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Abstract

Ehrhart theory studies the behaviour of lattice points contained in dilates of lattice poly-
topes. We provide an introduction to Ehrhart theory. In particular, we prove Ehrhart’s The-
orem, Stanley Non-negativity, and Ehrhart-Macdonald Reciprocity via lattice triangulations.
We also introduce the algebra Z2(R?) spanned by indicator functions of polyhedra, and val-
uations (linear functions) on Z2(R?). Through this, we derive Brion’s Theorem, which gives
an alternate proof of Ehrhart’s Theorem. The proof of Brion’s Theorem makes use of decom-
posing the lattice polytope in Q(Rd) into support cones and other polyhedra. More generally,
Betke and Kneser proved that every lattice polytope in Z2(R?) (or the sub-algebra Z2(Z%),
spanned by lattice polytopes) admits a unimodular decomposition; it can be expressed as a
formal sum of unimodular simplices. We give a new streamlined proof of this result, as well as
some applications and consequences.
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Chapter 1

Introduction

Consider a convex polygon P € R? where the vertices of P are in Z?. We would like to explore
the relationships between P and the integer points contained in P. Pick’s Theorem states that

b

A=i+-—1,

2
where A is the area of P, i is the number of integer points in the interior of P, and b is the
number of integer points in the boundary of P. We may also like to explore the behaviour of
the number of integer points in P as we scale the size of P by some integer and generalize to
higher dimensions.

More formally, given a lattice polytope P C R%, we would like to explore the behaviour of
Lp(t) = [tPNZ4|.

Ehrhart’s Theorem states that for each lattice polytope P, Lp(t) is a polynomial where the
degree is bounded by the dimension of P. In addition, the Ehrhart-Macdonald reciprocity
states a relationship between the number of lattice points of a lattice polytope and the number
of lattices points in the interior of the polytope.

The proofs of the above results made use of a technique that is going to become a recurring
theme in this paper: we triangulate polytopes out of simplices. In particular, we would like to
use only simplices of volume 1; such simplices are called unimodular simplices. The reason we
are so eager to triangulate polytopes using unimodular simplices is that studying properties of
simplices is in many cases simpler than for a lattice polytope.

Thankfully, some properties of lattice polytopes can be proven as a result of being built
up from simplices. However, a slight problem arises: some polytopes can not be built with
unimodular simplices alone. It is true that every polytope can be built with simplices, but there
are polytopes that require simplices of volume greater than 1. For example, the tetrahedron
with vertices (0,0,0), (1,0,0), (0,0,1), and (1,2,1) has volume 2, but cannot be built from
smaller lattice tetrahedra.

In light of this complication, we turn to another way of viewing polytopes. Instead of
additively combining simplices, we allow for the subtraction, or deleting of simplices as well.



One result that is discussed in this paper is that any polytope can be built by combining
unimodular simplices, and then “trimming off” unwanted pieces to get the desired polytope.
More importantly, there is a way to build the polytope so the trimmed off pieces are also
unimodular simplices.

More formally, a polytope has an associated indicator function. Many ideas in this paper
on this topic was originally due to McMullen. These functions span the polytope algebra.
The combining of simplices and the trimming off excess pieces correspond to the addition
and subtraction of elements in the polytope algebra. We can study linear functions in the
lattice polytope algebra, which we call valuations. For valuations that are invariant under
translation and unimodular maps, we can actually determine whether two valuations are equal
by determining their values on a finite number of unimodular simplices. These results in
valuations see applications in alternate proofs of Ehrhart’s Theorem and Ehrhart Reciprocity.

Betke and Kneser proved the existence of unimodular decompositions of lattice polytopes,
as well as the equivalence of integer unimodular invariant valuations. This paper provides more
streamlined proofs of such results.

For the rest of Chapter 1, we introduce the foundational properties of polytopes and their
unbounded relatives, polyhedra.

In Chapter 2, we will introduce polyhedral complexes. We are particularly interested in
polyhedral subdivisions and lattice triangulations. The chapter will conclude with a way to
subdivide a polyhedron, and a way to triangulate a polytope. We see that any polytope
can be triangulated, where each simplex uses only vertices of the polytope. We also see an
example where some maximal lattice triangulations do not necessarily have the same number
of k-dimensional simplices.

Chapter 3 introduces the Ehrhart series of a polytope. We prove a few fundamental results
in Ehrhart theory including Ehrhart’s Theorem and Ehrhart-Macdonald Reciprocity. Tying
in with the previous chapter, we see that there is a relationship between the number of k-
dimensional faces of a unimodular lattice triangulation and the coefficients of the Ehrhart
series. If we try to impose and extend this result to polytopes that do not admit a unimodular
lattice triangulation, things go awry; we give a brief 3-dimensional case study on this matter.

We view polytopes and Ehrhart theory in a different light in Chapter 4 by introducing
indicator functions of polyhedra. These indicator functions span the algebra of polyhedra.
Brion’s Theorem provides a way to decompose a polyhedron using indicator functions of cones
and other polyhedra. By considering valuations (linear functions) on elements of the algebra of
rational polyhedra (namely, cones), it is possible to prove Ehrhart’s theorem via valuations and
Brion’s Theorem. We also see a valuation called the Euler valuation, which is closely related to
the Euler characteristic. We derive a few Euler-type relations that will be used in Chapter 5.

In Chapter 5, we provide a new streamlined proof of the results by Betke and Kneser. We see
that there is a way to decompose the indicator function of any polytope into indicator functions
of unimodular simplices. This may seem contradictory to the fact that there are polytopes that
do not admit unimodular lattice triangulations. However, indicator functions allow us the
freedom to include simplices that would have “protruded” out of the original polytope. We
give an algorithm for such a decomposition, and analyze its runtime: the algorithm is not
efficient, but does its job in proving that every polytope has a unimodular decomposition.



As a consequence of this result, we formulate conditions under which two integer unimodular
invariant valuations are equivalent. We see an application of this result by proving Ehrhart-
Macdonald Reciprocity and revisiting the case study in Section 3 in a more general light.

1.1 Background Check

For the remainder of the chapter, we will be laying the foundational properties and terminology
of the paper. More details on these topics can be found in [1], [8], [9], and [13].

1.1.1 Convex Sets

Let us consider two sets in R?, displayed below. For any two points a,b in A, the line segment
{Aa+(1—=X)b:0 <\ <1} with endpoints a and b is contained in A, while we cannot say that

the statement holds for B.
o———o ~_—
A

Figure 1.1. A is a convex set while B is not.

We denote [a, b] as the closed line segment between a and b and sometimes (a, b) as the open
line segment. The family of sets that satisfies this distinguishing property is called the family
of convex sets. More formally, a set S C R? is convex if

a,beS = (1—-XNa+XeS, 0<A<1. (1.1)
The expression (1 — A)a + Ab is an example of a convexr combination of two points. More
generally, a convex combination of points ai,...,a,, in S is of the form
m m
> Aig; where > A;=1and 0< Ay,..., A < 1. (1.2)
i=1 i=1
For convenience of indices, we will denote [m] := {1,...,m}. An equivalent definition of a

convex set is a set that is closed under convex combinations. If a point p in a convex set S
cannot be expressed as a convex combination of other points in S, then p is a extreme point.

The convex hull conv(S) of a set of points S is the smallest convex set that contains S. In
other words, any convex set that contains S must also contain conv(S). In two dimensions, one
can imagine the convex hull of a set of points to be the shape if an elastic band were stretched
and wrapped around the “outside” of the points. In any dimension, the convex hull of S is the
set of all convex combinations of every subset of points in S.



[ ]
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Figure 1.2. A set of points and its convex hull.

For convenience, we denote conv(S1,...,Sy) to be conv(S; U---US,,) for sets S1,...,Sm,
and whenever a point appears as an argument for conv( ), we really mean the singleton {v}.
For example, conv(v,S) denotes conv({v} U S). A property of convex hulls is that

conv(v, S1) Nconv(v, Sy) = conv(v, S; N Ss).

for convex sets S7 and Sy such that if s1 € Sq, s9 € S and v are co-linear, then s1, s € S1MN.Ss.
More generally, the intersection of convex sets is convex.

Another operation that we can perform on a number of sets Ay,..., Ay is the Minkowski
sum

k
ZAi:A1+"'+Ak ;:{a1+---—i—ak:al'EAi,’izl,---ak}'
i=1

A specific case of Minkowski sum is a translation A 4+ S, where A is a singleton {a}; for
convenience we drop the set notation and simply write a + .S to mean the Minkowski sum
of {a} and S. As demonstrated in the following theorem, convex sets and Minkowski sums
cooperate rather nicely with each other.

Theorem 1.1.1. For sets S1,...,Sp,
n n
conv <Z Sl-) = Z conv(S;). (1.3)
i=1 i=1

For a convex set S C R?, the interior int(S) of S is the set of points s € S such that there
is an open ball B(s,€) = {z+s: (z,z) < €} centred at s with ¢ > 0 such that B(s,e) C S. The
closure cl(S) of S is the set of points s such that for any € > 0, B(s,€) NS # (). The boundary
0(8) of S is the set 9(S) := cl(S)\ int(S). There do exist non-empty convex sets S C R? that
have an empty interior. In order classify such sets, we need the notion of the dimension of a
set.

An affine combination of a set of points aq,...,a,, is of the form

m m
Z)\iai where Z)\i =1;
i=1 i=1

it is similar to convex combination, but without the non-negativity constraint on the coefficients.
The terminology of affine sets are similar to the terminology used for convex sets. A set is affine
if it is closed under affine combinations. The affine hull aff(.S) of a set of points S is the smallest
affine set containing S. Equivalently, the affine hull of S is the set of all affine combinations of
points of S.



Theorem 1.1.2. An affine set S in R? is a translation of a linear subspace.

Consider an affine set S = a + V where V is a linear subspace. Since 0 € V, we see that
a € §. The dimension of V= S5 — a is the the number of linearly independent points in S — a.
We can define a set of points ag, . .., ar to be affinely independent if the set {a; —ao, ...,ax—ao}
is linearly independent. Then the dimension dim(S) of the affine set .S is the dimension of V'
or equivalently, the maximum k such that there exists k + 1 affinely independent points in S.

We can now define the dimension of any convex set S to be the dimension of aff(S), or
equivalently, one less than the maximum number of affinely independent points in S. A set in
R? is full-dimensional if it has dimension d. In a collection of sets, a set is top-dimensional if
its dimension is largest among all the sets in that collection. Recalling the motivation of this
definition, if a set S C R? is not full-dimensional, then S° = (). However, suppose dim(S) =
k < d; we can identify aff(S) with R* and define the relative interior S° of S to be the interior
of S in aff(S), represented as points in R?.

s oo aws)| ——

Figure 1.3. The interior of a 2-dimensional open set S C R? is S. A line
segment in R? has an empty interior.

1.1.2 Polyhedra

We define an inner product (-,-) on R%; for two points a = (ay,...,aq) and b= (by,...,by) in
RY,
(a,b) = a1by + -+ - + agbg.

We define a hyperplane of R? to be a set of the form
H ={x:{(c,z) =b}.

If ¢ and b are integral, then H is a rational hyperplane and contains integer points. We can see
that H “splits” R into two sides. Let positive and negative closed half-spaces be

H" = {z:{(c,z) > b}
H™ :={x:{c,z) <b}

and open half-spaces to be similar to closed half-spaces, but with a strict inequality constraint.
A polyhedron P is the intersection of half-spaces; it is rational if all associated hyperplanes of
the half-spaces are rational. Since half-spaces are convex, polyhedra are convex. Note that the
intersection of half-spaces can correspond to the solution set of a system of linear inequalities
P = {x: Az <b}. By setting A = 0 and b = 0, R? is a polyhedron. The empty set is also a
polyhedron, by setting A =0 and b = —1.

Example 1.1.3. Consider the triangle below. It can be represented as a convex hull of points



(1,0), (1,1) and (2,0). Alternatively, it is the intersection of half-spaces
{z:((1,0),2) > 1}
{z:((0,1),2) = 0}
fo ((1,1),2) < 2},

It could also be expressed as the solution set of the system of inequalities {z : Az < b}, where

-1 0 -1
A= 0 —1) and b=
1 1 1

D
\(2,())
(1,0) \

Figure 1.4. A simplex expressed as an intersection of half-spaces can also be
expressed as a convex hull of its vertices.

If P is bounded, then P is a polytope. We say that a d-polyhedron or d-polytope is a d-
dimensional polyhedron or polytope. A polyhedron is unbounded if and only if it contains a
ray (or a line, but a line is just a union of two rays). We have the following two results to help
us see if a polyhedron is indeed a polytope.

Lemma 1.1.4. Let P = {x € R? : Az < b} be a non-empty polyhedron. P contains a ray if
and only if there exists an x # 0 such that Ax < 0.

Corollary 1.1.5. Let P = {x € R%: Az < b} be a non-empty polyhedron. P contains a line if
and only if Nullity(A) > 0.

The Minkowski sum of polyhedra is a polyhedron. If we have two polyhedra P; € R% and
Py € R% | then their direct product

P1 X Pg = {(pl,pg) S Rd1+d2 p1 € Pl,pQ c Pg}

is also a polyhedron.

1.1.3 Faces of Polyhedra

A hyperplane H or half-space H' (similarly with H ™) is said to cut a d-polyhedron P C R% is
on both sides of H. More formally, if H = {x : (u,z) = b}, then P is on both sides of H if

{z: (u,z) <b} NP and {z: (u,x) >b} NP



are both non-empty. If H does not cut P, then H™ N P is called a face of P; H~ N P is also
called a face of P. Note that faces are also polyhedra, since they are just an intersections of
half-spaces. Also, note that P itself and the empty set are always faces of P. These two faces
are called trivial faces. If H does not cut P but intersects P, and P C H', then H- NP is a
proper face of P. We denote F' < P to mean that F is a face of P. If HT N P is a proper face
F < P, then H™" is an inward half-space and H~ is an outward half-space. Note that proper
faces can also be defined as P N H, where H is a supporting hyperplane.

