”andC:B

4

18
2

~ ~

= 8
0

-2

-2 -12

0 1 2 3 0 1 2 3

Figure 2.10: Parameter: A = 1.

In summary, there are two behaviors of Fr: two typical examples of those cases are
shown in Figure 2.11.
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2.9.3 The Case v < 5

When v < 7, the stability behaviors of the FT(QSO) depend on the sign of = at end point
Po = T. We obtaln the following theorem:

Theorem 2.2. For vy < 3, there are two types of behavior of the total force Fr curve.

1. If dFT( ) <0, there are two critical points, one lies in [0, %], the other lies in [2F, 7).

Er decreases to the first critical point, then increases to the second critical point, and
then decreases.

2. 1If 4 dby. L(m) > 0, there is only one critical point in (2, 7). Fr decreases to the only

cmtzcal point and then increases.

Proof. With v < 7

dFr 5

- :_4 __2 .

oo (0) Ccos2 cosy < 0
dFT )
dgbo< ) = \/_CCOS— \/_C81n§+281n7+2c > 0.

Fr always decreases at the beginning. We first consider ¢, € [0, 5],

d*F
o g = 2C%sin2¢g + 2 cosy sin ¢y + 2 sin -y cos ¢y
0
C
+2 (cos%sm% — sm%cos% +9cos%sm% +981H%COS%) > 0.
The equality only holds for both ¢ and v being 0. Therefore, % increases on [0, 5]. By

the Intermediate Value Theorem, there exists ¢* € [0, %] such that dF e (gb*) =0. As a

result, FT(gbo) decreases then reaches the critical point, and then increases.

Next, we consider ¢ € 5, 2%],

dF

_d¢T = C? —C?cos2¢y — 2 cosy cos ¢ + 2sin~y sin ¢y
0

3
+C (—COS%COS%—SIH%SID%—SCOS%COS%—F?)SIH%SID%) > 0.
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Therefore, Fr(¢y) increases on Z,21].

Finally, we consider ¢, € [?jf, 7|. We distinguish the cases as follows:

1. If %(ﬂ') > 0, we have

cosy > 2Csin T s > — C0,87 with v #0 (2.42)
2 2sin 5
The inequality in (2.42) leads the following result:
dF
dTéT = (C?—C?%cos2¢py — 2cosycos dy + 2sin -y sin ¢y
0
3 3
—C (COS%COS% +sin%sin% + 3008%008% — 3sin%sin%)
> C? — C?cos 2¢y — 2 cosy cos ¢y + 2sinysin ¢g
3 3
_20;);17% (cos % cOS % + sin % sin % + 3 cos % coS % — 3sin % sin %) > 0.
Moreover, if v = 0, % > 0 as well. Hence Fr increases on [?jf, 7.

2. It %(ﬂ') < 0, % is monotone decreasing on [?jfﬂr]. At the other end point

%(%) > 0. By the Intermediate Value Theorem, Fy admits one critical point
S [%T”, 7]. Therefore FT(%) increases and reaches the critical point, then decreases
at [2%, 7).

O

In summary, there are two behaviors of ﬁT, two typical examples of those cases are
shown in Figure 2.11.

2.10 Asymptotic Behavior of A" and ¢ for v = 7

As we discussed, for 7 = 7, ¢§ and A* in (2.40) have to be found numerically. But there do
exist asymptotic equations of ¢f(C) and A*(C) as both C — 0o and C — 0. In this section,
we will find these asymptotic series. We first state a special case of the Real Analytic
Implicit Function Theorem |[13]:
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Figure 2.11: Parameter: A = 1.

Theorem 2.3. Let p(z,€) be a real valued function analytic at (zo,0), that is, o(x,€) has
a two-variable power series in powers of x—xy and € which converges in a ball about (xo,0).
Let ¢(x0,0) = 0 and p,(x0,0) # 0. Then there is an ¢g > 0 and a unique analytic function
x = x(€) defined for all |e| < €, that is, x(€) has a power series in € which converges for
le| < €, such that

o (z(e),e) =0 and x(0)= xo. (2.43)

2.10.1 AsC—0

We notice that d%oFT(W; 0) = 0and d%FT(W; 0) # 0. By the Implicit Function Theorem 2.3,
0
there exists ¢f = ¢g(C) with ¢g(0) = 7, where g is a analytic about C = 0. Therefore, there

exists an analytic function ¢§(C) in terms of C near C = 0 satisfying d%oﬁgp(gzﬁg(C); C)=0.

Consider the regular asymptotic series ¢f = 7 + a;C + aoC* + .... After tedious calcu-
lations, we obtain:

. 2
A =5 + 247 —2V/2C + O(C?). (2.44)
¢y =1 —V2C +2C% — 1—72¢§c3 +0Ch. (2.45)

As C — 0 (see details in Appendix D).
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2.10.2 As(C — >

The regular asymptotic series doesn’t work in this case, we have to reconsider the series.

Rearranging < dr Qe = =0,
142 3
251n2¢0+5§{—00s%—si %—3 %—FBSi 20}%—025111@50—0 (2.46)

We define a function K(¢g,C):

K((bO,C):singzﬁo—[é\i_{ s@—irs ¢0+30083;%—3sin3;%} 6125111(%

D=

2 2 2 2
(2.47)

The solutions of K = 0 and % = 0 are equivalent. Let D = %,
1
2 3 3 ’
K (¢, D) =sin¢y — D £ COS@—{- sin @+3 ﬂ—B ¢0 — D?sin ¢y
4 2 2 2
(2.48)

We have K (m,0) = 0 and %(W, 0) = —1. According to the Implicit Function Theorem
2.3, there exists ¢ = ¢g(D) with ¢g(0) = 7, where ¢ is a analytic about D = 0. We can
consider ¢* = 7 + a1D + ayD? + azD? + ... (equivalently ¢} = 7 + g—% + % + g—% +...) and

plug the series into dF - (95) = 0 (see details in Appendix D).

As C — o0,
493 )
A" =7+ 30§ +0(C2)
2% V2 19—
o= or + % + 2463 +0(C™?)

The following Figures in 2.12 give the performance of the asymptotic series.

2.11 Intersection Condition

There is a possibility that interfaces on the two sides of the cylinder intersect, invalidating
our model. Consider ¢/ < 0 case, we find that the intersection of the fluid interfaces happens
if all of the following three conditions are satisfied:
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Figure 2.12: The performance of asymptotic series compared with numerical results.

o <Y< -5 & 0<¢+v<3.

e h>a <& cosgy+ 2cos(252) > 1.

o 2(—3)<0 <« \/§+1n(tan%) —ZSin(d)O;JY) —1In [—tan(%%z_”)} > Csin ¢y.
Actually the third condition implies the second condition. Our conditions are:

e Angle constraint:
0<dg+7v< g, where v € [O,g).

e The inequality:

V2 + In(tan §) — 2sin(¢°—2ﬂ) —1In [ — tan(—‘z’O*Z”)}

C <

sin ¢g
For the ¥ > 0 case, the following conditions are needed:
e I<Yyp<T & Lgy+y<2m

e —h>aq.
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Figure 2.13: Intersection for the i) < 0 case.

o 2(5) <0.
Similar to the conditions above, we have:

e Angle constraint:

3
; < ¢o+ v < 2w, where v € (g,w] and ¢ € [0, 7).

e The inequality:

V2 +1In(tan Z) — 2sin(222) — In [tan(%ﬁ%)]

C<

sin ¢0

We define the intersection function I(¢g,C) as follows:

®o + v

I(¢o,C) = Csin¢0—\/§—ln(tang)+281n( 2.49)

)+In [im(%)}, (

where “ 47 sign works for v € [0,7), ¢9 € (0,5 — 7] and “ — " sign works for
v € (5,7, do € [2F —~, 7). In addition, I(¢y,C) = 0 is the boundary curve between
the intersection region' and the non-intersection region, and we have the pair (¢, C)

lies in the non-intersection region if and only if I(¢g,C) > 0.

!The intersection region means the region that the fluid interfaces intersect.
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In Figure 2.21, the intersection of fluid interfaces happens in the shaded region. The
two cases are: v =7, ¢o € [0,7) and vy = %Tﬂ’ ¢o € (?jf,ﬂ].

Intersection Region for v = % Intersection Region for v = ?ﬂf
9 9
6 6
Q Q
3 3
0 0
0 1 2 2 3

®o ®o

Figure 2.14: Intersection regions for v = 7 and y = %TTF'

When v = 7, there is always no intersection. Moreover, we are also interested in the
number of the equilibrium points for v # 7. If the floating cylinder could admit two
equilibrium points, we would like to know whether or not the equilibrium points lie in the

intersection region.

Remark 2.2. We expect that the stable point would never lie in the intersection region,
while the unstable point might or might not lie in the intersection region. We will discuss
the details in next section.