A supporting hyperplane of a face F' is a hyperplane H such that F = H- N P. A 0-
dimensional face (equivalently, an extreme point of P) is called a werter. A polytope can
actually be defined as the convex hull of its vertices. If all its vertices are lattice points (ie. if
its vertices have integer coordinates), then the polytope is a lattice polytope.

A (d — 1)-dimensional face is called a facet. If ' = H~ N P is a facet, then H is called the
facet hyperplane of F. Note that facet hyperplanes are unique for each facet, while supporting
hyperplanes for lower dimensional faces are not. Therefore, it is suitable to define the inward
normal of a facet to be the vector u such that u is the normal of the facet hyperplane pointing
into P, and the outward normal to be the normal pointing away from P. We will work primarily
with rational polyhedra. In this case, the facet normals could all be scaled to be integral, and so
we can assume that these normals are integral and primitive (ie. the greatest common divisor
of its entries is 1).

Theorem 1.1.6. Let P be a non-empty polyhedron. Then

e The intersection of two faces of a polyhedron is a face

The faces of a face F are exactly the faces of P that are contained in F

Every proper face of P is an intersection of a subset of its facets.

P can be expressed as the intersection its of inward facet half-spaces.

P contains a vertex if and only if P does not contain a line

A face of P is the solution set of the facet constraints of P, where a subset of these
constraints are tight.

1.1.4 Simplices

A simplex of dimension d (or a d-simplex) is the convex hull of d+1 affinely independent points.
Note that d + 1 points is the fewest number of points we need such that their convex hull is
d-dimensional. If a simplex contains no lattice points aside from its vertices, the simplex is
empty.

-,
-
-,

[ ] *——0

Figure 1.5. 0,1, 2 and 3-dimensional simplices.



The set of faces of a simplex S is exactly the collection of convex hulls of every subset of
vertices of S. Since vertices of S are affinely independent, the faces of a simplex are themselves
simplices. If the vertices of S are integral, the S lattice simplex. Let lattice simplex S have
vertices v1,...,v4+1. Then the volume Vol(S) of S is

Vol(S) = | det(V)|

where V' is a d x d matrix whose columns correspond to vi — vgy1,...,vq — vg+1. Note that we
have scaled our definition of volume by d! for convenience. Equivalently, if we append 1 onto
all the vertex vectors, we have
v ... Vd+1
det < 1. 1) ’ '

If Vol(S) = 1, then S is said to be unimodular. Unimodular simplices are empty. A family of
important unimodular simplices are the standard simplices. Let e; be the the standard basis
vector, where the it" entry of e; is 1, and zero elsewhere. The standard d-simplex is the convex
hull conv(ey, ..., eq,0).

Vol(S) =

For a lattice d-simplex S C R? with vertices vy, ...,v441, let S C R4 be the d-simplex
with vertices vy, ..., v}, where v; = (v;, 1). The parallelepiped generated by vertices of S’ is
the polytope

d+1
HS,:{Z/\ivi;Og/\igl,izl,...,d—kl}.
=1

The top-open parallelepiped Ilgr and bottom-open parallelepiped g generated by vertices of
S’ have the additional constraint that \; < 1 and 0 < \; respectively. If S is unimodular, then
the only lattice points in IIg are its vertices.

1.1.5 Cones

A ray emanating from v in the direction u is a set of points
R={v+7u:7>0},

where u,v € R? and v # 0. A cone is a polyhedron that can be represented as a union of
rays emanating from a point. If this point is unique, then it is the only vertex of the cone, and
we call the cone a pointed cone. Note that ) and R? are also cones. We often “cone over a
polyhedron” P, by which we mean constructing the cone that is the collection of rays from the
origin passing through points in P:

cone(P) :={rp:p€ P, 7 > 0}.

If P is a polytope with vertices vy, ..., v, then cone(P) can actually be expressed as the non-
negative span of its vertices:

cone(P) = spansq(vi, ..., vn).



P is a base of cone K if K can be expressed as cone(P); note that bases of K are not unique.
A cone has a base if and only if it has a vertex. For any pointed rational cone, there will always
be a base that is a lattice polytope.

Figure 1.6. Polytope P is the base of cone K.

The recession cone of a polyhedron P is a cone K such that for a p € P, the set of rays in
P emanating from p is equal to some translate of K. There exists a recession cone for every
polyhedron. Since a polytope contains no rays, the recession cone of any polytope is the origin.

Theorem 1.1.7. Let P C R% be a polyhedron without straight lines. Then P can be expressed
as the Minkowski sum of its recession cone and the convex hull of its vertices.

LIIIIIIIII I I 1110177077

Figure 1.7. A polyhedron and its recession cone. Figure inspired by [1].



Chapter 2

Polyhedral Subdivisions

A polyhedral complex € is a collection of polytopes (called cells of €) such that

(CP) If C € ¥ and F < C, then F € ¥. (Closure Property)

(IP) If C # C" are two cells in €, then C N C’ is a (potentially empty) face of both C' and C’.
(Intersection Property)

Given a polytope (or polyhedron) P, the a polytope (or polyhedral) subdivision .# is a polyhedral
complex that satisfies the additional condition

(UP) The union of all cells in . is P. (Union Property)

Additionally, if P has a vertex and if the vertices of each cell in .% is a vertex of P, then .7 is
said to be a subdivision with no new vertices. From properties of polyhedra, it is easy to verify
that for a lattice polytope P, the collection of all the faces of P is a subdivision of P with no
new vertices.

If every cell in .% is a simplex, then . is called a triangulation of P. If every cell of a
triangulation is a lattice simplex, then .7 is a lattice triangulation. Note that only polyhedra
with integral vertices have lattice triangulations. Since we are mainly interested in lattice tri-
angulations, let us take “triangulation” to really mean “lattice triangulation”. A triangulation
is mazximal if all of its cells are empty simplices. It is possible for some polytopes to have more
than one maximal triangulation; these maximal triangulations need not have the same number
of cells, as illustrated in Example 2.3.7.

(a) (b)

Figure 2.1. (a) does not describe a subdivision of a square, while (b) does.

10



Lemma 2.0.8. The only triangulation of an empty simplex S is the collection of all the faces

of S.

Proof. We assume S is full-dimensional; otherwise, we can just work in the affine subspace that
contains S. Let .¥ be the collection of faces of S. . is a subdivision of S. Since all faces of a
simplex are simplices, this subdivision is indeed a triangulation. If the vertices of S are its only
lattice points, then any vertex of a simplex in a triangulation of .S must also be a vertex of .S,
implying that the simplex is a face of S. By (UP), the face S < S must be in the triangulation.
By (IP), all faces of S must also be in the triangulation. Therefore, .7 is the only triangulation
of S. 0

A triangulation is unimodular if all of its simplices are unimodular. Since unimodular
simplices are empty, every unimodular triangulation is maximal. However, the converse is not
true as demonstrated in the following example. It is also possible for a polytope to have a
unimodular triangulation, but also to have another maximal non-unimodular triangulation, as
illustrated in Example 2.3.7.

Example 2.0.9. Consider a simplex S with vertices (0,0,0), (1,0,0), (0,0,1), and (a,b,1)
where 0 < a < b and a and b are coprime. This simplex is empty. Therefore, the only
triangulation of S is the collection of its faces. Since there is only one triangulation, this
triangulation is maximal. However, S has volume b, and b > 2, so S is not unimodular, and
the triangulation is not unimodular.

It is often useful to subdivide or triangulate P, but we need to know that triangulations do
exist for every P. A method of triangulating a polytope P is called a pushing triangulation.
This method starts with a simplex in P and iteratively introduces a new vertex to build a bigger
polytope. In order to outline the method, we need to introduce the concept of visibility.

2.1 Point Visibility
Let P C R be a d-polytope, and let v be a point that is not contained in the relative interior
of P. A point p € P is visible to v if the line segment

{M+1-=Np:0< A< 1}

intersects P at exactly p. A face F < P is visible to v if every point p € F' is visible to v. Note
that if v is in P, then no other point in P is visible to v.

Lemma 2.1.1. Facet F is visible to v if and only if the facet hyperplane separates v and P.

In other words, if u is the outward normal of F' and H = {x : (u,z) = b} is the facet
hyperplane of F', then F is visible to v if and only if (u,v) > b.

Proof. Let u be the outward normal of F'and H = {x : (u,z) = b} be the supporting hyperplane
of F. Suppose (u,v) < b. Let p # v be a point in the relative interior of F'. There exists a ball
B centred at p such that H~ N B is a closed half-ball in P, and the other open half-ball is not
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in P. Any line segment [v, p] must intersect B. Since p is on the hyperplane H, any point on
[v,p) is on the same side of H that v is on (if v € H, then [v,p] € H). Therefore, if (u,v) <b,
then the line segment [v, p] intersects P at p and other points, and so F' is not visible to v.

Now consider (u,v) > b. Note that for any point p in F, (u,p) = b. Then for 0 < A < 1 and
any p € F,

(Ao + (1= \)p) = Ay v) + (1 = \){u, p)
= AMu,v) + (1 —A)b
>N+ (1= MN)b
=b
with equality if and only if A = 0. Therefore, F' is visible to v. O

Let H be a hyperplane that does not cut through P, and let pr be the orthogonal projection
of points in P onto H. Then a face F' < P is visible to the hyperplane H if for every p € F, p
is visible to pr(p).

Lemma 2.1.2. Let P C R? be a d-polytope and suppose H = {x : (c,z) = b} is a hyperplane
such that P C H~. Then facet F' < P with outward normal u is visible to H if and only if
(c,u) > 0.

Proof. Consider a point p in facet F, with outward normal u. Then the projected point v :=
pr(p) can be expressed as p + 7c¢ for some 7 > 0. If 7 = 0, then v = p, and p is visible to v.
Now, if 7 > 0, then

(u,v) = (u,p + 7¢)
= (u,p) + 7{(u, c)
=b+ 7(u,c).

We see that (u,c) > 0 if and only if (u,v) > b, and since u is the outward normal of F, it is
equivalent to F' being visible to v; in particular, p is visible to v. O

¢

Where it is clear, we shall take “visible facet” to mean “facet visible to a point v”.

2.2 Pushing Triangulations

Now, we are ready to outline the construction of a pushing triangulation. We will prove our
claims after outlining the whole method. Let P have n vertices. Order the vertices of P such
that the first d + 1 vertices are affinely independent; by relabelling, and for ease of notation,

we can assume that the vertices are ordered and labelled as v_g,...,v,_q_1. Starting at the
zeroeth iteration, let .7 be the collection containing conv(v_g,...,vp) and all of its faces. At
the beginning of each iteration £ > 1, .7 is a triangulation of Py_1 := conv(v_g,...,v5_1).

Then for any (d — 1)-dimensional cell C' of 7 that is visible to vg, add conv(C,vy) and all its
faces to 7. We continue until P, = P.

12



5 3 (a) (b)

Figure 2.2. (a) is a unimodular triangulation of P; (b) is the pushing trian-
gulation of P, taking its vertices in the order listed. Note that (b) uses no
new vertices.

Lemma 2.2.1. By our construction, 7 is a triangulation with no new vertices.

Again, we need to verify the three triangulation conditions. Let us break the proof down
into several parts. We proceed by induction on n. Since P is full-dimensional, our base case is
n = d+ 1. Our algorithm terminates after the zeroeth iteration; .7 is a subdivision. Since P
is a simplex,  is a triangulation.

Taking the inductive step, .7 is the triangulation of Py_1 := conv(v_g,...,v,_1) that we
get at the beginning of the k' iteration.

Let F be the set of facets of P,_q visible to v;. We can define
T'lp={8:5€¢ 7' ,SCF}
to be the triangulation restricted to the facet F' € F.

Note that since .7/ does not use new vertices, neither do any of the 7’|p. Let Zs be the
collection of convex hulls of v with each (d — 1)-simplex of 7| for all visible faces F' € F.
We claim that

T =TT’

is a triangulation for Py := conv(v_g, ..., vg).

Lemma 2.2.2. .7 satisfies (CP).

Proof. Since 7' already satisfies the closure property by the induction hypothesis, we just have
to consider simplices in Zis. Suppose that S € s is a simplex of the form conv(C, vy), where
C € 7' is contained in a face visible to v;. Without loss of generality, let C be the convex hull
of v1,...,up. A face of S is of the form Cj := conv(v; : i € I) where I C{1,... .0, k}. If k &I,
then C; < C € 7" and (CP) holds. If k € I, then note that Cp g4y is a face of C', and therefore,
is a cell of .7, contained in a face visible to v;. By construction, C7 is then a cell in s and
therefore in 7. O

Lemma 2.2.3. 7 satisfies (IP).
Proof. Given 51,853 € 7, there are three cases:
1. Sl, SQ e 7’

13



2. 81,8 € Fis\ T’
3. 51 ¢ %is\gl and Sy € T’

1. The result is immediate from the induction hypothesis.

2. Let S7 = conv(Cq,v) and S2 = conv(Ca,vg), where Cy and Cs are cells of Z that are
contained in faces visible to vg. Then by convexity,

S1 NSy = conv(Cy,vg) Nconv(Ca, vg)
= conv((C1 N Ca), vg).

Since € and Cy are in .7’, induction hypothesis implies that C; N Cy is a face of both
C1 and Cs. Since both are simplices, C7 N Cy is the convex hull of the common vertices
of C7 and C5. Therefore, S; NSy is the convex hull of their common vertices, and hence
is a face of both S7 and Ss.

3. Let S1 = conv(Ch,vi), where C; € 7' is in a visible facet. Note that

S1NSy=5nN (SQ N Pk—l)
= (Sl N Pk—l) NSy
=C1NSs.

Since C7 and Ss are both in cells .7’, induction hypothesis implies that S; NS5 is a face
of both C7 and S>. Now, since C; is a face S1, S1 NSy is a face of 7. ]

Lemma 2.2.4. .7 satisfies (UP).

Proof. Any point in | Jo 5 C is in a simplex whose vertices are also the vertices of Pj. Therefore,
Uces C € P,. Now consider some p € P;. If p € P,_, induction hypothesis states that
P € Ueresr €' € Upes C, so suppose p € Pj_1. Since vy is a cell in .7, suppose also that
p # vi. Consider the line through v; and p. Because Py is convex, this line meets P,_1. Let
x € Py_1 be the first point we meet in P;_; when traveling on the line from v, towards Py_1.
The point z is on a facet of P;_; that is visible to v, and so p € S for some S € Zis. Therefore,
Uces C 2 P =

Lastly, note that we have used no new vertices, since each simplex is by construction a
convex hull of vertices of P.

2.3 Regular Subdivisions

Another useful type of polytope subdivision requires viewing the vertices of the polytope in a

higher dimension. Let P C R? be a d-polytope with vertex set V = {vy,...,v,}. We assign a

height function w : RY — Z,, and for each v € V, we denote the point v’ := (v,w(v)) € R4FL,
/

If we project the polytope P,, := conv(v],...,v)) back to the first d coordinates, we get P. In

ren
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other words, we identify R¢ with some hyperplane H,, = {z € R gy = m} and apply the
orthogonal projection pr,, : (1,...,24+1) — (21,...,24,m) on P, to get P.

If we set m := max{w(v) : v € V}, then P, is contained in the closed region bounded by
Hy={x: 2441 =0} and Hy,. A facet of P, is a lower facet if it is visible to Hy and an upper
facet if it is visible to H,,. Note that there may exist facets that are neither lower nor upper
facets.

Example 2.3.1. Consider the polytope P C R? with vertices

0 1 0 1 0
vy = 0 , V1 = 0 , V2 = 1 , V3 = 1 , Vg4 = 0
0 0 0 0 4
We can see that conv(vy,...,vs) is a facet of P with outward normal (0,0, —1). Assign a height
function and let P,, C R* be the polytope with vertices
0 1 0 1 0
’ 0 / 0 / 1 / 1 ’ 0
Vo = 0 , U1 = 0 , Uy = 0 y Ug = 0 y Uy = 4
0 1 1 1 0
Again, we can see that F’ = conv(vy, ..., vs) is a facet of P,, with outward normal (0,0, —1,0).

A normal of Hy is (0,0,0,—1). By Lemma 2.1.2, since ((0,0,0,—1),(0,0,—1,0)) = 0, F’ is
neither a lower or upper facet.

Lemma 2.3.2. Lower faces of P form a polyhedral complex.

Proof. The faces of P form a polyhedral complex, so the intersection property is preserved
when taking a subset of faces of P. To prove the closure property, we need to show that faces of
lower faces are lower faces. Let F' < P be a lower face. For every point p € F', let pr(p) be the
orthogonal projection of p onto Hy. By definition, the closed line segment [p, pr(p)] intersects
P at exactly p. Since any face of I’ < F is a subset of F', this property is preserved in F’ and
therefore, by definition of lower faces and visibility, F/ must be a lower face. O

We would like to project the lower faces of P onto Hy. Suppose there are two points p; and
p2 that are contained in lower faces such that pr(p;) = pr(p2). Then p; and ps are on the line
{pr(p1) +teqs1 : t € R. Equivalently, p1, p2 and pr(p;) are co-linear. Without loss of generality,
let [pr(p1),p1] be a closed line segment containing py. Since p; is visible to Hg, p; is the only
point in [pr(p1),pi1] that is also in P. Since ps is also in P, we must have p; = py. Therefore,
points in the lower faces are in 1 — 1 correspondence with the projection (onto Hy) of points in
the lower faces.

Lemma 2.3.3. Let F' be a lower face. A set of points M = {pi1,...,px} C F is affinely
independent if and only if pr(M) is affinely independent.

Proof. M is affinely dependent if and only if there exists a set of a;, such that
k
Z a;pi =0
i=1
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with Zle a; = 0 and not all a; are zero. Then

k
Z a; pr(p;) = pr (Z ozipi)

=1
= pr(O)

Therefore pr(M) is affinely dependent. Since there is a 1 — 1 correspondence with Hp and the
lower faces of P, the inverse of pr is well-defined. Tracing the above argument backwards would
prove the other direction of the statement. ]

In other words, the number of affinely independent points in lower faces are preserved in
the projection pr. Since the dimension of a polytope is equivalent to the number of affinely
independent points, we have the following corollary.

Corollary 2.3.4. A lower face F with dimension k projects (onto Hy) to a k-polytope.

Lemma 2.3.5. Let F be the collection of lower faces of P,,. Then the collection
{pr(F): FeF}

s a polytope subdivision of P.

Proof. Since F is a polyhedral complex, Corollary 2.3.4 implies that (CP) and (IP) are preserved
from F.

For a point p € P, the intersection of line p x R with P, is a closed line segment L := {(p, ) :
s <7 < t}; L could possibly contain just a point. To prove the union property, suppose for a
contradiction that no point in L is in a lower face of P,,. This will lead to the conclusion that
L is not a closed line segment.

Let us look at P as an intersection of facet half-spaces; P = {z : (u;,z) < b;}. Let Hiow
be the set of facet half-spaces associated with lower facets. In other words, the half-space
{z : {c,x) < b} is in Hjpy, if and only if c411 < 0. Since no point in L are on lower facets,
any point in L satisfies the half-space constraints of P,,, with strict inequality on constraints in
Hiow- Consider (p,s’) with s’ < s; note that (p,s’) € P,,. For any facet half-space not in Hy,
we have

(c,(p,s")) = cip1 + -+ + capa + Ca+15
<cpr+ -+ cgpd + cdrs

= (¢, (p,s))

<b
since cqr1 > 0. For any facet half-space in H;,,,, we have

<C’ (pa S/)> = C1p1 +- 4+ CdPd + Cd+15/
>cip1+ -+ Cgpd + car1S

= (¢ (p, 5))-
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Since the inner product is continuous, we can choose our s’ to be close enough to s such that

{c,(p,5)) < (e, (p,s)) <D

However this means that (p,s’) in is P,, and therefore in L, which leads to a contradiction. [J

Note that as long as P,, is on the same side of Hy, any translations of P, and H, preserve
whether a facet is upper, lower or neither. Let P/ be a polytope we obtain by reflecting P,
across Hy and translating it to be on the same side of Hy as P,. Then the lower and upper
faces of P,, correspond to the upper and lower faces (respectively) of P/. Therefore, upper faces
of P, also form a polytope subdivision. By a change of basis, we can extend this result for any
hyperplane.

Theorem 2.3.6. Let P C R? be a polytope, H be a hyperplane that does not cut P, and F be
the set of faces of P wvisible to H. Then the orthogonal projection of faces in F onto H form a
polytope subdivision of the orthogonal projection of P onto H.

Example 2.3.7. Let P be the 3-dimensional polytope with vertices

0 1 0 1 0
vi=10) ,v=10] ,9v3=10] ,04=12] ,v5=1(1
0 0 1 1 1
Consider the height function that results in the following lifted vertices:
0 1 0 1 0
0 0 0 2 1
Ui: 0 77)&: 0 ,Ué: 1 7Uﬁl: 1 ,Ué: 1
0 0 0 0 1

The upper and lower faces induce two different triangulations for P, as shown in Figure 2.3.
Note that these vertices are affinely independent, so the convex hull of any four of these vertices
is a simplex. Let A; be the simplex with vertices v} such that 1 < j < 5,7 # 4. Each projection
pr(A;) onto the hyperplane {z € R* : x4 = 0}, when viewed in R?, would be a cell in exactly
one of the two triangulations described above.

The simplex pr(As) has volume 2, while each of the other pr(4;) has volume 1. From
Example 2.0.9, we see that pr(As) cannot be subdivided into any more simplices. Since the
sum of the volumes of the cells in each triangulation of P must be equal, P has a maximal
triangulation containing cells pr(As) and pr(As), and another maximal triangulation containing
pr(Ap), pr(As) and pr(A4). Note that P admits a unimodular triangulation, yet also has
another maximal triangulation that is not unimodular.
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Chapter 3

Ehrhart Theory

Ehrhart theory is in some way the “skeleton” of this paper. The different ideas that we will
cover in the paper are connected together by Ehrhart theory, whether by finding applications in
Ehrhart theory, or using concepts for the proofs of this chapter, or inspired by Ehrhart theory.
In this chapter, we will see the development of Ehrhart’s Theorem, Stanley Non-negativity,
Ehrhart-Macdonald Reciprocity, and relationships between a polytope’s Ehrhart series and
triangulations.

3.1 Ehrhart’s Theorem

Given a lattice d-polytope P C R? we define the lattice point enumerator Lp : Zy — Z of P
to be
Lp(t) = [tPNZ4|.

In words, Lp(t) is the number of lattice points in the ¢-dilate of P. The Ehrhart series is the
generating function

Ehrp(z) := Y  Lp(t)z".

>0

Note that Lp(0) is equal to 0 if P = () and 1 otherwise. We will prove later in this section that
for lattice polytopes, the lattice point enumerator can actually be represented as polynomial in
t. Hence, Lp(t) is referred to as an Ehrhart polynomial.

Theorem 3.1.1 (Ehrhart’s Theorem). Let P be a lattice polytope in R%. Then Lp(t) is a
polynomial in t of degree d.

We take lifting P up one dimension to P’ to mean the following:

o Let v1,...,v, € R? be the vertices of P
e For i € [n], let v} := (v;,1) € RIH!

e Let P’ := conv{v],...,v}}.
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In words, we embed P in the hyperplane {x € RT!: 24,; = 1} and call it P’. Recall the since
P’ is a polytope, cone(P’) is the cone generated by the vertices of P/. We say that the point
(21,...,2qy1) € cone(P’) is at level or height x4.1 and denote it as level(x).

Lemma 3.1.2. Let P C R? be a lattice polytope. Fort € Z., the intersection of cone(P') with
the hyperplane H = {x € R¥ : x4,y =t} is (after identifying R? with H) tP, the t-dilate of
P.

Proof. The result is immediate for ¢ = 0. Let vy, ..., v, be the vertices of P, and define v} as
above. Fix at > 0 and let H = {x € R¥! : 24,1 = t}. Firstly, note that cone(P’) N H is
the set of points of cone(P’) at height t. Secondly, note that cone(P’) is a convex cone. Let
z € R be a point in cone(P’) at height ¢, and let y := 1z. The point y is in cone(P’) and is
at height 1; therefore, y € P’, which implies that 2 € tP’. Identifying R with H, we see that
x €tP. O

Figure 3.1. Height cross sections of a cone over a lifted 2-simplex.

We want to encode the information of lattice points in a set into a generating function. The
Hilbert series og(x) of a set S C R™ to be

os(z) :== Z zP

pe(Snzn)
where, given z = (z1,...,2,) and p = (p1,...,Pn),
p._ ,pP1_DP2 p
zP = 220 2k

Let us set S = cone(P’) C R¥*! and evaluate o5(z) at (1,...,1,z). Applying Lemma 3.1.2, we
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have

Ocone(P’) (Z) = Z zP

p’€(cone(P’)NZA+1)

:Z Z (21,5 24)P2l 44

t>0 pe(tPNZ)

Ucone(P’)( : Z Z Zt

t20 pe( thZd)

=2 2

t>0 pe(tPNZ)

:ZLptZ

>0
Therefore, we have the following result.

Lemma 3.1.3. Let P C R? be a lattice polytope, and let P' C R be the associated lifted
polytope. Then

Ehl‘p(z) = Ucone(P’)(lv ey 1, z)

We now represent cone(P’) using a technique we refer to as tiling.

Lemma 3.1.4. Let K C R™ be a closed pointed cone with vertex at the origin, generated by

linearly independent vectors vy,...,v, € Z", and Il be the top-open parallelepiped generated
by v1,...,vn. Then for any u € R™, every lattice point p in v+ K can be uniquely represented
as
p=x+ Z TiV;
i€[n]

where 7; € Zy and x is a lattice point in u + Ix.

Proof. Since the generators are linearly independent, each point p € u + K is uniquely repre-
sented as a non-negative linear combination of the generators, translated by w:

p=1u-+ Z V5.
i€[n]
Let | a;] be the largest integer such that || < a4, and {o;} := a; — |a;]. We say that | ;| and
{a;} are the integer part and fractional part of «;, respectively. By definition, 0 < {a;} < 1.
We then have
p=u-+ Z{ai}w + Z L |vs.
i€[n] i€[n]

Note that since |o;] € Z4 and p,v; € Z7,

x_u—l—Z{al}vz p— Zaz

i€[n] i€[n]
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is integral. Since 0 < {a;} < 1, z is a lattice point in u + IIx. To show uniqueness, suppose
that

Z{/Bz}vz + Z /Bz Uz =p—-—u= Z{az}vz + Z Laz

i€[n] i€[n] i€[n] 1€[n]
Z {51'}1)1 Z {@z}vz = Z az — U Z I_Bz (%
i€[n] i€[n] i€[n] i€[n]
> ({8} —{aihvi = > (lei] = [Bi])wi.
i€[n] i€[n]

Note that |a] — | 3] € Z, and that linear combinations of the generators are unique. Therefore,
{Bi} —{a;} = |eii] — | Bi] for all ¢ € [n]. In particular, this implies that {3;} —{a;} is an integer.
Since 0 < {f;},{a;} < 1, we must have

{Bi} —{ai} = [au] = [Bi] =0
Bi = |Bi] +{Bi} = i) +{i} = . O

Figure 3.2. Tiling of a 2-dimensional cone using a top-open parallelepiped.
The bottom-open parallelepiped would tile the interior of the cone. Figure
inspired by [5].