2.12 C vs A: Regions with Different Numbers of Equi-
libria

A, C and contact angle v will affect the number of equilibria of our floating system. So
plotting C vs A region will be helpful and clear. Examples with typical contact angles,y =
0,%: % ?jf and m, will be discussed. In C vs A, we define C;(A) as the boundary curves
between the regions with different number of equilibria. According to the discussion of the
types of behavior of the Fir curve in Section 2.9, sign of FT(W), sign of FT(ng‘)) and sign of
FT(ngO) play important roles in changing the number of equilibria. The boundary curves

Ci(A) can be expressed as follows:
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1. Ci(A): Fr(r) =0 < (A—m)C%=2siny.
2. Cy(A) : Fr(¢f) = 0 where ¢% > T 5 satisfying 5 dFT L(¢5) =0

3. C3(A) : F’T(éo) = 0 where ¢, satisfying I(ggo,C) = 0, I(¢o,C) is the intersection
function (2.49).

Only C;(A) can be solved analytically such that C;(A) = 4/ 2“““’ (for v # 0, 7). While,

the critical point of dr T, ¢, and the angle do can be solved by Fzero in Matlab. In the
following, we will analyze the boundary curves C;(.A) and plot the C vs A region.

2.12.1 Example One: v =0

dPr
doo
denoted as ¢y if it exists. Therefore, C;(A) the boundary between the zero equilibrium

point region and the one equilibrium point region has the following expression:

When v = 0, we have () = 20 > 0 such that F'r has at most one equilibrium point,

A

Fr(m)=0 & A=m. (2.50)

Theorem 2.4 tells us ¢, never lies in the intersection region if the equilibrium point ¢y
exists. Figure 2.15 shows the C vs A region, the one equilibrium point region is to the left
of C1(A) and the no equilibrium point region is to the right of C;(A).

Theorem 2.4. For v = 0, if there exists ¢o such that FT@O) =0, then I(¢o,C) > 0 for
any given C.

Proof. See Appendix E. O

2.12.2 Example Two: v =7

When v = 7, sign (ZZT (7?)) can be either nonnegative or negative. We have:
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Cvs A: v=0

Figure 2.15: C vs A: v = 0. 0 indicates the zero equilibrium point region and 1 indicates
the one equilibrium point region. The boundary curve between region 0 and region 1 is

A=m.

e Case 1: %(ﬂ') >0 < —4Csing +2cosy >0.

cos 7y
oy
2 sin 3

most one equilibrium point, denoted as ¢y if it exists. I(¢o,C) > 0 can be checked
numerically, hence the intersection never happens.

The inequality above implies C € [0,Cy] where Cy = In this case, Fr has at

When C € [0, Cyl, the boundary curve Cy;(A) is

FT(’/T) =0 & 611(./4) = A\/—ﬁﬂ"

(2.51)

where A € [Ag, 00) and Ay satisfies C11(Ag) = Cp. Moreover, Cy1(.A) is the bound-
ary curve between the zero equilibrium point region and the one equilibrium point
region. The zero equilibrium point region is above C;1(.A) and the one equilibrium
point region is below Cy;(A).

e Case 2: %(ﬂ')<0 & —4Csing +2cosy < 0.
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%(ﬂ') < 0 implies C > Cy. In this case, Fr has at most two equilibrium points,

denoted as ¢g; and ¢ if they exist. Both I(¢g1,C) > 0 and I(dg,C) > 0 can be
tested numerically, so the equilibria never lie in the intersection region.

When C > Cy, the boundary curve Ci2(A) is

FT(TF) =0 & Clg(.A) = _,4\/—§7r

where A € (7, Ag]. (2.52)

Since %(W) < 0, C12(A) is the boundary curve between the one equilibrium point
region and the two equilibrium points region. The one equilibrium point region is
to the left of C12(.A) and the two equilibrium points region is to the right of Ci5(A).
Moreover, Ci1(A) in (2.51) and Ci5(A) in (2.52) can be combined together, giving
Cl (.A)

Ci(A) = Aﬁ where A € (7, 00). (2.53)

— T

To obtain Cy(A), we need ¢ > 7, which belongs to the %(7‘[’) < 0 case.

In Figure 2.16, The region between the curve C;(A) and Cy(.A) is the two equilibrium
points region with A € (7, Ag]. The one equilibrium region is below C;(A) and the zero
equilibrium region is above Cy2(.A) and Cy(A) curves.
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9 —Ci(A)
........ Ca(A)
5 o (Ay, Co)
= 1 0

Figure 2.16: C vs A: v = 7. 0 indicates the zero equilibrium point region, 1 indicates
the one equilibrium point region and 2 indicates the two equilibrium points region. The

boundary curve ends at point (Ag, Co) = (7T 442V 2+v2 >

24+/27 2

2.12.3 Example Three: v = 7

When v = 7, intersection of the fluid interfaces never happens. We have the explicit
expression for the boundary Ci(A) = y/7%=. And the boundary curve Cy(A*) can be

obtained numerically. It is the inverse of A*(C) curve. We change notation, using .4
instead of A*. Moreover, we have discussed the asymptotic series of A* for both C — 0
and C — oo in Section 2.10.

™

In Figure 2.17 v = 7 case, the zero equilibrium point region is above C3(A), the two

equilibrium points region is between C;(A) and Co(A). The one equilibrium point region
is below C;(A).
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9 —Ci(A)
-------- Ca(A)
6
= 1
3
0

Figure 2.17: C vs A: v = 7. 0 indicates the zero equilibrium point region, 1 indicates the
one equilibrium point region and 2 indicates the two equilibrium points region.

Remark 2.3. When v < 7, the intersection of fluid interface never happens. Therefore

Cs(A) does not exist. If Fr only admits one equilibrium point b0, EEO s always stable. And
if the system admits two equilibria ¢o1 and ¢o2, ¢o1 s stable and ¢oo is unstable.

2.12.4 Example Four: v = ?jf

For v > 7, %(ﬂ') < 0. When v = %, Fr can admit at most two equilibria, denoted as
¢o1 and ¢y if they exist. If o1 and ¢oo € [25, 7], I(¢o,C) is needed to test their validity?.
Therefore C3(.A) is the boundary curve between the one valid and one invalid equilibrium

points region and the two equilibrium points region.

If FT(W) > 0, Fr admits exact one equilibrium point 260. Since [@O,C) > 0, the
equilibrium point never lies in intersection region. When Fr(m) = 0, ¢ = 7 is also a
equilibrium point, but it’s invalid (I(w,C) < 0). Therefore, C;(.A) is the boundary curve

between the one equilibrium point region and the one valid, one invalid equilibrium points
region. Explicitly, we have the form C;(A) = 4/ A—\/_iﬂ.

In Figure 2.18, the one equilibrium point region is below C;(A), the zero equilibrium
point region is above Cy(.A). The one valid and one invalid equilibrium points region is
bounded by C;(A) and C5(A). The two equilibrium points region is bounded by Cy(.A) and
Cs(A).

2Valid means the no intersection case.
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Figure 2.18: Cvs A: v = %’r. 0 indicates the zero equilibrium point region, 1 indicates the
one equilibrium point region, 1v1liv indicates the one valid, one invalid equilibrium points
region and 2 indicates the two equilibrium points region.

Cvs Ai v=m
9 —Ci(A)
........ Ca(A)
--C3(A
. 3(A)
O 1 / 2 0
3 |“
1vliv \\\\ \--____ ------------
0 m—

Figure 2.19: C vs A: v = m. 0 indicates the zero equilibrium point region, 1 indicates the
one equilibrium point region, 1v1iv indicates the one valid, one invalid equilibrium points
region and 2 indicates the two equilibrium points region. C;(A) curve is A = 7.

2.12.5 Example Five: v =

When v = 7, the results are similar to the previous case, v = ?jf. The same strategy is

applied to obtain Cy(.A) and C5(.A). The only difference is that the boundary curve C;(.A)
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between the one equilibrium point region and the one valid, one invalid equilibrium points
region is A = 7 (see Figure 2.19).

2.13 An Example That Admits Two Configurations

In this section, we will give an example that admits two configurations. With contact angle
v =735, A=3.8and C = 2, total force curve can be shown as follows:

Total Force with v = 5
5 .
4

Figure 2.20: Two Equilibrium points: ¢g; = 2.3915 and ¢y = 3.0178.

We obtain two equilibrium points ¢o; = 2.3915 and ¢y, = 3.0178. The following shows
their configurations:
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Configuration 1 with v = 3

Configuration 2 with v =

™

2

Figure 2.21: Parameters: 7= 7, A= 3.8, C = 2 and radius a = 1.
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Chapter 3

Two-Dimensional Floating Square

We introduce a 2D floating square allowing rotation in this chapter. Physically, we mean a
horizontal cylinder with square cross-section. In Kemp and Siegel’s work [12], they discuss
the stability of floating objects with polygonal cross-sections in absence of gravity. They
show that the only stable floating configurations occur when the fluid interfaces intersect
two corners of the polygon. In this chapter, the energy method is applied in the study of
floating square with rotation. In no surface tension case, we rederive the stability conditions
of the floating square with the allowance of rotation. Our derivation is slightly different
from Erdos, Schibler and Herndon’s work [!] and Abolhassani’s work [1|. Archimedes’
principle is applied in the energy function. In the presence of surface tension case, an
example with contact angle 7 is discussed.