Using the same ideas as the above proof, the use of the bottom-open parallelepiped yields
a similar result.

Corollary 3.1.5. Let K C R” be a closed pointed cone with vertex at the origin, generated by

linearly independent vectors vy, . ..,vy, € Z™, and 1y be the bottom-open parallelepiped generated
by v1,...,0,. Then for any u € R™, every interior lattice point p in u + K can be uniquely
represented as
pP= + Z TiU;
i€[n]

where 7; € Zy and x is a lattice point in u + k.
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Lemma 3.1.6. For a pointed cone K C R™ generated by linearly independent vectors vy, ..., v, €
7",

o, (2)
(I1—2zv1)...(1—2zv)

O'K(Z) =

Proof. This proof simply follows from the definition of 0x(z) and Lemma 3.1.4:

ok (z) = Z zP

pe(KNZ™)

_ Z Z ZX TVt Anva

x€(TNZr) MEL

i€[n]
= > @M. D) D 2
A1>0 An>0 x€ll g
1 1 x
) s oe) :

x€ (g NZm)
We are now ready prove Ehrhart’s Theorem.

Proof of Ehrhart’s Theorem. First, note that Ly(t) = 0, and is a polynomial, so suppose P is
non-empty. Let .7 be a triangulation of P. Note that P can be expressed (via the inclusion-
exclusion principle) as the union and differences of simplices in 7. Then

Lp(t) = Y ~ils,(t)

S, €T

where ; € {—1,1}. Since the sum of polynomials is still a polynomial and the degree of the sum
is the maximum degree among the summands, it suffices to prove the theorem for simplices. Let
A C R? be a lattice simplex. Without loss of generality, we may assume A is full dimensional;
otherwise we can work in the affine hull of A. Let v1,...,v441 be the vertices of A, and let A’
be the associated lifted simplex.

Ehra(2) = 0cone(ary(1,-- -5 1, 2)
er(ﬁcone(A/)mZd+1) z*
(1—2zv1)... (1 —zvan)

z=(1,...,1,2)

Z _ Zlevel(x)
Xxe (Hcone(A’) nzd+1 )

(1—(1,...,0)vizl) . (1—(1,...,1)varzl)
h*(z)
(1 _Z)d+1

where h*(2) == > cm (annZAH) Zlevel®) - Recall that for all d + 1 generators v} = (v, 1) of

cone(A’), we have level(v)) = 1. Therefore, for any lattice point x in the top-open parallelepiped
Meone(ar), level(x) < d + 1, which implies that the degree of f(z) is at most d. Let h*(z) =
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ho 4+ hiz + - -- + hqz®. Note that the origin is the only lattice point in ﬁcone(A’) that is at level
zero, which implies that hg = 1.

d
(1 — z)d+1 Zhll_zdﬂ

>y (15)

=0  j>0

d .
= (Zhi<d+;_z>>zt.
>0 \i=0
In other words,

La(t) :h0<t2d> +h1<t+fl_ 1> +---+hd_1<t21> +hd(zz>’ (3.1)

and therefore, Lp(t) is a polynomial. It remains to show that Lp(t) has degree d.

Each (t“) for i =0,...,d is a polynomial of degree d with positive leading coefficient. Note
that the coefficients of h*(z) are non-negative; they count the number of lattice points at a
certain level of ﬁcone( an- In particular, note that hg > 0. Since there is at least one positive
coefficient in h*(2), [tY]LA(t) # 0; the degree of La(t) is dim(A) = d. The coefficient [t¢]Lp(t)
is then the sum of all the leading coefficients of La(t), indexing over all top dimensional cells
A € 7. All such leading terms are positive, and therefore, the degree of Lp(t) is dim(P) =
d. O

Example 3.1.7. Let A be the standard d-simplex with vertices eg, eq ..., eq, where eg = 0 and
let e := (e;,1) and A’ := conv(ep,...,e,;). There is only one lattice point in the associated
top-open parallelepiped IIa/, and that point is the origin. Therefore

20 1
Ehra(z) = (1—2)@ ~ (1 - 2)dH

La(t) = (“C;d)

3.2 Stanley’s Non-negativity Theorem

and

For a simplex, the coefficients of h*(z) are non-negative, since they are counting something.
Does this property hold when the polytope is not a simplex? Even though we may not be
counting something for the general polytope, the answer is still yes. The following result was
proved by Beck, Haase, and Sottile.

Theorem 3.2.1 (Stanley’s Non-negativity Theorem). Suppose P C R is an lattice d-polytope
with Ehrhart series

h*
Ehrp(z) = (1_,(2)21“

where h*(z) is a polynomial in z. Then the coefficients of h*(z) are non-negative.
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We defer the proof to the end of the section. If P is a lattice polytope, then P’ would also
have integer vertices, which implies that each facet-hyperplane H of cone(P’) is rational; they
can be expressed as

H={zecR: (c,z) =0}

for some ¢ € Z4*!. The boundary of cone(P’) would then contain lattice points. Triangulate
cone(P’) into simplicial cones K1, ..., Ky. We aim to “perturb” cone(P’) by a small amount,
say vector v € R? so that

1. Any lattice point is in at most one K; + v

2. The set of lattice points contained in v + cone(P’) is set of lattice points contained in
cone(P’).

For any ¢ € Z™\{0}, the hyperplane H = {z : {(c,z) = 0} is a linear subspace of dimension
n — 1, and therefore R"/H is a 1-dimensional subspace. We can use the line L. through the
origin and ¢ to represent R"/H.

Lemma 3.2.2. For any primitive integer vector ¢ € Z™\{0} the orthogonal projection of Z"
onto L. is equal to the lattice generated by W

Proof. Let x = (x1,...,x,) be a lattice point. The projection of = onto L. is
(2) (c,x) c R
pry (z) = c= 11+ -+ Ccrxg.
[lell> lell? "

Since z,c € Z", the expression cix1 + -+ 4+ ¢z, is an integer. Now we must prove that
c1x1 + - - - + cpT, attains every integer value. Without loss of generality, suppose ¢; and co are
coprime. Then there is an integer solution (Z1,Z2) to the Diophantine equation

c1T1 + coTo = 1.
Therefore, the projection of (kz1, kZ2,0,...,0) onto L. is ﬁc for any integer k, which com-
pletes our proof. O

By identifying L. with R, we can represent R"/H as R. We observe that

e v+ H is represented by (c,v)
e v+ HT is represented by ray {x € R: 2 > (c,v)}

e v+ H contains a lattice point if and only if (¢, v) is an integer

For a pointed cone K C R" with vertex at the origin, facet hyperplanes Hiy,..., H; and
primitive inward normals c1,...,c € Z", point v satisfies the perturbing vector condition for
Kif -1 < {(¢j,v) <Oforalli=1,... k.

Lemma 3.2.3. For any v that satisfies the perturbing vector condition for K, the set of lattice
points in v+ K is equal to the set of lattice points in K.
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Proof. Since K is the intersection of its facet half-spaces, it suffices to show that for each

., k, the set of lattice points in v + Hf is equal to the set of lattice points in H:r Let

us look at R™/H, treated as R.

i=1,..

Zy and RoNZ ={x €Z:x > [{c,v)]}. By our choice of

We view HT and v+ H' as therays Ry :=={z € R: 2 >0} and Ry :={zr € R: x > (c,v)}

respectively. We see that Ry NZ

v, we see that [(c,v)]

O]

RoNZ.

0. Therefore, R1 NZ =

<

Figure 3.3. Perturbing cone K. Any point in the interior of the red region

satisfies the perturbing vector condition.

K.

Proof of Stanley’s Non-negativity Theorem. Triangulate cone(P’) into simplicial cones K1, . .

., Ky. Pick a v € R? such that

Let NV be the set of normals of the facet hyperplanes of K7, ..

e (c,v) is not an integer for c € N’

e v satisfies the perturbing vector condition with respect to cone(P’)

There is such a perturbing vector v because there are only finitely many facet hyperplanes.
Since (c;,v) is not an integer, each v + H; does not contain any lattice points. There are no

Therefore, any

.,U—i-Kg.

lattice points in the facet hyperplanes of simplicial cones v + K7, ..
lattice point is in at most one K;. Applying Lemma 3.2.3

we see that

)

v+ K;)NZ9).

=[]«

cone(P) N Z% = (v + cone(P')) N Z¢

1

i

We then have

- 1,2)

Ocone(P’) (1> .-

h*(2)
(1 —z)d+l

5 1,2)

Oy+cone(P’) (17 .

m

= ZUU+Ki(17 .

L1, 2).

i=1

O]

.,1,2)is (1 — 2)™1, and their numerators count the

number of integer points in a parallelepiped, the coefficients of h*(z) are non-negative.

Since the denominator of each 0,4k, (1,..

26



3.3 Unimodular Triangulations and Ehrhart Polynomials

We now apply some of the tools we used in the previous section to see a relationship between a
triangulation of a polytope and its Ehrhart polynomial. We define the f-vector of a triangulation
T of a lattice d-polytope to be

() = (f-1(T), fo(T),..., fa(T))

where f_1(.7) = 1 and each other f;(.7) is the number of k-dimensional faces in the triangu-
lation. Where there is no ambiguity, we will use fi to denote fx(.7).

Lemma 3.3.1. If a lattice d-polytope P C R? has a unimodular triangulation T with f-vector
(ffla SRR fd)7 then

Lp(t) = Zdj <t B 1>fk

k=0

Proof. This proof uses similar steps to the proof of Ehrhart’s theorem. First we let .7 be a
unimodular triangulation of P. By noting that P is the disjoint union of all the relative interiors
of the cells of 7, we have

Lp(t)= Y Leo(t).

CceT
In light of this realization, let us take a k-dimensional unimodular simplex S € .7 and view it
in R¥. Let S have vertices vy, ...,vp11 € Z*. Consider the (k + 1)-dimensional cone of S’
Kg = cone(S’) = cone{v], ..., v 1}

where v, = (v;,1). Now, we consider the bottom-open parallelepiped IIg generated by the
vertices of S’. Recall that any lattice point p in the interior of Kg can be written as a unique
combination

k+1
i=1
where 7; € Z4 and x is a lattice point in IIg. Since level(v)) =1 for alli=1,...,k+ 1, we see

that

level(p) =11 + -+ - + Tj41 + level(z)
level(p) —level(x) = 71 + -+ - + 741 (3.3)

Fix a lattice point z € IIg, and t > level(x). We are interested in the number of points p of
the form in (3.2) such that level(p) = ¢. From (3.3), we see that this number is equal to the
number of un-ordered partitions of ¢ — level(x) of size at most k + 1, which is

<t - leveli(x) + k:) |

Therefore, we can express Lgo(t) as

Lso(t)= > (t B leve;(x) * k) = 26 <t B ZJF k) (3.4)

JIEHS
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where ¢; is the number of lattice points = € IIg such that level(z) = 4. Since S is unimodular,
0x+1 = 1 and for all other i, §; = 0. Thus, we have

Loo(t) = (t;).

_ ZLCo(t):zd:(t;1>fk. 0

CeT k=0

Going back to P, we have

Instead of determining Lp(t), let us try to to determine the Ehrhart series Ehrp(z) di-
rectly. We know that the (k + 1)-dimensional bottom-open parallelepiped associated with a
k-dimensional unimodular simplex contains only one lattice point, and that this lattice point
is at level k + 1. Therefore, the Ehrhart series of the interior of a k-dimensional unimodular
simplex is

Zk+1

Note that tiling with the bottom-open parallelepiped would omit the origin, or the zero dilation
of P. Taking into account the zero dilation of P, we have

EhI‘Ao =

d+1
Tt ey e

Ehl‘p(z) =1+ fol
e

=

where h*(z) is a polynomial in z. From the above expression, it may seem like the degree of
h*(z) may be d 4+ 1, but the proof of Ehrhart’s Theorem implies that the degree of h*(z) is in
fact at most d.. We encode the coefficients of h*(z) into the h*-vector of P:

(h’07 ey hd+1)

where hy = [2{]h*(2). Let us determine the h*-vector of P in terms of the entries of the f-vector
of a triangulation of P.

Theorem 3.3.2. Let P C R? be a lattice d-polytope. If P has h*-vector (hg, ..., hqi1) and a
unimodular triangulation with f-vector (f-1,..., fa), then

Z Je—1 <d . k) (1"
and

Je- 1—th<d+i_k>-
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Proof. The first result follows from looking at the coefficients of h*(z).

h*(z) = (1 — 2)%! Ehr(2)
d+1

Y fia(l - 2R
k=0
d+1
_ka L1 = Z)d1kk
d+1 d+1—k
d+1-k ikt

ka 1(“1"“)(—1)@—’“.

For the second result, let us define two polynomial functions

fz) = foz ozl o+ faiiz + fa
h(z) := hoz"™ + hiz? 4 - + haz + hat1.

First, we show that h(z) = f(z — 1) by comparing coefficients. For 0 < ¢ < d + 1,

d+1

=) = Y (e - )

d+1 d+1-k
_ d+1—k e p
[zd—i-l £]§ :fkfl 2 : ( i >(_1) Zd+1 k
k=0

=0
¢
— Z fe—1 <d —gi ; k) (1)
k=0
— hy
= [29T1n(2).

Now, we compute the coefficients of f(z) = h(z + 1):

fffl — [szrlfé]f(z)
— [Zd-i-l—é]h(z + 1)

d+1
[Zd-l—l—é] Z hk(z + 1)d+1—k
k=0
d+1 d+1-k
d+1—-Fk ;
d+1-¢ h d+1—k—i
w3 (M)

:zﬁ: (d+1—k>.
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Theorem 3.3.2 tells us that the f-vector of a unimodular triangulation (if one exists) of a
lattice polytope P is uniquely expressed in terms of the polytope’s h*-vector. Since h*(z) is
unique, all unimodular triangulations of P have the same f-vector. However, if P does not
admit a unimodular triangulation then this theorem might not be able to give us any f-vector
of any triangulation of P at all. Example 3.4.3 demonstrates what happens when we misuse
this theorem. We will see in section later that the f-vector gives appropriate information on
decompositions rather than triangulations.

3.4 Examples of Ehrhart Polynomials

Example 3.4.1. Let us revisit the Ehrhart series of a standard d-simplex A. Since A is already
a unimodular simplex, it has a unimodular triangulation: the collection of all faces of A. Let
the f-vector of A be (f-1, fo,..., fq). In this particular case, we know that

d+1
fi:(i+1>'

The Ehrhart series of A is then

d k+1 d k+1
z d+1 z
1+Zf’€ k+1:1+z< > E+1
— (1-—2) — E+1)(1-2)
(2
T (1= )l

By defining f(z) and h(z) as defined in (3.5) and (3.6), we have

f(z) = <d31>zd+1+ (dir1>zd+---+ <d;1)z+ CZZID
— (14 2)%H!
h(z) = f(z—1)

= 241

By the definition of h(z), we see that hg = 1 and hy =0 for £ = 1,...,d + 1, which agrees with

Example 3.1.7. For a more specific example, if A is 3-dimensional, then the Ehrhart series is
4z L 622 . 423 . 2

(1—-2) (1-2)2 (1Q-2)3 (1-2)%

1+

Notice that since the associated bottom-open parallelepiped of a unimodular simplex has
only one lattice point, if lattice polytope admits a unimodular triangulation, then it is very easy
to determine its Ehrhart series. However, using the f-vector method can quickly get tedious for
a polytope without a unimodular triangulation, since we would need to look at each specific face
of the triangulation to determine relative interior lattice points of its associated bottom-open
parallelepiped.
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Example 3.4.2. Let us look at a polytope that does not have a unimodular triangulation. Let
S be the simplex with vertices

0 1 0 a
v = 0 , V2 = 0 , U3 = 0 , Vg4 = b
0 0 1 1

with 0 < a < b, coprime. This simplex has volume b and is an empty simplex. Additionally,
any lattice 3-simplex with volume b could be mapped to S via a unimodular transformation.
Thus, the only triangulation of S is the collection of its faces. Since S has volume b, S does
not have a unimodular triangulation. Let us look at the faces of the triangulation in order of
dimension. Note that since S is an empty simplex, the vertices, edges and 2-dimensional faces
of S have no relative interior lattice points. In these dimensions, this implies that these faces
are unimodular. Therefore, their Ehrhart series are going to take on the form of the Ehrhart
series in Example 3.4.1. The resulting Ehrhart series would be

4z 62> 423 p(z) + 2%

EhI‘A(Z):l—l-(1_Z)+(1_Z)2+(1_Z)3 (1—2)4

for some polynomial p(z) of degree at most 3. We determine p(z) by looking at the interior
lattice points of the associated parallelepiped. In other words, we need to count the number of
integer points x = (1, z2, x3,z4) of the form

A1

_— o O O
_ o O =
_ =0 O
o= o
&

where 0 < A1, A9, A3, Ay < 1. We see that x2 = bAy must be integer, so let

k
)\425

for some integer 0 < k < b. Also, x3 = A3+ A4 must be integer, but we see that 0 < A3, \y < 1,
which implies that

0<A3+ <2
:>/\3—|-)\4:1.

Since

level(z) = x4
=AM+ A+ A3+ A\
=AM +A+1

must be an integer, we see that A\; + A2 must also be integer. Using the same argument that
0 < A1, A2 < 2, we see that
A+ A = 1.
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Therefore, the only interior lattice points of the parallelepiped are at level 2. Let us count how
many such lattice points there are. Again,

T1 = A9+ aXg
ak

:>\2+?

ak
{7

where {n} denotes the fractional part of n. However, since Ay < 1, we need {%} # 0, which
happens if and only if b { ak. Since a and b are coprime, for any 0 < k < b, we have b { ak.
Therefore, there are b — 1 such lattice points;

p(z) = (b—1)22

must be integer, and 0 < Ay < 1, so

Note that p(z) does not depend of a at alll Now suppose we force our idea and claim that
we can use Theorem 3.3.2 to determine the f-vector of some triangulation of P, even though
P does not admit a unimodular triangulation.

Example 3.4.3. Let us take the simplex A with vertices (0,0,0), (1,0,0), (0,0,1) and (a,b,1)
where 0 < a < b are coprime integers. We know that the Ehrhart series is
4z 622 423 (b—1)2+2*

EhrA(Z)Zl—i—(1_Z)+(1_Z)2+(1_z)3+ (1—2)4

Using partial fraction decomposition, the Ehrhart series can be written as

4z (b+5)22 (204 2)23 bz
(=2 (=22 T 1—2p "U=at

Ehra(z) =1+

Now, we suppose (by way of contradiction) that (1,4,b+ 5,2b+ 2,b) is the f-vector for a
triangulation for b > 2. This is obviously false, since there are 4 vertices in the triangulation,
which means that there should be at most (;") = 6 edges in the triangulation. With b > 2 our
supposed f-vector has at least 7 edges in its triangulation, which leads to a contradiction.

3.5 Ehrhart-Macdonald Reciprocity

We now explore the relationship between the number of lattice points in P and the number of
lattice points in the interior of P. More specifically, we see the development of the following
reciprocity theorem. We defer the proof of this theorem to the end of the section.

Theorem 3.5.1 (Ehrhart-Macdonald Reciprocity). Suppose P is a lattice d-poytope. Then the
evaluation of Lp at negative integers yields

Lp(—t) = (=1)Lps(1).
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Example 3.5.2. Recall that for a unimodular d-simplex A, we have La(t) = (d+t) and

d
Lpo(t) = (t;ll). Since
La(=t) = (d d_ t)

d—t)(d—t—1)...(—t+1)
¢!
JE—d)t—d+1)... (t—1)
fl

~(-1)

:(_1W<t;1>

= (-1)7Las (t),

we see that the reciprocity theorem holds for unimodular simplices.

Like the proof of Stanley’s non-negativity theorem, we would like to triangulate cone(P’)
into top-dimensional simpicial cones K7, ..., K, and translate cone(P’) by v € R? such that

1. Any lattice point is in at most one K;
2. The set of lattice points contained in v + cone(P’) is the set of lattice points contained in
cone(P").
We’ve already seen that any v satisfying the perturbing vector condition would suffice. We now

prove a counterpart of Lemma 3.2.3.

Lemma 3.5.3. Let K C R™ be a pointed cone with vertex at the origin. Then for any vector
v satisfying the perturbing vector condition, the set of lattice points in —v + K 1is the set of
interior lattice points in K.

Proof. Mimicking the proof of Lemma 3.2.3, we aim to show that the set of interior lattice
points in each inward facet half-space H7T is equal to the set of lattice points in —v + H™T.
Again, we consider R"/H and view H" and —v + H'T as rays Ry := {z € R : z > 0}
and Ry := {z € R : z > (c¢,—v)} respectively, where ¢ € Z" is the inward normal of H*.
The set of interior lattice points of Ry is Z~g. The set of lattice points in —v + H™ is and
RoNZ ={x €Z:xz > [{c,—v)]|}. Recalling that v satisfies the perturbing vector condition,
implying that 0 < (¢, —v) < 1 completes our proof. O

In summary, for such a v and cone K, we have the following:

1. K°NnzZ¢=(—v+K)nz?
2. 0(—v+ K)NZl=0foralli=1,....¢
3. 0 v+ K)NZ4 =P foralli=1,...,¢

4. KNZi=(w+ K)nzt.
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Now, we will need to prove a chain of results that will lead us to the proof of the Ehrhart-
Macdonald Reciprocity theorem.

Theorem 3.5.4. Suppose K is a (simplicial) cone generated by linearly independent integer
vectors wy, ..., Wy, and that I1° is the open parallelepiped

Ho 2:{)\1W1+"‘+)\nwn:O<)‘1’"'7)\n<1}'

Then for any v that satisfies the perturbing vector conditions with respect to K,
(a) —v+1II° = —(v +1I°) + wy + - - - + wy,

(b) 0 vix (11> () ok (21 2

21 Zn

1

(c) ok (z> = (—1)%0 o (z) (Stanley Reciprocity)

Proof. Using the fact that 0 < \; <1 = 0 <1 — \; <1, we have

—(+I°)fwi- - F+w, =—v—{Mwr+ - F Awp, : 0< Ny <1} +wp + -+ wy
=—v+{1=-Mwr+-+ 1= )w,: 0< \; <1}
=—v+{ w1+ -+ Nw, : 0 < \; <1}
= —v +1I1°

thus completing the proof of (a). And so,

w1 wq

O_pt110(2) = 0_(py110)(2)2" ... 2

=zW . . zW E z*

x€—(v+II°)NZd

=z . . zY E z =
x€(v+I1°)NZe
X
=z" . . . zW E <1>
Z
x€(v+11°)NZd

1
= Oy+4II° ( z .z
z

1
O—yp411° <Z) = Optrre(z)z 2

where we denote % = (%, cee, i) Since there are no lattice points on the boundary of —v+ K,

O',U+Ho(z)
(1—zwr)...(1—zwn)

o_pik(2) =
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Reciprocating z, we then have
o 1 _ o_ypi110(1/2)
RN\ z) T A —zw) (1 — 7w
Corte ()2 -z
o (1 -z wi)...(1 -z wa)

- Oy4II° (Z)
(Z—wl — 1) ce (z—wd — 1)
_ (_1)d oy110(2)

(1 —z91)- - (1 — z%a)
= (_1)d0v+K(z)

thus completing the proof of (b). Since none of the K;’s share lattice points, we have

NORm(C

()

I
|
=
\

e
+
=
S

thus completing the proof of (c). O

Now, we define the Ehrhart series for the relative interior of a rational polytope P to be

Ehrpo(z) == Y Lpo(t)z".

t>1
We have the analogue of Lemma 3.1.3:
EhI‘po (Z) = U(cone(P’))O(la ceey 1, Z).

Lemma 3.5.5. Suppose P is a lattice d-polytope. Then the evaluation of the rational function
Ehrp at% yields
1
Ehrp< ) = (—=1)*! Ehrps(2).

z

Proof. Let K := cone(P’). We have

1 1
EhI‘p <> = 0K <1, >
z z



Corollary 3.5.6. Let Ag be a unimodular k-simplex. Then

> La(—t)z' == La,(-t)

t<0 t>1

Proof. We make use of the result of Example 3.5.2 and see that

Y La(=02" =) La,(t) <i>t = Fhra, (i’)

<0 >0
ST Ly (—4)2 = S(—1)F Lag (£)2F = (—1)F Bhrac (2)
t>1 t>1
Applying Lemma 3.5.5 completes this proof. O

Proof of Ehrhart-Macdonald Reciprocity. We note that La, (t) for k£ > 0 forms a basis for poly-
nomials in ¢, so we can express Lp(t) as

d
Lp(t) =Y apLa,(t)
k=0

for some aj € R. Then we have

Z Lpo(t)z" = Ehrpo(2)

t>1
= (=1)*" Ehrp (1)

z

_ (_1)d+1 Z Lp(—t)zt

t<0

d
= (=D CapLa, (—1)2

t<0 k=1

d
= (=)™ ar Y La ()2
k=1

t<0
d

= (D™D Y ak ) La, ()2

k=1 t>1

d
= (1> opLa, (—t)7

t>1 k=1

= (=) Lp(-t)".

t>1

Comparing coefficients completes the proof. O
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Chapter 4

Polytope Algebra

The polytope algebra becomes our main interest, as it is the key to unlocking the way to
“express any polytope in terms of” unimodular simplices; we will see this in Chapter 5. In this
chapter, we introduce the lattice polytope algebra and show a specific way of decomposing of
a lattice polytope. A consequence of this algorithm is Brion’s Theorem, which we will use to
provide any alternate proof of Ehrhart’s Theorem.

4.1 Valuations

A wvaluation is a map that maps sets in a vector space to elements in an abelian group. Through-
out this section, let .% denote some collection of sets in R?. For example, .7 could be the set of
lines passing through the origin; or it could be the set of all balls centred at some fixed point,
including the ball with zero radius.

We say that . is intersectional if it is closed under intersection. In other words, . is
intersectional if, for any finite non-empty index set I,

AjesViel = (A€, (4.1)
el

In the above two examples, we see that the latter is intersectional, since for any two distinct
balls centred at the same point, one must contain the other. However, the former is not
intersectional, since the intersection of two elements in this family is the singleton {0}, not a
line.

A waluation is a function ¢ : . — G (where G is an abelian group) satisfying what we will
refer to as the “inclusion-exclusion relation”:

P(AUB) + (AN B) = ¢p(A) + ¢(B) (4.2)

whenever A, B, AUB, and ANB are in .. We take ¢({}) to be 0. If . is intersectional, then we
let U(.) denote the set of finite unions of elements in ., and U(.”) := {A\B: A,B € U(%)}.
Later on, we will see an example of a valuation on . extending to U(.¥) and U(.¥); but first,
we need to develop more tools.
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For a set A € .7, let [A] : R? — {0,1} be the indicator function of A, defined by
1 ifzeA
A ={y o sh (4.3

Note that [R%] = 1 and [)] = 0. Here are a few more properties of indicator functions:

Lemma 4.1.1. For A,Be .