3.1 Configurations with No Surface Tension

Suppose the square with side length a is floating on the liquid with two vertices immersed,
and the bottom parallel to the horizontal reference level. Different from floating cylinder,
the square is not rotationally invariant. We introduce the rotational angle 6, which is
clockwise from the vertical axis, and the height of centre h. The homogeneous square has
a density of p; and liquid has a density of p. We define the density ratio as o = p—;. For
a > 1, floating is not possible. For % < a < 1, by reflecting the square with respect to the
fluid level and replacing o by 1 — «, we have the same energy, see [1]. Thus it is sufficient

to discuss only a € (0, 3.
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When we restrict 0 € [0,7] and o € (0, %], there are two types of configurations (see
Figure 3.1 and Figure 3.2).

3.1.1 Two Corners Immersed
Suppose two vertices C' and D are immersed in the fluid and centre of the square G is set
to be the origin, and 7 is an included angle between the diagonal line of the square and

the horizontal axis through the origin G. The geometric constraint is as follows:

0+n= Z. (3.1)

The coordinates of vertices Ce and D¢ (with G as the origin) can be obtained:

2 2
Co = (—ga cos 1, —%asinn) : (3.2)

Figure 3.1: Two corners immersed.

Our two corners immersed configuration is obtained by shifting G up vertically by h.
Therefore, the coordinates for vertices C' and D are:
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C=(C,C)) = (—g(cose +sinf), h — g(cosﬁ — sin 9)) , (3.4)
D= (D,,D,) = (g(cosﬁ —sinf), h — %(COSQ + sin 9)) . (3.5)

The coordinates of the other two vertices F' and J are:

F = (F,;,F)) = (Cy;+asinf,Cy+ acosb), (3.6)
J = (Jy, Jy) = (Dy +asinb, D, +acosb).

A and E are the points that the square and the fluids intersect at, with coordinates:

A= (A;A)= <—gCOSQ — gsiHOtanH — htan@,O) , (3.8)
E=(E,E,)= (g cosf + gsinetaDG — htan 9,0) : (3.9)

With two corners immersed, we require Cy < 0 and .J, > 0 or equivalently,

g(sine —cosf) < h < %(COS@ —sin ). (3.10)

Archimedes’ principle (see Appendix B) implies the height of centre in force balance
h*. If we consider one unit length, the weight of the square is equal to the weight of liquid
displaced:

quuare = Mliquida
psa® = pAreacpg. (3.11)

Where the area of the trapezoid ACDEF is:

1
Areacpr = §<|AC|+|DE|>|CD|

_ la(_Cy+_Dy)
2 \cos cost
a2
2

ah

. 12
cos (3.12)
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Equations (3.11) and (3.12) imply

h* = a(% — ) cosf. (3.13)

With 0 < o < § and |h| < %(cos — sin 6),

1
0 < 6 < arctan(2«), where a € (0

, 5]. (3.14)

3.1.2 Omne Corner Immersed

Another configuration has only the vertex D immersed. Compared with the two corners
immersed case, the expressions of the coordinates of the vertices and the intersection points
are the same except for vertex A.

Cy a :
A= (tan9 - §(COSQ + sin 6’),0), where 6 # 0. (3.15)

F

Figure 3.2: One corner immersed.

With one corner immersed, we require Cy, > 0 and D, < 0 or equivalently,

g(COSH —sinf) < h < g(cosﬁ + sin6). (3.16)
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Archimedes’ principle implies

quuare = Mliquich
psa> = pArea,pp, (3.17)

where

1
AreaADE = §|AD||DE’

1 ¢, \ [-D,
B §<a sin@)(cos@) (3.18)

Combining (3.17) and (3.18), we have the height of centre in force balance

h* = g(cos 0 + sind) £+ aVasin 26. (3.19)
Since D, < 0, only “—" sign is valid, and therefore,
h* = g(cos 0 4 sinf) — aV asin 26. (3.20)

With £(cosf —sinf) < h < §(cos + sin6),

arctan(2a) < 0 < —, where a € (0, —}. (3.21)

Remark 3.1. The three corners immersed case only happens when o > %, and can be
obtained by reflecting the square with respect to the fluid level in the one corner immersed

case and replacing o by 1 — .

3.2 Energy Point of View

To study the stability behaviour of our floating square with rotation, the energy method is
employed again as in Section 2.3. Without surface tension, the total energy Er is consists
of the body potential energy Fg and the fluid potential energy Er. Er depends on both
h and 6. If we consider Er in force balance, E7 only depends on the rotational angle 6.
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3.2.1 Total Energy Fr(6) in Force Balance

e The body potential energy Fg:
with the downward pointing gravity g, Eg depends on variable h*:

Eg(h*) = psa*gh*. (3.22)

e Fluid potential energy Ep:

We treat Er differently than in the 2D floating cylinder case by expressing it in terms
of the centre of buoyancy. hp is the centroid of ADE. We obtain:

y?
Er = pg/ Eds
)

= —pg|Z|hp, (3.23)

where X is the wetted region, ds is the element of the wetted region, y is the vertical
displacement from the reference level to X and hp is the vertical component of the
centre of buoyancy®.

If there are two corners immersed, the enclosed region ¥ U |AF| is a trapezoid,
and the vertical component of the centre of buoyancy is

1
hg = 6Aron {(Ay + Cy)(AC, — C,A,) + (Cy + D) (C, D, — D, C,)
réaAscDE
—|—(Dy + Ey)(DmEy — Esz) + (Ey -+ Ay)(EgﬁAy — AzEy)} . (3.24)

Provided h* = a(% — a)cosf, hp in force balance can be expressed as
hi = —a (acosd + —— sinftan (3.25)
p=—a|jacos 51, Sindtand | . .
If there is one corner immersed, the enclosed region ¥ U |AFE)| is a triangle, and the

vertical component of the centroid of buoyancy is

1
hp = g(Ay + Ey + Dy)

1
= —ga\/asin 26. (3.26)

!The formulas of centroid of polygons are provided in [21]
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Therefore, the total energy Er in force balance has the expression:

e In the two corners immersed case,

Er(0) = psa*gh” — pg|¥|hp

1 h* 1
= p.aigh® — §pa29(cose - g)(a cos 0 + msithan 0)
1 1
3g|= Q)+ ——si 2
Psa’g {2 cosf(1 —a) + Sia sin 6 tan 0] : (3.27)

where 0 < 6 < arctan(2a), and « € (0, 3.

e In the one corner immersed case,

h*—2 6 —sinf g 0 +sinf) —h*\ 1
Er(0) = psanh*—kpgl(a— 3(cos 6 — sin )><2(COS +sinf) )(ga\/asin%)

2 sin 6 cos

1 2
psa’g [5(0080 +sinf) — g\/ozsin 26’}, (3.28)

where arctan(2a) <6 < %, and a € (0,1].

3.2.2 Stability Analysis of Two Corners Immersed Case

So far, we obtained the expression of total energy in force balance Er(6),

1 1
— 3,12 _ — 4
Er(0) = psa’g 5 cosf(1 — a) + Sin smGtan@],

where 0 < 0 < arctan(2c), and « € (0, 3.

The following theorem gives the stability of the floating square with rotation for two
corners immersed case.

Theorem 3.1. Total energy Er admits two critical points 0* = 0 and 0* = arccos (m)

1. When 0* =0, 0* is stable if0<oz§%—ﬁg and 0* is unstable Zf%—ﬁg <a< %

1 .
o—1202— 3 and 0* is stable.

. _ 1 : : 11
2. When 6* = arccos (ﬁ), a is only valid on | T 7l
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Proof. First, we compute the critical points,

dEr 1 1 sin 6
—(0) = psa®g|=(av — 1)sinf + — [ sind =0. 3.29
do (6) pag[Q(oz )sin +24a (Sm +00829)] (3:29)

This leads to 6* = 0 or cos? 0" = ;—-—>—.

The inequality 12a—12a%—1 > 0 gives o > %—\/Lé. Therefore, * = arccos \/ﬁw)
In order to require the two corners immersed, we need 0* < arctan(2a), or equivalently,
a < }L. Thus, if we have 6* = arccos (\/ﬁm , a ranges from (% — \/Lé) to }L.

2
Next, we calculate ©27(0),
d*Er 1 1 sin® 6 1
) = psa’g|=(a—1 0+ — 0 . 3.30
dn? (6) pag[Z(a ) cos —1—24&(008 +cos39+cos30>] (3:30)
1. If 6* =0,
d*Er 3 1 1 1
gz (0 = psa 9[‘5*5“ m} =0
Therefore, 6* = 0 is stable if
d*Er 1 1
0)>0 & 0O0<a<l-—-——=
d02 ( ) - o> 2 2\/§7
and 6* = 0 is unstable if
d*Er 1 1 1
—(0) <0 & -——-——<a<l<
a2 V) 2 9y3 =2
2. If 6% = arccos (\/ﬁw)a
d*Er { a—1 1 [ 1
0"y = p.a® + —V12a— 1202 — 1
do? @) Pt g 2120 — 1202 — 1 24 [/12a — 1202 — 1

+2 (\/1204 — 1202 — 1)31 } > 0. (3.31)

£ S B el 1
Therefore, #* = arccos ( m) is stable if 5 7 <a<

I,
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3.2.3 Stability Analysis of One Corner Immersed Case

With one corner immersed, the total energy in force balance Er is
1 2
Er(0) = psa’g §(COSQ + sinf) — g\/asin 20|,

where arctan(2a) <6 < %, and a € (0,3].