(a) [A][B] = [AN B]

(b) [A] =1-1[4]
(¢c) [AUB]+[AN B] = [4] + [B]

Proof.

(a) [A][B] evaluated at x is [A](x) - [B](z).

[A](z) - [B](z) =1 <= [A](x) = 1= [B](z)
<~ x€AandzeB
<= z€(ANB)
<~ [ANB(zx)=1

(b) We perform a simple case analysis. If x € A, then z & A; 1 — [A](z) = 1—1 = 0, which is
what we wanted [A] (z) to be, in this case. If z ¢ S, then v € 4; 1 —[4](z) =1-0=1,
which is also what we wanted [m (x) to be, in this case.

(c) We use the fact that AUB = AN B.

[AUB]=1-[AUB]
=1-[ANB]
=1 [4) 3]
=1-(1-[A)(1-[B])
= [A] + [B] - [A]|B]
[AUB]+ [AN B] = [A] + [B] O

Note that part c) is an example of the inclusion-exclusion principle. We can generalize this
result to more than two sets.

Theorem 4.1.2 (Inclusion-Exclusion). Let Ay, ..., Ay, C R? be sets. Then

[AJ U UAp] =1—(1—[A1])...(1 - [An])

= > DEEN ) Ak

KC[m)] keK
K#0
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Proof. The second equality in the statement of the theorem is a result of expanding the product
before it. Now, to prove the first equality.

[AjU-UAp]=1—-[ AU UA, |
=1—-[4AiN-NAy]
=1-[A]...[An]
=1-(=[A])...(1=[An]) -

Now, let us define V() to be the free abelian group generated by the indicator functions
of elements of .. An element f € V() would be of the form

f= Z o [Aj]

where A; € . and «; € R, for which finitely many «; are non-zero. We can equip V(.¥) with
addition (for two elements », a;[A;] and ), B;[A;] € V(7))

>l +Zﬁj = > (i + B)AL (4.4)

multiplication

(Z o [M) Z BilAs] | = Z aiB[A[A5] =D aifBi[A; N Ay (4.5)

i?j

and scalar multiplication (for any ¢ € R)

c (Z a; [AJ) = Z cai[A]

Lemma 4.1.3. Let .7 be a non-empty collection of subsets of RE. Then V(%) is a commutative
algebra over R.

Proof. Note that V(.#) is a subset of .#(R% R), the set of functions from R? to R. Conve-
niently, .# (R% R) is a commutative algebra. Thus, showing that V(%) contains the additive
identity and is closed under addition and multiplication would suffice to prove that V() is a
commutative algebra.

We set the additive identity to be ), 0[A4;]. Consider (4.4); since finitely many «; and §;
are non-zero, finitely many «; + ; are non-zero. Therefore, we have closure under addition.
Next, consider (4.5); again, finitely many non-zero «; and [; implies finitely many non-zero
«; ;. Therefore, we have closure under multiplication. ]

Now, we will see an extension on a valuation on .. Let ¢ : . — V(.¥) be the function
that takes A € .7 to [A].

Lemma 4.1.4. ¢ is a valuation on ..
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Proof. To show that ¢ is a valuation, we need to prove that

1. V() is an abelian group

2. Whenever A, B,AU B, and AN B are in .¥, we get

P(AUB) + (AN B) = ¢(A) + ¢(B)

To prove part 1, observe by Lemma 4.1.3 that . is a commutative algebra, and therefore,
an abelian group.

To prove part 2, observe by Lemma 4.1.1c that for any A, B C R?,
[AUB]+ [AN B| = [A] + [B]

Therefore, if A,B,AU B, and AN B are in ., then part 2 must hold. O
Suppose that .7 is intersectional. For A; € .¥,i = 1,...,m, we can use inclusion-exclusion
to express [ U, A;] € V() as a finite linear combination of [(,¢ Ax]’s. Since . is inter-

sectional, these intersections are also in .. Therefore, we can try to extend ¢ to U() by
defining

K+[m] keK
= Z (—1)!KI-1 ﬂ Ay
K+[m] keK

U
i=1

Lemma 4.1.5. The extension ¢ : U(.*) = V() is a valuation.

Proof. We have already shown that V(%) is an abelian group. Suppose A and B are sets in
U(). We must show that

(A) +p(B) = p(AUB) + 9(AN B).

However, this follows immediately from our definition ¢p(A) = [A] and Lemma 4.1.1c. O

Finally, let us try to extend ¢ to U(.%). For, A, B € U(.), note that



Let A := U;c; Ai and B == ;¢
I and J, respectively. Note that

ANB= (UAZ) NB
i€l

il

Bj where A;, B; € ., for all i and j in finite index sets

:U A; N UBj

iel jed
= U (A; N B])
iel,jed
Since .7 is intersectional, AN B is also in U(.¥’). We try to extend ¢ to U(.) by defining (for
any A, B € U(Y))
p(A\B) :=¢(A) — (AN B)
Al —[AN B]

Lemma 4.1.6. The extension ¢ : U() — V(%) is a valuation.

Proof. The proof is almost identical to the proof of the previous lemma. We just need to change
A and B to be in U(.¥) instead of U(.¥). O

A pattern emerges from the similarities of the previous proofs. Given any set A C R, let
us set p(A) := [A]. Then for any A, B € R? we can use Lemma 4.1.1c to show

¢(A) + o(B) = [A] + [B]
—[AUB]+]ANB]
— (AU B) + ¢(AN B)

Now suppose we have a linear map ¢ from V() into an abelian group. In other words,
for any A, B € . and a, 8 € R,

p(a[A] + B[B]) = ap([A]) + Bo([B])- (4.6)
By defining p(A) := @([A]) we see that
o(4) + ¢(B) = o(14]) + #([B))
— #(4] + [B))
— G([AUB]+[AN B))
— G([AUB)) +3([AN B))
= p(AUB) + (AN B)

Therefore, for every linear map ¢ : V(.) — G (where G is an abelian group), ¢(A) := @([4)]
is a valuation on .. In light of this discovery, let us say that a valuation on V() is a linear
map from V() to an abelian group. For convenience of notation, given a valuation ¢ on
V (), let us denote @(P) to mean ¢([P]).
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4.2 Algebra of Polyhedra

We have seen that for a collection .7 of sets in R%, V(.#) is an algebra (if we choose to equip it
with addition, multiplication and scalar multiplication). If we take .7 to be the set of polyhedra,
then we define the algebra of polyhedra, denoted Z2(R%), to be V(.¥), equipped with addition
and scalar multiplication. In other words, the algebra of polyhedra is the real vector space
generated by indicator functions [P], where P C R? is a polyhedron. If instead, we take .7
to be the set of rational polyhedra, we would have the algebra of rational polyhedra, denoted
2(Q%). Similarly, let us denote K(RY) to be the algebra of compact convex sets in R,

Lemma 4.2.1. 2(Q%) is spanned by indicator functions [P] where P is a rational polyhedron
without straight lines.

Proof. We prove the lemma by showing that for any non-empty rational polyhedron @ =
{z € R?: Az < b}, [Q] can be expressed as a linear combination of [P]’s, where each P is a
rational polyhedron without straight lines. To do so, we use induction on the nullity of A. If
Nullity(A) = 0, then by Corollary 1.1.5, @ does not have straight lines, and we’re done. Taking
the inductive step, assume that Nullity(A4) > 0. Let z # 0 be in the null-space of A. Since A
is an integer matrix, we can assume without loss of generality that z is an integer vector. Let
P; and P be

Pr=Qn{z: (x,z) <0}
P,=Qn{z: (x,z) >0}.

P, and P, are rational polyhedra, since z is integer. Since () = P; U P», by inclusion-exclusion,
we have

Q] = [P1] + [P2] — [P1 N Py.

It remains to show that [Pi], [P2] and [P} N P»| can be expressed as linear combinations of indi-
cator functions of polytopes without straight lines. Note that the constraint matrices associated

to Pi, P, and P; N P, are
A

() (%) (=
z —Z —ZT

respectively. Since z is in the null-space of A, the nullities of the above three matrices are less
than Nullity(A). Applying the induction hypothesis completes the proof. O

4.2.1 FEuler Valuation

We would like to define a unique valuation y : £(R?) — R such that x(P) = 1 for every non-
empty polyhedron in RY. We call this valuation the Euler valuation. The following approach
to constructing the Euler valuation can be found in Barvinok [1].

Consider an element f = >, o;[P] in 2(RY). If x(f) exists, it must take on the value
D P 29 0. Since finitely many «; are non-zero, this sum has a finite value and so x(f) would
be well-defined. Therefore, if x(f) exists, then it is unique.

Before defining x for Z(R%), let us define the Euler valuation xx on elements f € IC(R?).
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Lemma 4.2.2. The Euler valuation i : K(R?) — R exists.

Proof. We use induction on d. For the base case, we consider d = 0. Elements in K(R?) will
be of the form «[0] for some « € R, so xx(«a[0]) = a. Now suppose d > 0.

For a 7 € R define
H ={zecR%:z5=r1}

to be the hyperplane at height 7. Let K(H;) be the algebra of compact convex sets in H.
By identifying H, with R?~! induction hypothesis tells us that there exists Euler valuation
Xr : K(H;) = R. For a function f =3, a;[4;] in K(R?), let

fri= Z CMZ[AZ N HT]

We claim that A;NH; is compact and convex. Indeed, since A; is compact (closed and bounded)
and convex, and H is closed, A; N H; is closed and bounded (compact) as well. Since A4; and
H. are both convex, A; N H; is convex as well. Therefore, f. € IC(H;), and x,(f;) is well

defined:
Xt (fT) = Z Q.

i A;NH-#D
Now let us compare the limit

lim XT*G(fT*E)'

e—0t

to x+(fr). Let A be a compact convex set. By convexity, for some sufficiently small ¢ > 0,
the value of x¢(f) will be constant for 7 — ¢ <t < 7.

Therefore, the value of lim,_,o+ Xr—e(fr—c) equals the value of x;(f;) on the half-open interval
[T — €, 7). Let us refer to the above result as the constant neighbourhood property. We perform
some case analysis. Let f = [A].

a) Suppose x-(fr) =1 (i.e. HrNA # 0) and lim,_,g+ Xr—e(fr—e) = 1. Then by the constant
neighbourhood property, x,_¢(fr_e) = 1, which implies that AN H,_ # (.

b) Suppose x-(fr) = 1 and lim,_,g+ Xr—(fr—e) = 0. Then, by the constant neighbourhood
property, x¢(ft) =0 (i.e. HtNA =) on [t —¢,7). By convexity, we have that HyNA = ()
for t < 7.

¢) Suppose x-(fr) = 0 (ie. HrNA ={). Since A in is closed, there is an open interval
(1 —€,7) such that for t € (1 —¢,7), we have AN Hy = (). Therefore,

li r—e(Jr—e) =0
Jim r—e(fr—c)

From these cases, we conclude that

(Al = tim ([l = g et =T (47)

0+ 0 otherwise
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a—e
A
b
b—e¢
Figure 4.1. We see that lim._,g+ Xa—e = Xa(fa) = 1, but 0 =

im0+ Xo—e(fo—e) # xu(fp) = 1. Figure inspired by [1]
Now we define (for f =), a;[A;])

vl = 3 () = tim ool

TER

By (4.7), A is compact (closed and bounded) and so for any non-empty A, mingec4 x4 exists
and is unique. Therefore, A # 0, xx([A]) = 1. Since min,cpxy does not exist, by (4.7),
xxc([0]) = 0. Also, since finitely many «; are non-zero, xi is well defined.

It remains to show linearity. Let f and g be two functions in (R?) and note

XIC(f + g) = Z (XT(fT + g’T‘) - 61_1351+ XT—e(fT—e + gT—E))

TER

= Z (X‘r(f‘r) + XT(gT) - El_i}(r)lJr XT*G(fT*ﬁ) - 51_1>H01+ XTE(gTE))

eRr

;)

(XT(fT) - El_i>1(1)1+ XT—e(fT—e) + XT(gT) - el_ifgn_~_ XT—E(gT—€)>

=

xk(f) + xx(9)

and (for ¢ € R)

XlC(cf) = Z XT(CfT) - el—i)I(lJ’l"" XT—E(ch—E)

TER
=Y ewr(f) —c lim x7—c(fr—)
= e—
=c (Z XT(f’T) - el_i>r(r)l+ XT—G(fT—€>>
TER
= cxr(f)
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Therefore, xx is the Euler valuation of IC(RY). O

Finally, we move on to the unbounded case of #(R?). Let B(r) be the ball of radius r,
centred at the origin. we define (for f € 2(R%))

x(f) = lim xx(f - [B(r)]). (4.8)

r—00

First, note that
X)) = lim xie([00 B(r)]) = Tim xc([0]) = 0.

If A0, then lim, ,o.(AN B(r)) # 0, so x([4]) = 1.
To check for linearity, we have (for f,g € 2(R%) and a,b € R)

X(af +bg) = lim xx((af +bg) - [B(r)])
= lim xic(af - [B(r)] +bg - [B(r)])
= lim axi(f - [B(r)]) + bxxc(g - [B(r)])
= a lim xic(f - [B(r)]) +b lim xic(g - [B(r)])
= ax(f) +bx(9)

Therefore, our definition of x is the Euler valuation of 22(R9).

)]
)]

4.2.2 Linear Transformations of Polyhedra

We can use the Euler valuation to prove the following nice result of linear transformations on
polyhedra, which we will prove at the end of the section.

Theorem 4.2.3. Let T : R™ — R™ be a linear transformation. Then there exists a linear
transformation T : Z(R") — P(R™) such that T ([P]) = [T (P)] for any polyhedron A C R™.

Lemma 4.2.4. Let pr : R? — R be the projection pr(z1,...,2q) = (21,...,24-1). If P C R?
is a polyhedron then pr(P) is a polyhedron in R,

Proof. Let P = {x : Az < b} for some matrix A € R"*¢ and vector b € R™. Let us look at the
last column of A and define

I() = {ZAleO}
I :={i: Ay >0}
I_:={i: Ay <0}

Denote a; to be the i row of A. A point 2 = (x1,...,24_1) is in pr(P) if and only if there
exists a number g such that

d-1
(a, (x,q)) = ajaq + Z aijry < b (4.9)
j=1
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foralli=1,...,n. If i € Iy, the term a;qq would disappear. If ¢ was an index in I, or I_, then
we could isolate ¢ to see its restrictions:

d—1
1
q< — | b; — Zaijafj for i € [_|_ (4.10)
aid sy
1 d—1
q>— | b — a;;x; | forie I_ 4.11
e |1 20 (4.11)

In order for g to exist, we see that if we take one index each from I and I_ the right side of
(4.10) must be equal or greater than the right side of (4.11). Therefore, the projection pr(P)
is a polyhedron in R4 with the following linear inequalities:

d—1
Zaijxj < bz‘ for all 7 € I()
j=1
1 d—1 1 d—1
— | b — ap;iti | < — | b; — a;;x; | for all pairsi e I, ke Il
O jz; JLj ag \ ; ij L

If Iy is empty, then there will be no inequalities of the first kind; a similar statement can be
said for I, U I_ as well. O

We have just seen that the projection of a polyhedron is a polyhedron. Now, let us generalize
this statement to invertible linear transformations.

Lemma 4.2.5. Let T : R™ — R" be an invertible linear transformation. Then for any polyhe-
dron P in R™, T(P) is also a polyhedron.

Proof. Let P = {x : Az < b} for some matrix A € R"™*™ and vector b € R™. By veiwing T as
a matrix in R™*" we see that T'(P) would be of the form

T(P)={T(x): Az < b}
= {y: AT 'y <}
={y: By <b}

for some matrix B := AT~! € R™*". The second line is possible since we said 7T is invertible.
Therefore, T'(P) is a polyhedron. O

Note that if T is injective, and not necessarily invertible, we could “force” T' to be invertible
by restricting the co-domain to T : R™ — Im(T'), and the above proof would still hold. Now,
we generalize once again to see that any linear transformation of a polyhedron is a polyhedron.

Theorem 4.2.6. Let P € R™ be a polyhedron and let T : R™ — R™ be a linear transformation.
Then T(P) is a polyhedron in R™.
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Proof. We have seen this property when 7' is invertible and one-to-one functions. Now suppose
T is not necessarily one-to-one. We define T : R — R™"™ to be the linear transformation

T(x) = (T(x), )
Note that ker(T') = {0}, which implies that 7' is one-to-one, and therefore, T'(P) is a polyhedron.
Now, we apply Lemma 4.2.4 m times to the last m coordinates to complete the proof. O
Tracing through the proof with integer matrix A, rational matrix T" and integer vector b,
we have the following.
Corollary 4.2.7. Given rational polyhedron P € R™ and linear transformation T : R" — R¢
with a rational matriz, the image T(P) is a rational polyhedron in RY.

With these results ready for use, we proceed to proving Theorem 4.2.3.

Proof of Theorem 4.2.3. We have seen that T'(P) is a polyhedron. Let us define a function
G:R" x R™ — R, where

1 ifT(z)=y
Gloy) = {0 if T(z) #y

For a function f =), a;[P;] € Z(R"), let f, be the function where
fy(@) : = G(x,y)f(x)
=Y wGIPI@)

= Z ;[P N T~ (y))(x)

where T~1(y) is the preimage of . For any number of elements z1,...,z, in T~ !(y), let
z= Zle Aiz; be an affine combination of such points (so Ay + -+ + Ay = 1). We have

k
T(z) = Z NT ()

k
=D iy
i=1
=y

T~(y) is the affine hull of points in T !(y), and therefore is an affine space. Since affine
spaces can be represented by a set of points satisfying a system of linear inequalities, T~ (y)
is in fact a polyhedron. Therefore, f?’/ () is a function in £ (R™). This implies that the Euler
valuation x for Z(R"™) acting on f; is well-defined. Keeping in mind that the 7" maps functions
to functions, let us write 7; to be the same as 7(f). We now define 7 to be

Ti(y) - = x(f,)

~Yu

il
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where I = {i : P,NT~(y) # 0}. However,

PNT Yy #0 < T(P)NT(T (y)) # 0
= T(P)n{y} #0
= yeT(h),

SO

T() =Y alT(P)

Since T'(F;) is a polyhedron in R™, T is well-defined. Let us show linearity of 7. Let a,b € R
and f =), ;P and g =), 3;P; be functions in Z2(R");

T(af +bg) =T (Z(G%‘ + bﬁi)@ﬂ)

= Z(aai +08;)[T(F;)]
el
=ad alT(P)]+b> BIT(P)]
icl il
= aT(f)+bT(g).

For some fixed i, set a = 1,b =0 and o; = 1 and oj = 0, V j # i. Then, the second line of the
above chain of equailities would yield 7[P] = [T'(P)] for any polyhedron in R". O

4.3 Euler Type Relations

The Euler valuation paves the way to a number of relations between polytopes and cells of its
subdivision. We have already made use of the following theorem in our proof of Lemma 3.3.1.

Theorem 4.3.1. If . is a subdivision of polytope P, then

[P1=>_[C°.

CLs

Proof. Suppose z is in the relative interior of two cells C; and Cy of .. Since z is the relative
interior of (', it cannot be in a proper face of C7; similarly, « cannot be in a proper face of
C5. However ("1 and Cs intersect, and so by definition of a subdivision, they must share a
face in common and that face contains x. The only face of C'; that contains z is C] itself, and
likewise with Cy. Therefore, C7 = C9; the relative interiors of cells of .¥ are disjoint. Since
P =cey C, for any point x € R,

[Pl(x) > ) [C°](x).
Ces

To complete the proof, it suffices to show that every x in P is in the relative interior of a cell
of /. Let x € P. Since P = [Jpc o C, there is at least one C' € . that contains x. Let C’ be

C = ﬂ C.

Ces
zeC
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By definition of a subdivision, C’ must be itself a cell of .. Moreover, we claim that z € C°;
otherwise, x would be in a proper face G of C’, which leads to a contradiction, since C’ would
then be defined as the intersection of G with some other faces of ., implying that C” is a face

of G. O

Consider the subdivision .# of polytope P. Let us restrict .# to the boundary and interior
of P:

Y|a(p):{C€yCea(P)}
SLpo 1 ={Ce./:C° € P°}
=\ op))-

Using the same idea as the above proof, we see that

)= Y ]

C€,5ﬂ|8<p>

Corollary 4.3.2. Let . be a polytope subdivision of P. Then

[Pl =[P -[o(P)]= ) [C) - > [Dl= ) [C°).

Ces Dey‘a(p) Ced|po

A closely related idea to the Euler valuation is the Euler characteristic, which we will define

K(P)i= 3 (~1)am),

F<P

as

Lemma 4.3.3. For any non-empty polytope P,

X(P?) = (1)t

Proof. By induction on dim(P), for the base case of dim(P) = 0, a point, we have

[P*] = [P]
X(P?) = x(P)
(-1)" =1

Taking the inductive step, fix a facet F. Then we have

xX(P°) = x(P) — x(0P)
= x(P) — x(F) — x(OP\F)
=1-1—x(0P\F)

= —X(OP\F)
- x| ¥ 1
C<dP\F



Consider the Schlegel diagram D(P, F). By [13] , we can view D(P, F') as a subdivision of F' or
as . |ap)\{F'}. Let us take . to be the subdivision of F' induced by D(P, F). Note that the
subdivision of faces of 9P\ F is isomorphic to .¥|po. Therefore,

Py =—x| 3 [

CES|po

= —x(£°)
_(_1)dim(F)

Then the Euler characteristic of a non-empty closed polytope P can be expressed as

X(P) = 3 (~1ym

FLP

=Y x(F°)

F<P

=X ZFO

F<P
= x(P)
—1.

Therefore, we have the following two results.
Corollary 4.3.4. For any closed polytope, x(P) = 1.

Corollary 4.3.5. For any polytope P, x(0P) = 1 — (—1)dm(P),

4.3.1 Vertex Figure

Now, we consider that a polyhedral subdivision can form a partial ordered set (a poset), ordered
by inclusion. Let R to a polytope. Let V be the vertex set of R and let v € V. There is a
hyperplane H that separates v from all other vertices of R; for example, we can start with a
supporting hyperplane of v and move the hyperplane into R by a small distance. The vertex
figure of R at v, denoted R\v is

R\v:=HNR.

Clearly, R\v is a polytope.

Lemma 4.3.6. The poset (ordered by inclusion) of faces of vertex figure R\v = H N R is
isomorphic to the poset (ordered by inclusion) of faces of R that contain v. k-dimensional faces
of R\v correspond to (k + 1)-dimensional faces of R that contain v.

Proof. Recall that a face of R is a convex hull of a particular subset of V. Since H separates v
from all other vertices, the faces of R that intersect H are the faces that contain v and at least
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one other vertex. Alternatively, R\v can be expressed as
Rw=HnN(H Nn---NnH
=(HNH)N---n(HNH)

where H{,..., H} are the facet half-spaces of facets containing v. Let F' < R be a face that
intersects H and let Hp = {x : (¢, z) < b} be a supporting hyperplane of F'. By definition, the
inequality (c,z) < b is tight on F' and strict on R\F. In particular, the inequality is tight on
F N H and strict on H N (R\F). Therefore, Hr N H is a supporting hyperplane of R\v and
F N H is a face of R\v.

We now know that faces of R that contain v correspond to the faces of R\v. By looking at
a face as the intersection of facet half-spaces, we see that inclusion is preserved. Noting that
edges of R that contain v pass through H at one point, and therefore correspond to vertices of
R\v, we can conclude that the k-dimensional faces of R\v correspond to (k + 1)-dimensional
faces of R containing v. Note that v would correspond to the empty face. O

4.3.2 Mobius function on Polytope Faces and Subdivisions

Given a poset S, the Mobius function u(Q, R) of S satisfies

1. Q=R u(Q,R) =1
3. Otherwise, u(Q,R) =0

An equivalent statement for condition (2) is

> wT,R)=0.

Q<T<R

Let P be a polytope. Consider the poset of faces of P ordered by inclusion. Let () be the empty
face; we define dim(()) = —1. For the rest of this section, we aim to prove the following theorem.

Theorem 4.3.7. For Q < R, 1(Q, R) = (—1)dim(F)—dim(@),

Proof. Let us proceed by induction on dim(Q). For the base case, we show that u(f, R) =
(—1)dm(FA)+1 We have two cases: R = () must satisfy condition (1) and R > () must satisfy
condition (2). If R = (), then

p(@ R) = p(0,0) = (1)~ =1

Now suppose R > (). We want to show that

Z (_1)dim(T)+1 —0.

P<T<R
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Re-writing the left hand side, we have

Z (_1)dim(T)+1:M(®’®)+ Z (_1)dim(T)+1

0<T<R 0<T<R
=1— Z (—1)dim(T)
P<T<R
=1-X(R)
=1-1
=0.

Now, take the inductive step and consider ) < @ < R and try to verify that u(Q,R) =
(—1)dim(R)=dim(@)  For @ = R, we see that

wQ. R) = u(R,R) = (1) =1,

which satisfies condition (1). Now suppose ) < @ < R. Consider the vertex figure R\v, where
v is a vertex of (). We have seen that the poset of faces of the polytope R\v is isomorphic to
the poset of faces of R that contain v and that the dimension of each corresponding face differ
by one. Let " and R’ be the corresponding faces in R\v. Then dim(Q’) = dim(Q) — 1 and
dim(R’) = dim(R) — 1. By induction hypothesis,

H(QaR) _ M(QlaR,) _ (_1)(dim(R)—1)—(dim(Q)—1) _ (_1)dim(R)—dim(Q).
Let us now consider a polytope subdivision . of P, and the poset of cells of ., ordered by
inclusion. Once again, we claim that for Q, R € ., u(Q, R) = (—1)dim(R)_dim(Q). For Q = R,

the result is immediate. For () < R a rearranging of terms of the second Mo6bius function
condition would give

wQ,R) =— > wT,R).

Q<T<R

However, the only cells T € . that contribute to u(Q, R) are the faces of R. Therefore, we
can omit all the other cells of . and compute p(Q, R) as if it were in the context of the face
poset of R (ordered by inclusion). Therefore, u(Q, R) = (—1)4m(B)~dim(@) O

4.3.3 More Euler-type Relations

Using Mobius functions, we are able to derive the following two results.