For one corner immersed case, the following theorem shows the stability behaviour of
the floating square with rotation.

16 )

Theorem 3.2. Total energy Er admits two critical points 0" = 7 and 6% = % arcsin(gg-

1. When 6* = T 0* is stable z’f% <a< % and 0* is unstable if 0 < o < %.
2. When 60* = %arcsin(gi?%a), a must belong to the interval [%, 3%] and 0* is stable.

Proof. We compute the critical points:

dEp
do

1 2y/a cos 26
0) = psalg| =(—sinf + cosf) — —— ): ) 3.32
) = paa's 51 ) -2 22 (332

This leads to 0* = T and 6* :16% arcsin(599%-). Since arctan(2c) < 6% < I, o ranges
o] )

109 N W
from ; to 55 when 0% = ; arcsin(5-75-

We compute the second derivative:

d’Er 5 1 2\/a cos? 20
= — —(si —— | 2V'sin2 — | - .
77 (0) = psa g{ 5 (sin@ + cos0) + 3 ( Vsin 20 + — 29) } (3.33)

1. When 6" = T,

dPEr w
dQQT(Z) = psa’g(

4/a V2
= -2, (3.34)

Therefore, 6" = 7 is stable if

dQET(TF) > o 9 < < 1
J— JR— a —
de? “4° — 327 T2

and 6* = % is unstable if

dZETﬂ' 9
e (Z)<O & 0<a<§.
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2. When 6* = 1 arcsin(525%),

9—16a
d’Er 1+ 92 (a — &)’

6*) = pya® 135 64~ ) > 0. 3.35
TR pag( 960~/9 — 160 ) (3:35)

1 o (_16a Y el 9
Therefore, 6" = ; arcsin (9_16a) is stable if ; <o < 3.

]

Remark 3.2. Detailed conclusions in Theorem 3.1 and Theorem 3.2 are the same as those

in [/].

3.3 Floating Square With Rotation and Surface Tension

With surface tension, the configurations of the floating square with a rotation become
complicated. In this section, we are going to give a typical example of two corners immersed
square when surface tension is present and contact angle v = 7.

3.3.1 Configuration With v =7

Figure 3.3: The floating square when surface tension is present.

We consider the configuration in Figure 3.3, the floating square has two corners im-
mersed and is rotated clockwise by 6. The liquid is lifted up, with contact angle v = 7,
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to the square. We define two inclination angles to parametrize the fluid interfaces: 1, €
[110,0] is to the right and vy € [1h99,0] is to the left, where 119,190 < 0. We have the
following geometric constraints:

2’}/ - T = ¢10 + 1/120, (336)

—pm+7+0 = 7, (3:37)
T

Yo+ —0 = 3 (3.38)

Solutions of the capillary equation in Section 2.2 can also be employed in this case.
We denote u;(¢)) and ug(1)) as the height of fluid interfaces to the right and to the left,
respectively:

2 (0 2 . o

ui(¢r) = R sin? and  wuz(1y) = 7 sin —. (3.39)

Based on the fluid heights at the contact points u;(119) and wug(1h2), we can compute
the horizontal distances of the contact points x1¢ and xo:

N, = E, +upptanf and M, = A, + uytanb. (3.40)
Moreover, the left fluid interface has positive slope dd% = —tany and the right fluid
interface has negative slope % = tan;. Given d% = % and d% = —szlfl, we

integrate the 1o and 1y, respectively. Then the parametric solutions for z(1;) and x (1))
can be expressed as follows:

1
x(Y1;1¢n0,0,h) = —7{2@8%—1—111 tan% +2005%+ln tan% }
K
2
—l—%cos&—l— %sin@tanﬁ—htan@— ﬁsm%, (3.41)
1
x(o; 90,0, h) = ﬁ{QCOS%—f-ln tan% —QCOS%—ln‘tan@ ]
2
~ L osh— Lsinftand — htand — —sin@. (3.42)

2 2 Ve 2
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3.3.2 Total Energy Er and Stability Analysis for v = 7

The dimensionless total energy Er can be expressed in terms of h and 0, where h = %
In order to avoid the contact points L, R hitting the vertices of the square, we choose

he [—% + =, ; + 7} if # = 0. Since our configuration is also symmetric with respect to
s

the rotational angle 6, Er(h, —0) and Ep(h, 0) give the same energy. Moreover, 0 € -5 4l
We introduce a characteristic energy E,quqre and a dimensionless variable S as follows:

_ 3 _ 4
Esquare - psa g and S — m (343)

The dimensionless form of the total energy can be expressed as follows:
Er(h,0;8,0) = Eq + Ew + E, + Ep, (3.44)
where,

1. The body potential energy is:
a = h. (3.45)

2. The wetting energy is:

. .12 h O(qin Y ol
Eyw = 2cos~y \3/ S— h 1|+ \/§SCOS 2(sm 2 — 08 2) ) (3.46)
o \ cosf cos

3. The surface tension energy is:

. 2
E, = 28{2—\/50082(&11%4—005%)} —\3/8—(0089+sin0tan9)
[0

—21/28 tan fsin g (sin % + cos %) : (3.47)
4. The fluid potential energy is:
Ep = —8{— - 2(:os§<sm— + cos —) + §608§(sm3% — Cos 377)]
+= Stan@[sm (7 5~ Z) — Sing(WT_@ - %)1
é {12 clos 0 * 2 (Z)QS 0 g 210502899} ‘ (3.48)
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Figure 3.4: Two examples with v = 7 and a = %.

The calculation details are shown in Appendix F.

Minimizing the total energy Ey is complicated and numerical computation will be

sufficient. We choose v = 7, a = }l and § € [0,100]. According to our numerical

computation, there are two typical examples S = 0.1 and S = 10 (see Figure 3.4).

e When § =0.1,
dEr dEy
—=0and —— =
0 an 50 0
.1 10+ 2V2Y5
= h*:§—+4—0\/_\/_z0.129>0and 0 = 0. (3.49)

Since the valid interval for h is [—0.395,0.605] with uy ~ 0.524, h* € [—0.395,0.605],
(h*,6%) is a critical point. The test discriminant is

O%Fr\ [ O*Er O2Fr

Thus, (ﬁ*, 0*) is an unstable equilibrium point by the second derivative test. The
following Figure 3.5 shows the unstable configuration in this case.
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An Unstable Equilibrium

4
2+
o———1 - ... N——
2.
5 0 5

Figure 3.5: Parameters: § = 0.1, a = 4117 v=7%and a = 5.

Remark 3.3. Allowing only vertical motion, the configuration in Figure 3.5 is stable.

e When § = 10,
OFr dEr
T —0and =L =0
an 89
.1 1+42%53
= h=3- % ~ —2.355 and 0" = 0. (3.51)

Since the valid interval for h is [—0.477,0.523] with ug ~ 0.113, h* ¢ [—0.477,0.523],

there is no critical point in this case. Moreover, this case is not physically realizable.
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Chapter 4

Three-dimensional Floating Objects

In this chapter, two cases of 3D radial symmetric objects floating on an infinite reservoir
are studied. One is a floating vertical cylinder and the other is a floating ball. The following
three questions are discussed:

1. How to solve for radially symmetric exterior capillary surfaces, the nonlinear system
(4.6)7

2. In 3D problems, does the relation —% = Fr still hold?

3. Can we find stable configurations?

4.1 Governing Equation

We define r as the radial distance from the axis of symmetry. The fluid height u(r) can be
obtained by solving the radial symmetric capillary equation:

( 1 :u(u)Q) - 4

Through the scaling transformation

w(v/kr), (4.2)
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the capillary equation (4.1) can be transformed to

( 1 :w(wm)f - -

where 7 = /kr. The equations (4.1) and (4.3) are equivalent when x = 1 and thus, the
capillary equation with any value of k£ can be transformed to one with x = 1. In addition,
the capillary equation (4.1) can be written as

(rsinv), = kru, (4.4)

with the inclination angle ¢ introduced in Chapter 2. Equation (4.4) can be converted into
a system of DEs with the parameter 1):

(rsine), = siny + r cos @/)(fi—d] = Kru
T

dr _ _roosy (4.5)
dip  kru—siny
Equation (4.5) and 9 = tan imply that
d_u: TSiIlQ.ﬁ and ﬁ: T‘COS?FZ) . (4.6)
dy  Kru —siny dy  Kru —siny
With our
Uu
Figure 4.1: Tangent angles ¢ and w.
An analogous representation is used in the study of the liquid bridges in [20], sessile
drops in [5] and floating drops in [3], shown as follows:
d_u _ —rsin‘w and ﬁ _ —’rcosy 7 (47)
dw  Kru+sinw dw  Kru-+sinw
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where w can be seen in Figure 4.1. With relation w — ¢ = 7, equations (4.6) and (4.7) are
equivalent.

Moreover, the arc length parametric representation is used by McCuan and Treinen in
the study of 3D floating ball in [17], is as follows:

du . dr dy sin )
7, = sin Y, i cost and 7 = fu m_ (4.8)

The systems of DEs (4.6), (4.7) and (4.8) are equivalent. They all work in both the
graph case and the non-graph case!. In practice, the equations (4.6) have the best numerical
performance, and therefore, we choose the system of DEs in (4.6) as the governing equation.

Remark 4.1. For the exterior problem, given a radial distance © and its corresponding
inclination angle w, and boundary condition lim uw = 0, Elcrat, Neel and Siegel show that

r—00
there is a unique solution of u(r) on r > 7 for equations (4.8) in [7].

4.2 3D Floating Vertical Cylinder

In this section, we consider a vertical cylinder with radius a and length 2a floating on an
infinite bath (see Figure 4.2). We allow the cylinder to only move in the vertical direction.
This is similar to the configuration is in Chapter 2, where h is the height of centre and ~
is the contact angle. The geometric constraint can be expressed as
Y=t = g (4.9)
The fluid height u(y)) and the radial distance from the vertical axis r()) can be
parametrized by the inclination angle ¢ based on the system of DEs (4.6) with bound-
ary conditions:
limu=0 and 7r(¢p)=a, (4.10)

r—00

where a is the radius of the cylinder.

!The graph case means the fluid interface is a graph, the non-graph case means the fluid interface is
not a graph.
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N

Figure 4.2: The cross-section of a floating vertical cylinder.

4.2.1 The Shooting Method for Fluid Height « When x =1

Since both governing equations (4.1) and (4.6), with boundary conditions in (4.10), are non-
linear, the analytic solution has not been obtained yet. Based on the scaling transformation
discussed in section 4.1, it will be sufficient to consider k = 1 case. For the boundary value
problem of ODEs, the shooting method can be applied. Heartland and Hartley [10] give
an approximate to the solution for r > a, which can be treated as a good initial guess for
the shooting method. The approximation is obtained as follows.

Since fli—;f — 0, as r is sufficiently large, equation (4.1) can be approximated by

u ru”

T ( T (u’)2)3

1
= u'+-u —u=0. (4.11)
r

=7ru

Equation (4.11) is the modified Bessel’s equation and has the solution:
u(r) = CKy(r) + Cly(r). (4.12)

With lim u = 0, C has to be zero since Io(r) — 0o as r — oo. For large r, the solution

r—00
can be approximated by
u(r) = CKy(r), (4.13)

where C' is a constant. Since Ky(10) ~ 107°, r — r* = 10 is good enough as a boundary
condition instead of r — oc.

The shooting method has the following algorithm:
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1. Guess asmall C' = ¢y?, and define the initial condition <u* (*), r* (1/1*)) = (COKO(T*>, r*> :
where ¢* = arctan(u'(r*)).

2. Define a function f(C;v¢*, u*,r*) = r(1y) — a, where r(1)y) can be obtained by inte-
grating the system (4.6) with respect to ¢ backwards to 1.

3. Solve f(C;v¢*,u*,r*) =0 for C using fsolve such that u = CKy(r) gives the correct
height wse at r = r*.

4. Based on the true values (e, 7*) and good approximation ¢* = — arctan(C'K(r*)),
we integrate the system (4.6) backwards with respect to ¢ from ¥* to ¢y and obtain
the numerical solutions as follows:

{uidile, {ri¥ilo and {¥i}il,. (4.14)

The Figure 4.3 shows the Shooting method algorithm. Moreover, pseudocode is pro-
vided in Appendix G, and the Figure 4.3 also shows our shooting method with v = 7,
r* = 10 and initial guess ¢y = 1072,

u i Initial Guess ~ =-=--- Shooting Mehtod
Correct Solution 0.50}
S
0.25¢
r R 0.000 = 10
a r* r

Figure 4.3: The shooting method algorithm and the fluid height w(r).

2In practice, co = 1072 is a good value for the initial guess.
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4.2.2 Numerical Computation of Er

The shooting method gives the numerical solutions for u(v) and r(v), say,

{Ui}f]z\io» {Ti}f\io and {%}i\io (4.15)

We also discretize the height of centre h € [ug — a,ug + a]: {h;}{’. The density of the
cylinder is ps, the density of the liquid is p, and the density ratio « is define as a = %,
The acceleration due to gravity is g and acts in the downward direction. We introduce the

characteristic energy E. = moa? and dimensionless parameters: h; = %, U = 2,7 ==
and Bond number B = ka?. We numerically compute the dimensionless total energy Er:
e The body potential energy is:
Eq = psma®(2a)gh
= FEqg = ECB(QOéilZ)
= FEg = 2Bah;. (4.16)
e The wetting energy is:
Ew = —cosvyo|X|
= Ew,; = —cosvyo [(2%@)(110 +a—h;)+ 7Ta2:|

e The surface tension energy is:

As the height h varies, the shape of the fluid interface is unchanged, and E, can be
computed through integrating 1. The trapezoidal rule is applied on approximating
the integration:

27 (%s)
Eaza/ d9/ (Vl%—u?—l)rdr
0 a

P 0
= FE, :27m(/ Sg(w;r,u)d¢+/ Sg(w;r,u)dw)
0 | p* ,

(.
~~ v~

(1) (2)
U — 1| =
_ 0)

= EAO-,L'%
(=

{ga(wk; Tk, Uk) + Sa(wkﬂ; Tk+1, Uk+1)} ) (4-18)

k=

[e=]
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where the integrands are S, (v;r,u) = (\/1 + tan?¢) — 1) rff;snlfp and Sa(¢§ ) =
<\/1 + tan?1) — 1) % . (2) can be approximated by Cfrio Ko(r)dr, which is
much smaller than the value of (1), so we can ignore it.

e The fluid potential energy is:
Er = Ep1 + Ep

2w oo , .2 2 a _ 2
= FEp = pg/ dé’/ Y rdr + pg/ d@/ M1“d7"
0 o 2 0 0 2

*

" 1
= Ep = ng(/ u2rdr+/ u2rdr) + §7Tpga2(a — h)?

@ )
=1\ w—=
= B B( ) 3 (@0 (e
k=0
1—hy)?
+ B( (4.19)
2
In addition, (4) can be approximated by C? froo @rdr, which is much smaller than

the value of (3), so we can ignore it.
Thus, Er has the expression:
Er=Fqg+ Ew+FE, + Ep. (4.20)

In Figure 4.4, we give an example of Er vs h and Er admits the minimum at h =~
—0.193, thus it is stable.

In the analysis of total force Frr in vertical direction, we introduce the characteristic
force F. = moa. We can compute the dimensionless total force Fr:

1. The gravitational force is:

Fo = —pmma*(2a)g
= —7o(2Ba)
= F, = —2Ba. (4.21)
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0.0 Togal Energy

Figure 4.4: Er vs h with parameters: a =1, =0.1,8=1and 7 = 3.

2. The surface tension force: since o can also be interpreted as force per length,

F, = —ocosvy(2rma)

= F, = —2cos~. (4.22)

3. The buoyant force: based on the discussion of the buoyant force in Appendix B,

Fg = pgra*(a—h)

= Fgz = B(1-h). (4.23)

The dimensionless total force Fi in the vertical direction can be expressed as follows:

A

Fp = Fg+F,+Fp
B(1—h—2a) —2cosH. (4.24)

Moreover, dd% has the analytic expression

A

dEr

— =2cosy— B 1—ﬁ—2a, 4.25
2 Y ( ) ( )
which leads to the relation FT = —dbr dEAAhT'
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4.3 Discussion of the 3D Floating Ball

A challenging problem, the 3D floating ball, is introduced in this section. Since it is
radially symmetric, the cross sectional configuration of the 3D floating ball is the same as
the configuration of 2D cylinder case.

Figure 4.5: The cross sectional configuration of the 3D floating ball.

The shooting method can also be employed to obtain the fluid height. Differing from
the one-to-one relation between h and ¢q for the 2D floating cylinder, the relation of h and
¢o is not monotonic in the 3D floating ball case (see Figure 4.6). Recall that the height h
has the form:

h = acos ¢g + uy, (4.26)

where a is the radius of the ball, ug is the fluid height at the contact point, which can be
computed by the shooting method.

The following example shows that the system admits two different configurations with
the same h = —1.3 and contact angle v = 7.

The non-monotonic relation between h and ¢y makes it more difficult to study the total
energy Er of the floating ball. The relation —ddLhT = Fr has not been proved in floating ball
case. We cannot give a convincing explanation of this unexpected result, and therefore,

more study is expected for the floating ball problem.
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‘Height h Vs ¢ |

Figure 4.6: Non-monotonic relation of ¢y and h, with parameters: B =1,y = 7 and a = 1.

h= —1.3 when ¢y =2.44 h= —1.3 when ¢, =3.01

23 1 1 3 23 1 1 3

Figure 4.7: Two different configurations with same h = —1.3.
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Chapter 5

Conclusions and Future Work

In this thesis, the floating configurations and their stability of both two-dimensional and
three-dimensional objects on infinite reservoir are studied. The conclusions can be sum-
marized as follows.

5.1 2D Floating Cylinder Problem

The fluid height u(v)) and horizontal distance x()) can be analytically parametrized by
the inclination angle v. With the geometric constraint ¥y = ¢o + v — 7 and the height
h, which is defined as the displacement from the centre of the cylinder to the reference
fluid level, the relative total energy Er can be expressed only in terms of the wetting angle
¢o. Based on the one-to-one correspondence between h and ¢g, we investigate the relation

between Er and the vertical total force Frp, that is —‘f—hT = Fr. The sign equivalence,

sign(%) = sign(Fr) and sign (dzng ((EO)) = sign (%((]E@), gives a more convenient

way to minimize Er.

In the total force analysis, we assume the surface tension force F), exists only along the
fluid interface, which contradicts Young’s diagram. The result is consistent with Finn’s
assertion in [2|. Archimedes’ principle only holds when the fluid surface is flat. With
surface tension, the buoyant force Fp can be approached by the Divergence Theorem,
which gives an analogue to Archimedes’ principle.

In the analysis of the numbers of equilibria and their stability behaviour, we introduce

two dimensionless parameters A = a%p and C = y/ka. The numbers of equilibria can
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be shown on AC plane. In Section 2.12, several examples with typical values of ~ are
discussed and the boundary curves between the regions with different numbers of equilibria
are obtained numerically.

The Fr curve depends on ¢g, A, C and . We summarize the numbers and the stability
behaviour of equilibrium points in the following cases:

1. When v > 7, Fr admits at most two equilibrium points do1 and bg2, the smaller
equilibrium point ¢ is stable and the larger equilibrium point ¢g is unstable. In
addition, if Fr admits only one equilibrium point ¢, and %(&0) > 0, it is stable. If

%((]Eo) =0, it is unstable.
2. When v < 7, if %(ﬂ') < 0, Fp behaves the same as Fy with ~ > 7. If %(ﬂ) > 0,

Fr admits at most one equilibrium point ¢y and therefore, it is stable except ¢y = .

Moreover, we discuss the limitation of the model. When v = 7, there is always no
intersection of the fluid interfaces, and when ~ # 7, intersection may happen. We give
two typical Figures to illustrate the intersection region with v = 7 and v = ?jf (see Figure
2.21). Moreover, the stable equilibrium point never lies in the intersection region, while

the unstable equilibrium point may lie in the intersection region.

5.2 2D Floating Square with Rotation

The no surface tension case is first considered in the 2D floating square with rotation. We
introduce the height of centre h (same as h in Chapter 2) and clock-wise rotational angle
from the vertical axis . We define the solid/liquid density ratio a@ = p_; € (0, %], which
results in two different configurations: one corner immersed and two corners immersed.
Since the fluid interface is flat, Archimedes’ principle gives the height in equilibrium h*.
The relative total energy Er in force balance depends only on 6. We summarize the
stability based on minimizing Er(6) as follows:

1. When two corners are immersed, Fr admits two critical points #* = 0 and 60* =

arccos (W) If 0* =0, 0* is stable if 0 < a < % — ﬁg and 6* is unstable if

1 1 1 x _ 1 111
3 T3 S < 3. If 8" = arccos m), a must belongs to [2 \/6"4} and

6* is stable.
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2. When one corner is immersed, Er admits two critical points * = T and 0* =
Larcsin(2%%-). If 0 = T, 0" is stable if % <a< % and #* is unstable if 0 < o < 3%.

N

2 9—16a
If 0* = %arcsin (%), a belongs to [}l, 3%] and 6* is stable.
With surface tension, it is difficult to analyze all cases and only v = 7 is considered.

We introduce the characteristic energy Fgguare = psalg and the dimensionless variable
S = m. The dimensionless Er depends on two variable A and 6. Through the
numerical computation, we give two typical examples:

2 40
point; thus it is unstable by the second derivative test.

1. When § = 0.1, (h*,0%) = (l — M,O) is a critical point, which is a saddle

2. When S = 10, there is no critical point for h € [—1,1], ¢ € [0,7].

5.3 3D Floating Vertical Cylinder and Ball

Two axisymmetric examples are discussed in the 3D floating objects section, one is a
vertical cylinder allowed to move only in the vertical direction, the other is a floating ball.
With scaling transformation u(r) = ﬁw(\/ﬁr), the solutions of the capillary equation
(4.1) can be obtained based on the k = 1 case. The shooting method is applied to obtain
the parametrized solutions of the fluid height u(¢)) and the radial distance ().

In the vertical cylinder case, the shape of the fluid interface is independent of the
vertical position of the cylinder. With o =0.1,a =1 and v = %, the minimum Er occurs
at h* ~ —0.193, which is a stable equilibrium. Moreover, the relation —dc% = Fr holds in
general.

The floating ball case is different from the 2D cylinder case. The non-monotonic relation
between ¢ and h causes difficulties. We give an example with dataa =1,k =1andy = 7,
and give two configurations (one is ¢y = 2.44 and the other is ¢y = 3.01) with the same
height h = —1.3.

5.4 Future Work

Several aspects can be considered for future work:
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1. More numerical analysis in looking forward to the study of the numbers and stability
of the equilibrium points in both 2D and 3D models.

2. In the 2D case, the floating cylinder with polygonal cross-section and surface tension
present is also worth studying.

3. For the 3D floating ball, Fr = 0 and minimizing Er seem to give different results.
We can not give a convincing explanation for the unexpected results, and more study
is required.
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Appendix A

E7 of the 2D Cylinder

In this part, the detailed derivation of both surface tension energy F, and the fluid potential
energy Er are given when the interface is a graph and when it is a non-graph.

A.1 Surface Tension Energy FE,

In section 2.3, the surface energy FE, is defined of the form:

1 2 1
E, =20 lim [/ 1+ (d_u) dx —/ d:c}. (A.1)
o d.fU 0

Tr1—00

Figure A.1: Computation of relative surface tension energy.

70



e When the fluid interface is a graph, the inclination angle 9 ranges from —% to 7

29

from Equation (2.2), the chain rule gives % = & 5 = —2 ‘/CEOSSH; With 1nchnat10n
angle tany = Z—Z, E, can be achieved.
E, 20 lim 1 + dx —
1 —00
. U .
20 lim 1+ — dx — (z1 — xp) — asin gbo]
z1—00 | dx
20 lim 1+(—) — 1d1} — 20asin ¢
1 =00 | dx

a1 —
20 lim { / <\/ 1+ tan? — 1) <ﬂ>d¢} — 20asin ¢
%o

10 2y/ksin ¥

I A |
20 lim { - — (— Cosw) 1[)} — 20asin ¢
$1—0 2v/k Jy, \sin sin 5

2
4% (1 — cos %) — 20asin ¢g.

e When the fluid interface is not a graph, we have to assume that there is no intersection
of the fluid interfaces, i.e. the fluid interfaces on either side of the cylinder do not
intersect. In addition, the inclination angle ¢ € [, 7.

e Case 1: ¥y > 0,
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e Case 2:

E, =

QUZFLH@O \/1+< )dx—
Z%z%MW( o) () - /fd%

1 cos? ) Y 1 ( 1 ) cos 1) }
20 hm —— cos? —d d — 20asin
¢1—>0 \/E 4sin’ ¥ 2 v 2\/k sm v bo

1 cos Y
(2\/_> 1}11210/ {szQp szg }d@b ~ 2005in o

4% (1 — Cos %) — 20asin ¢g.

o <0,
20 li_r>n 1—|—( )dw—/
%JEM JG) G [ o]

1 cos? @/} Y Y1 1 cos 1) .
20 li 2—d d -2
o 11210 \/_ T2 —l— coS 5 Y — ~5 \/_ sm Y oasin ¢g

1 cos Y
(2\/_> 1}11210/ { - sm% e smw }dw ~ 20asin g

4% (1 — COS %) — 20asin ¢0.

In summary, we have the surface energy:

E, = 4% (1 — cos %) — 20asin ¢y, (A.2)
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A.2 Fluid Potential Energy Er

In section 2.3, we break the fluid potential energy Er into two parts.

2 2

EFI EF2

xo y2 [ee] U2
Er = 2pg/ “—dr+ 2pg/ —dx . (A.3)
0 P xQ .

Where y is the vertical height of the bottom of the cylinder and u is the fluid height.

2 9
u(y) = 7 sin . (A.4)
y = acos¢ — h. (A.5)

Figure A.2: Computation of relative potential energy.

) 2
/0( 2 i @/})2 1 cost )
= ———ssin — -
PI) A\ Ve 2 2/ sin
20 [°
= —— sin — cos Ydi
\/E Yo



With the identity cos 32ﬂ = cos %(2 cos g — 1),
4
Ep, = —ﬁ(l — 2COS% —i—cos%cos%). (A.6)
For Erq,

zo y2
Ep = 2pg/ —dx
0 2
%0
= pg/ (acos ¢ — h)*acos pde
0
o) 9 Yo 2
= pg/o (acosgb—acos%%—ﬁsin?) a cos ¢do

1 3
= Epga?’ sin 3¢y — pga® g cos ¢o + Zpga?’ sin ¢g — a*\/opg sin % sin 2¢

+2a?\/opgeo sin % + 40asin? % sin ¢y.

Figure A.3: A non-graph case.

If the fluid interface is not a graph (Figure A.3), the formula (A.3) also works. But in
addition, we have to assume that there is no intersection of the fluid interfaces. The fluid
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potential energy Er has the form:

4
Er=Ep +Ep, = —ﬁ(l —2005%+cos%cos%)

1 . 3 . : .
—l—ﬁpga?’ sin 3¢y — pga®po cos ¢y + Z—lpga3 sin ¢y — a*\/opg sin % sin 2¢

+2a?\/opge sin % + 40a sin? % sin ¢g.
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Appendix B

Analysis of the Buoyant Force

In this part, we will examine how Archimedes’ principle works in no surface tension case
and another way to approach buoyant force using the Divergence theorem.

From section 2.5, the buoyant force has the form:
Fg=Fk- / Fds. (B.1)
b

Where the centripetal component pressure F= pPgyne, N is the outer unit normal of the
cylinder, k is the unit vertical vector pointing upward and ¥ is the wetted region of the
cylinder.

Figure B.1: Archimedes’ principle.
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e If no surface tension exists (as shown in Figure B.1),

P, = k/Fd
>

= /E<pgyl%) -ﬁds+[g<pgyl%> ~ﬁd(i
= /zus (pgyfc) -nds

= / pgdA = pg|D|.
D

TV
=0

On the boundary S, fs(pgl%) -nds = 0 since y = 0 on free fluid level. 9D = XU .S and
n € {Ne ns} is the outer normal of 9D. When the Divergence theorem is applied,
Fp = pg|D| which is consistent with Archimedes’ principle.

e If surface tension is present (as shown in Figure B.2),

: l ------- D

Figure B.2: The buoyant force when surface tension is present.
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>

Fp =

-/ﬁds
)
(pgyl%) “Neds +/ (pgyl%) -ﬁsds—i—/s <pgy/%> - Nsds

Stop side
N 7 7

=0 =0

I
PN

I
PR

<pgy/%) -nds

Ustopusside

pgdA = pg|D|.

Il
S

On the boundary Sy, fs (pgl%) ‘ngds = 0 since y = 0 on free fluid level and fsme <pgy/%> .

fids = 0 since k and 7, are orthogonal. 0D = XU Sy, U Ssige and n € {n, s} is the outer
normal of 9D. When the Divergence theorem is applied, Fz = pg|D|, This is not consistent
with Archimedes’ principle anymore. The enclosed area is no longer the immersed region
due to the presence of surface tension.
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Appendix C

. dE
Relation between ——I and Fr

Firstly, we take derivative of Ep in terms of ¢,

dEr - ‘ o (Pt
—20asin ¢g sin(¢g + ) — 20\/% sin(¢o + ) sin (gbo ;— 7)

—4oasin (¢0 ;— 7) cos (¢0;—7) sin ¢g — 4a’\/opg sin® ¢ cos (%;—7)
1 1
—Epga?’ sin ¢g sin 2¢g — §a2\/0pg sin (¢0 + 7) sin 2¢q

. . +
+pga’ o sin ¢g + /T pga’ o sin <¢0 ; 7) -

After arranging the terms, we factor out the common term:

asingbg—l—\/;:gsin <¢0;7> . (C.1)
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d
d%wo) - —mg{asin% i \/% o <¥> }
—20 sin(¢g —|—7){asin¢0 + \/Esin (¢0 +7> }
1% 2
_401\/@(308 (@) Singbo{asingbo + \/;:gSin (¢0;‘7) }
_lpgazsin2¢o{asin¢o+ \/Esin (92504"7) }
5 pg 2

When the chain rule is applied, we multiple one more term %:

_dEr dgo = —{ —mg — 20 sin(¢g + v) — 4a/opg cos (@) sin ¢y

doo dh
1
——pga®sin 2¢o + pga’dy ¢4 asin ¢y + 7 sin $o+7
2 P9 2

1
{ - asin ¢g + \/gsin(‘m;”)}
Po +

= —mg — 20 sin(¢g + v) — 4a/opg cos (%) sin ¢

1 .
—5P9a” sin 200 + pga“dy
— Fp.
dEr

Therefore, we find the relation between —<3I and the vertical total force Fr:

dEr

80



Appendix D

Asymptotic Series of ¢; and A*

D1 AsC—0

Consider the regular asymptotic series ¢f = 7 + a;C + a»C? + ... and plug the series into
dF *
dTbﬁ(%) = 0.

dbr . V2C  ¢n V20 gy . 3V2C 3¢
Tm(%) = U{——COS?—TSID?—FQSIHQ%— 5 €08 5
—i—@ sin?%50 — C*cos 26 +C2} =0.
=

V2

_70 cos B(ﬂ +a1C + axC* + )} — \/TEC sin B(ﬂ + a1C + asC? + )1

2
+2sin {ﬂ' +a,C + asC? + } - %C cos |:;(7T + a1C + as,C? + )}
2
+%_C sin E(W + a,C + ayC* + )} — C%cos |:2(7T + a;1C + aC* + )} +C*=0.
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2 1 2 1
£C sin | =(a,C + asC? + ...) | — £C cos | =(a;C + asC* + ...)
2 2 2 2
32 3
—2sin {alC + asC? + } — %_C sin {ﬁ(alc + ayC? + )]
3v2 3
_T\/_C cos [§(a1C + asC? + )1 — C%cos [2(@1C + asC? + )1 +C?*=0.
We consider the power series expansions for Sine and Cosine at 0.
2t
cos(x):1—5+ﬂ+...
3
) x
sin(z) =z — 5 + ...

Let P = a,C + axC? + ...

?c [%p — é(%P)S 4. } — \gc {1 — %(%P)2 + 2—14(%P)4 + } — Q{P — %P3 + }
B2 EP —SCPP } -2 {1 LGP Cpy }
—C? [1 — %(QP)Q + i(QP)“ + } +C% =

We sort each term and obtain:

O(1) : 0;
O0C): —2v2—-2a, =0 — a1 =—V2;
OC? : —2v2a; — 20, =0 —  ay=2;

O(C% : =2v2as + I1v2a? — 2a5 + 2a} =0  — a3 =—5V2;
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So ¢ =7 — V/2C +2C* — L/2C% + O(C*) as C — 0.

AsC — 0, -
¢3=w—ﬂc+2c2—ﬁ¢§c3+0(c4). (D.1)

We substitute ¢f in (D.1) into Fir = 0 to get .A*, where A* = b+ % by +b3C+bsC2 ..
O): —bp+2=0 — by=2;

OC): =by=0 — b =0;

O : —by+2+7=0 — b=2+m

OC): —=bs—2V/2=0 — by=—-2V2;

OCYH: =by+2=0 — by=2

Therefore A* = & + 2+ 71 — 2v/2C + O(C?) as C — 0.

In summary, as C — 0,

A*=%+2+W—2\/§C+O(C2).

oy =1 — V20 +20% — 1—72\/563 +0(Ch).

D.2 AsC — >

Consider ¢ = 7 + g—% + 24 é% + ... and plug the series into ‘Zl%(%) =0.
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dF 2 M 2 M 2 :
qubZ( 0) = a{—%cos%—%sin%+2sin¢g—¥cos%%
2 *
+3\/2_C sin %% — C?cos 2¢5 + CZ} =0.
=
\/§ 1 ay a2 as . 1 3] a2 as
_TCCOS{E(W+C_§+?+C_3+M)}_TCSIH{§(7T+C_§+?+C_3+M)}
2
‘f‘QSin[?T—i-g—z—f-%‘f'g—g—f—...]—%CCOS{%(TF—‘F% %-I—g—%..)]
2
+%_Csin E(W—l— % —l—%—l— (CZL_Z)] — C%cos [2(7?—1— %+% + SZ)] +C*=0.
=
V2, . [l ar  as a3 V2 1 a ay a3
TCsm {g(c_é—i_?—i_ R —1—)} - TCCOS [§<_§ E—l—g—i-)}
a1 a2 as 3\/§ .3, m Qa2 as
“9sin | 4 24 By | o2 (=2
Sln{cé+c C2 ] 2csm[2(c1 cC c3 )}
3\/5 3 aq (05} as 2 aq (05} as 9
e SR 243 ) - oL 2 3 = 0.
26“’5{2(; R I e R
Consider the power series expansions for Sine and Cosine at 0.
2?2t
cos(x):1—5+ﬂ—|—...
3
) x
sm(m)—x—g—i-..
Let P= 9 +%2 4% 4
Cc2
V2 1 1.1 V2 1.1 11 1
~—C|=P—=(=PP*+..| —-=Cll—=(=P*+—=(=P)*+...| —2|P—=P3+ ...
26[2 6(2)+} 26[ 2(2)+24(2)+} { 6 +}
3vV2 . [3 . 1.3 3v/2 1,3 1.3
— 2 2C|=P— (=P 4 ...| - =—==C|1 —=(=P)*+ —(=P)* + ...
26[2 AR } 26{ 2(2>+24(2)+}
1 1
—C*|1—-=(2P)* + —(2P)* + ... ? =
C[ 2( )+24( )"+ ]+C



Sorting each term and obtain:
1

OC): —2v2+2a,2=0 — a; = 2i(invalid) or a; = —2i (valid, ¢ < 7);

O(C%) : —2\/5@1 + 4dasa; =0 — a9 = ?,

O(1): —2v/2a5 + z—iﬁaﬂ — §a14 + 2052 +4aja3=0 — as= %2_%,
Therefore,
2i Y2 T(27s
gzﬁf):?r——i—i—i—km(; )+O(C_%) as C — oo. (D.2)

Cz C C2
Then we plug ¢f in (D.2) into Fr =0 to get A*, where A* = b0+cb—1%+%+é’—%+%+...
OC?*:=bp+m=0 — by=m;
OC2): =b; =0 — b =0;

O(C) : —bQIO — ngO;

OCH) : —by+ 421 =0 — by =421,
O(1) : by = 0;
O(Cz) : by = —%ﬁ;
In summary, as C — oo,
0l
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Appendix E

No Intersection for v =0

In Section 2.12.1, Theorem 2.4 shows the equilibrium point(if it exists) never lies in inter-
section region. The proof is shown as follows.

Theorem. If there exists ¢ such that FT(éo) =0, then I(¢y,C) > 0 for any given C

Proof. With v = 0,

Fr(¢y) = —AC* — 2Csin % — 2sin ¢y — 2Csin %’50 _ %CQ sin 26 + C2y.

The smallest ¢, appears when A = 0. Suppose ¢gmin is the smallest equilibrium point
for given C. If we can prove I(¢gmin,C) > 0, then all equilibrium points ¢g never lie in
intersection region.

QEO min 3&0 min

FT(Q;omin) = —2Csin — 2sin 92_50min — 2Csin

1 _ _
— 502 sin Q(b()min + C2¢Omin = 0.

We only need to consider ¢omin € [0,3]. Since the intersection never occurs for v = 0
and ¢omin € (5, 7], therefore we suppose ¢omin € [0, 5].

The equation FT(QEO min) = 0 turns out to be the quadratic equation in C.

n 1 n b min 37 min .7
(¢0min ~5 sin 2¢>omm) c?—2 (sin ¢02 + sin ¢OT> C — 28in ¢gmin = 0.
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Moreover,

b min . 3_ min
2 (sin ¢02 + sin ¢02 ) > 0.

_ 1 _ _
¢0 min — 5 sin 2@50 min > O, “ =t holds only (;50 min — O,

We can solve for C:

_ _ — - 2 _ _ —
2 (sin o - sin o ) 4 \/[2 (sin 22 4 sin 2 } +8 (Gomin — 3 511 260 min) SIN Gpmin

C = - -
2 (¢0min - %Sil’l 2¢Omin)

2(sin 20 min 5“1“ +sin 734502“11“ )

Only + is valid (we require C being positive). And we have C > o Tenag.. then
plug in 1(@gmin, C).
_ Q(Sln ¢FO min + Sin 3&0 min) B T
I(pomin,C) > —=-—2 —2 2 Sin Ggmin — V2 — In <tan —>
((bo ) ¢0 min — % sin 2¢0 min ' ¢0 \/— 8
+2sin <¢0;ﬁn) +In {— tan (—¢Omiz — W)}
> 0.
Therefore, 1(¢g,C) > 0. O
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Appendix F

ET of the Square with Rotation

Similar to what we did in Section 2.3, we are going to compute the dimensionless total
energy Fr of in terms of h = % and ¢. In addition, the characteristic energy Fsgyqre and a
dimensionless variable S are introduced in (F.6).

e The body potential energy is:
Eq = pla*gh. (F.1)

e The wetting energy is:

Eyw = —cosyo|Y|
= —coso [[AC] + |DE| +|CD| + |LA| + ]RE\]

2 i Y10 2 i Y20
2h = SI 5 = sl -
= —cosvo|2a— _ Y 2 vk 2
cos 6 cos
h 2cos ¢ (sin 2 — cos 2
= 2cosyo + V2 cos 5(sin ; 2) —a (F.2)
cos VK cosf
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e The surface tension energy is:
0 d 2 My, d 2
E, = a/ [ 1+<ﬂ) —1]d:1:+a/ { 1+(ﬂ> —1}dw—g\MN|
. dx oo x
P10 20
_ a/ {\/1 ¥ tan? ¢y — 1} C(;S Y + cr/ {\/1 ¥ tan? ¢y — 1} Cowzd%
0 0

—o|acosf + asinftand — ltan@ sin@ —sin@
NG 2 2

g V1o P20

— 92 (1= 97 (1 cos 2
\/E( CoS —— 5 >+ \/E< cos 5 )
—a{acos@—l—asin@tan@—itan@(sm%—s’ @)}

VK 2
0
= 2% [2 — \/§cos§<sin% —l—cos%)]
2V2 0
—0 {acos@—l—asin&tan@Jr T\/R—tanesin§<sin% —i—cos%)]. (F.3)

e The fluid potential energy is:

Er = pg / L dz + pg / 2 dx — / pgydA + / pgydA — / pgydA
z 2 —00 2 NAML AENR ACDN

= —%E—( s%+ w220>+§(C0831510+C0831/2}20):|

—pg (AfeaAML) Ynamr + pg (AreaENR) YANENR — P9 <A1"eaACDE) hg,

(F.4)
where hp can be calculated by equation (3.24). Thus
o [4 0( . v v V2 30 . 3y 3y
Er = ——— |- —+V2cos— = = —— COos — — — oS —
F \/E[?) \/_0052(sm2 +C052) -+ 3 CcOs 5 (sm 5 Ccos 5
0 —0
3\/_tan6[sin3 (% — %) — sin® (% — %)]
1 1/hR\* 1 1(h\ 1 cos2f
3
= —=| = — F
Trge |:1QCOSQ * 2 <a) cos 2 (a) 24 cos@] (5)



We introduce the characteristic energy Esquqre and a dimensionless variable S,

_ 3 _ g
Esquare - PSCL g and S - m (F6)

In addition, the term ca = ¢ %Esquam.

~

EG = Esquareh- (F7)

2 7 0 Y
Ew — Eupuared 20087 3/8_ h D 4 vas cos 5(sin 3 — cos 3) ' (F8)
o \ cosf cos 0

2
E, = E’Square{QS{Z—ﬁcosg(sin%+cosz)] -y S—(cos@+sin0tan9)

2 o

—QﬁStanésing(sin% + cos %) } (F.9)

2 3 2 2 2

)-ui(5-5)

1 1 h2 1 cos 26
. -5 F.1
a[l2cos€ 2cosf 2 24(:080]} (F.10)

4 2 30 3 3
Er = Esquare{S{—g—i—\/ﬁco (sm——cosz)+£COS—(Sin1—cosl)]

4
—l—gStanQ{sin?’ ( — %

>

In summary, the non-dimensional E7 can be written as

o Fo+ B+ B, +
Br(h,0;8,0) = 2o T ow T Bo ¥ Br

(F.11)

Esquare
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Appendix G

Python Code of the Shooting Method

## import libraries.

import numpy as np

from scipy.integrate import odeint
from scipy import special

from scipy.optimize import fsolve

## steps
N =400

## set contact angle to be pi/3

gamma = np.pi/3

## define radius of cylinder as a

## define radial distance boundary r_star
a=1.

r_star = 10. ## 10 is good enough

## non-dimensionlize r
r_star = r_star/a

## define capillary length
kappa = 1.

## initial guess
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cO = 10%%-2

## geometric constraint
## define the inclination angle at contact point
psi0 = gamma-np.pi/2.

## define governing equation

# z = [r ul

def 0ODEmodel(z,psi):
drdpsi = z[0]*np.cos(psi)/(kappa*z[0]*z[1]-np.sin(psi))
dudpsi = z[0]*np.sin(psi)/(kappa*z[0]*z[1]-np.sin(psi))
return [drdpsi,dudpsi]

## define shooting function
def funcl4(c,r_star,psiO):
r0 = a
steps = N
if psi0 > O:
u_star = -c*special.kO(r_star)
psi_star = np.arctan(c*special.kl(r_star))
z0 = np.array([r_star,u_star])

# integrate from psix* to psi0

psi = np.linspace(psi_star,psiO,steps)
z = odeint (0DEmodel,z0,psi)

else: #psiO<0
u_star = c*special.kO(r_star)
psi_star = -np.arctan(c*special.kl(r_star))
z0 = np.array([r_star,u_star])

# integrate from psix* to psiO
psi = np.linspace(psi_star,psiO,steps)

z = odeint (0DEmodel,z0,psi)
return z[-1,0]-r0
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## define root finding function
def fcn(c):
return funcl4(c,r_star,psiO)

## solve root finding function to obtain the
## coefficient c
¢ = fsolve(fcn,cO)

## generate the fluid interface
if psiO >0:
u_star = -c*special.kO(r_star)
z0 = np.array([r_star,u_star])
psi_star = np.arctan(c*special.kl(r_star))
psi = np.linspace(psi_star,psiO,N)
z = odeint (ODEmodel,z0,psi)
else: #psi0<0
u_star = c*special.kO(r_star)
z0 = np.array([r_star,u_star])
psi_star = -np.arctan(c*special.kl(r_star))
psi = np.linspace(psi_star,psiO,N)
z = odeint (0ODEmodel,z0,psi)

## thus r = z[:,0] and u = z[:,1]

## save the data
np.savetxt (’shape.txt’, np.c_[z[:,0],z[:,1],psi], delimiter=’,’)
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