Theorem 4.3.8. For any polytope P,

[PO] _ Z (_1)dim(P)—dim(F) [F]
F<P
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Proof. If we take our poset to be the faces of P ordered by inclusion, we would have

Y (~ntm=dmIE] = Y 7 (F, P)[F]

F<P F<p
= Z u(F, P) Z [T°]
F<pP T<F
=> 11| > wFP)
T<P T<F<P

= [PJu(P.P)+ Y [T Y w(FP)

T<P T<F<P

= [P°](1) + ) [1°](0)

T<P
=[P =

Theorem 4.3.9. For any polyhedral subdivision of polytope P,

[P]: Z (_1)dim(P)fdim(C)[C]'
ceS|po

Proof. We proceed by induction on dim(P) = d. If d = 0, then P is a point p, and . = {p, 0}.
The result is then immediate. Taking the inductive step, we let d > 1 and pick a facet F' of P
and consider the Schlegel diagram D(P, F'). By [13], we can view D(P, F') as a subdivision of
F or as Z|5p)\{F'}. By the former interpretation, we can apply Theorem 4.3.1 to get

Z (_1)dim(F)—dim(C) [C] _ [FO]
CED(P,F)
Translating this result to the language of the latter interpretation, we have
Yo (F)ImImIn@e] = [a(P)\F].
CeSNopy)\{ I}

Let us now look at .’ := .|, the subdivision .% restricted to the cells contained in F. Note
that the intersection

(L lop)\{F}) N’
is the set of cells in the boundary of F', and so

Loy = S Nopy\{F U |pe.

By induction,
Z (_1)dim(F)—dim(C) [C] — [F]
Ced|po
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Recalling the interpretations of the Schlegel diagram, we have

S (C)EmP-dm@pe) = Y (—qydmP)-dm©)|g
CeSacp) CeSNopy)\{£'}
£y (cpdmP-dn©) o)
CES|po

Noting that dim(P) = dim(F’) + 1 yields

Y. (FNImOmEm@IC) = —[a(P)\F] - [F] = —[0(P)].
Ceacp)

Lastly, we conclude that

Z (_1)dim(P)—dim(C) [C] — Z (_1)dim(P)—dim(C) [C] o Z (_1)dim(P)—dim(C’) [C]
Ced|po Ces CeS|acp)
= [P - (-[o(P))
—[P]. O

4.4 Generating Functions and Convergence

As we will be dealing with generating functions and infinite sums, let us a look at some of the
generating functions and the issue of convergence. We denote Zi and R‘fr the non-negative
orthant of Z¢ and R¢ respectively. We start with the basic geometric series

1 — zntl
fln,z)= > 2F= o (4.12)
pELy
p<n
and recall the convergence
_ 1
nh_)n;o f(n,z) = Z P = T (4.13)
PELy
for z such that |z| < 1.
Now, let us take a look at
gln,z) =Y zP. (4.14)
pEZi
pi<n

Note that g(n,z) can be written as

/
E ahd E xP |. (4.15)
d—1
Pd€EL+ p'eLs
pi<n
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By factoring each index out recursively, we would get

Pd Pd—1 P2 Pl
E T g 20 - E 25 g 2] . (4.16)
PdEL4 Pd—1€ZL+ P2€Z4 p1E€Z4
pas<n Pd—1<n p2<n p1<n

Therefore, starting from the inner most summation, we factor summations out to get

Z Zhe Z 2] Z 282 Z 2. (4.17)

PdELy Pd—1€Z+ p2€Zy p1€Z4
pas<n Pd—1<n p2<n p1<n

For z € R? such that |z;| < 1, and taking n to infinity, we have

P _
nlggog n,z) Z z H 1_21. (4.18)

pezd

Now suppose we fix v € Z? and let U = {z € R?: |z¥| < 1}. Let

h(n,z) := Z zPV. (4.19)

PELy
p<n
Then by (4.13), we see that
pv _
nl;n;oh n,z) Z =Ty (4.20)
pELy

for every z € U. Additionally, we have the following lemma.

Lemma 4.4.1. The above convergence is absolute and uniform on compact subsets of U.

Proof. Since 0 < |zY| < 1, the absolute convergence follows from (4.13). Now, by (4.12), we see
that for any z € U

1 1 1—(zV)"*!
—h — _
1—2zv (n,2) ‘1—2" 1—2zv
(Zv)n+1
T

Taking n to infinity, we see that the difference goes to zero. Therefore, the convergence is
uniform on compact subsets of U. 0

Now, let us consider convergence on the tiling of a cone using half-open parallelepipeds.
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Lemma 4.4.2. Let K be the cone generated by linearly independent vectors vi,...,vq € Z¢
and I be the top-open parallelepiped generated by these vectors. If

U={zecR%:|z2vi|<1,i=1,...,d}, (4.21)

then for all z € U, the series

> 2P (4.22)

peKNZd

converges absolutely and uniformly on compact subsets of U to the rational function

d

fKz) = > 2~ Hlilzvz, (4.23)

xellnzd i=1

Proof. We have seen that every lattice point in R? can be uniquely represented as

d
x + Z TiV;
=1

where € II and 7; € Z,. By Lemma 4.4.1, for any z € U, we have absolute and uniform
convergence

g zP = E zX E Z IVt T VE

peEKNZd xellnz4 Vi, va€ZE
d
— X 1
= z 1 ot ]
J— z 7
x€Ilnzd i=1

Let us introduce the polar set S2 of S C R™ to be
S2 :={a:(a,s)<1VseSh

It is common to denote the polar to be S°, but we reserve S° to denote the relative interior of S
instead. Now suppose S is a non-empty convex cone, and that the polar cone S2 is non-empty.
For any a € S2, we have (a,s)y < 1. Since S is a convex cone, 75 is also in S for any 7 > 0, so

(a,7s) =7(a,s) < 1.

Therefore, for any convex cone S, we can tighten the constraint “(a,s) < 1”7 in the definition
of S2 to “(a,s) < 0.

Lemma 4.4.3. Let K C R? be a rational cone without straight lines and U C C? be the set
W= {eaﬂ'b ta€ (K2)° andbe Rd}
where et = (em1tibi eaatiba)  Then W is a non-empty open set where for every z € W

the series
>,
pEKNZA
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converges absolutely and uniformly on compact subsets of U to a rational function

n

- pi(z)
f(K,2) = ; (1 —z%ir)... (1 — z%ad)

where p;(z) are Laurent polynomials and w;; € Z% are integer vectors for i = 1,...,n and
j=1,....d.

Proof. Without loss of generality, assume that K # {0}. Since K is a rational cone, there exists
an integer polytope @ that is a base of K. Thus, we can triangulate K into rational simplicial
cones K;, i € I (where I is some index set). Using indicator functions and inclusion-exclusion,

(K] = vilKi

el

we see that

where v; € {—1,1}. Translating to the language of generating functions, we get

¥ oY X

peEKNZd iel pEK;NZ4
Note that for any a € K2 and p € K,
(et = feles)| < e = 1

with equality if and only if a is on the boundary of K*. Therefore, for any z € W, |z™| < 1.
By Lemma (4.4.2), the right hand side is a sum of rational functions with denominators (1 —z")
where u is a generator ray for some cone K;. By multiplying numerator and denominator by
some binomials (1 — z"), we can ensure that each denominator is the product of exactly d
binomials, which is the desired form.

To show that W is open, we need (K*)° to be open and full-dimensional. It is easy to
see that (K2)° = {a : {a,p) < 0V p € K} is open. To show that dim(K*) = d, suppose
dim(K?) < d. Then K* is contained in hyperplane, implying that (K“)% contains a straight
line. However, recalling that (K2)® = K, we have a contradiction. O

Now we generalize the result from rational cones to rational polyhedra.

Lemma 4.4.4. Let P C R? be a rational polyhedron without straight lines. Then there exists a
non-empty open set U C C¢ such that for all x € U the series

> X"
mePNZ4

converges absolutely and uniformly on compact subsets of U to a rational function f(P,x) of x.

Proof. Again, we lift P into P’ C R*! and let K = cone(P’). We apply Lemma (4.4.3) to see
that there exists a non-empty open set U’ such that for all y = (z, 2441) € U,

p _ p M
Y. YW= ) PEy

p'eKNzZit1 (p,n)EKNZI+1
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converges absolutely and uniformly on compact subsets of U’ to f(K, (z,z4+1)), a rational
function. Note that for any (z, zq11) € U' = (U')°,

or _ 90 Z szg—&—l

0z - 0z
dl P (puyeknzin

= Z zP + Z(Z + 1)z Z z®

(p,1)EKNZI+1 1>1 (p,t)EKNZA+HT

converges absolutely and uniformly on compact sets in U’ to a rational function. Since this
series keeps track of the number of lattice points in a certain set, and we know it converges to a
rational function, setting z441 to 0 will only decrease the number of points that we are keeping
track of. Therefore, setting z411 to 0 will not cause any convergence issues:

of Z zP = Z zP.

0z _
d+11z411=0 (p,1)eKNZi+1 pePNZd

Let U be the projection of U’; (z, z41+1) + z. Then for any z € U, the series
> 7
pEPNZd

converges absolutely and uniformly on compact subsets of U to the rational function

f(P>Z) = f(K7 (Z7Zd+1))

8Zd+ 1 Z441=0

Now, we get to a nice theorem tying together some notions of the Ehrhart series and the
algebra of polyhedra.

4.4.1 A special valuation

We would like to develop a valuation
F:2Q% = C(x1,...,24)

such that the following hold:

(F1) If P c R? is a rational polyhedron without straight lines, then F[P] = f(P,x) is the

rational function
f(Pz)= > 2P
peEPNZd

provided it converges absolutely.

(F2) For a function g € 2(Q%) and an integer vector u € Z%, let h*(z) = g(z — u) be the shift
of g. Then F(h) = z"F(g).

(F3) If P c R? is a rational polyhedron containing a straight line, then F[P] = 0; the rational
function is identically zero.
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Note that the series mentioned in (F1) is the Hilbert series of a polytope. For this reason,
we shall refer to the valuation F as the “Hilbert Valuation”. We already know how to define
F[P] for rational polyhedra P without straight lines. By Lemma 4.4.4, we see that there is a
non-empty open set U C C? such that Zpe przd 2P converges absolutely and uniformly to a
rational function f(P,z) on compact subsets of U. Let us define

F[P] := f(P,2) (4.24)

for rational polytopes P without straight lines. Recall that the algebra of rational polyhedra is
spanned by the indicator functions [P] where each P is a rational polyhedron without straight
lines (Lemma 4.2.1). Then, every function f € 2(Q?) can be written as

f=> alP]
i
where each P; does not contain straight lines. Let us define F(f) as

F(f) = Z o F[P].

Consider another function g = Y, ;[P;] in 2(Q%) and a,b € R. Let us verify that our definition
of F is a valuation; in other words, we need to verify linearity.

Flaf +bg) =Y (aci + bB:)F[P]

=a) oF[P]+b>_ BiFIP]
=aF(f)+bF(g).
We also need to prove that F is well-defined. For f,g € 22(Q%), we want
f=9 = F(f)=F(9).

Equivalently, by moving all terms to one side, we would like to prove

=1

=1

for rational polyhedra P; without straight lines and real numbers «;. Suppose > ; a;[P;] = 0.
We denote for some subset I C [n]
Pr = ﬂ P

el
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We fix some ¢ and use inclusion-exclusion to get

Un|= X im
j=1 ICn]
- - T4
P UR| =17 Y 0 p
=1 IIC;A[S]
[Pi] = Z (_1)|I|_1[Plu{i}]'
=

Taking lattice points, we have the following identity of power series:

Z zP = Z (—1)‘”*1 Z zP.

pEP;NZ4 Ilc#[g} PE Py NZA

We would like to use Lemma 4.4.4 to help us in this proof. We already know that for any non-
empty I, Py is a rational polyhedron without straight lines. However, we also need to make sure
that our one choice of open set U is good enough that all ZpGPIU{i}ﬁZd zP and ZpePimZd zP

would converge to rational functions. In the proof of Lemma 4.4.4, our choice of U comes from
the projection of (K*)° onto RY, where K is the cone over the lifted polytope P’ of P. Note
that

Propy € B,

and that this containment implies
pr((cone(Pj,)2)°) 2 pr((cone(P)~)°).

In light of the above result, we can use Lemma 4.4.4 on P; and the choice of U for P; (as
described in the lemma’s proof) is good enough that each Zpe przd 2P converges to a rational
function. Therefore,

f(Pz) =" (=D f(Prugy ). (4.25)
Igé[g]

Let I C {1,...,n} be a non-empty index set. We have

Z (673 [PZ] =0
[Pr] Z%[Pi] = [P1]0

Z ai[Progi] =0
=1

i=1  pePryg)
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where the left side of the last line is a formal power series. Again, since P; is a rational
polyhedron without straight lines and Py ;) C Py, there is a non-empty open set U such that
all Zpe przd ZP converge to a rational function. Therefore, for non-empty I C [n],

Z o f(Progiy,z) = 0. (4.26)
i=1

Combining (4.25) and (4.26) proves property (F1):

Zaif(Pi,Z) = Zoéi Z (_1)‘I|_1f(PIU{i}a z)
i=1

i=1 IC[n]
I#£0
= > (-pi (Z az‘f(qu{i},Z)>
IC[n] i=1
T#0
=Y ()"0
IC[n]
I#0
= 0.

It remains to prove properties (F2) and (F3).

Lemma 4.4.5. For a function g € 2(Q%) and an integer vector u € Z%, let h(z) = g(z — u)
be the shift of g. Then F(h) =z"F(g).

Proof. Suppose g = [P] for some rational polyhedron P without straight lines. Then
gz—u)=1 <<= z2—ueP < zcu+P.

Therefore, if g = ), o[ P;] where each P; is a rational polyhedron without straight lines, then
h =73, alu+ Pj]. Since u is and integer point, we have

Fib) = Y axFlu+ P}
= Zaif(u—i—Pi,Z)
= Zai Z zP

i pe(u+P;)NZd
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Lemma 4.4.6. If P C R? is a rational polyhedron containing a straight line, then F[P] = 0;
the rational function is identically zero.

Proof. Suppose rational polyhedron P = {z : Az < b} contains a straight line. By Corollary
1.1.5, Nullity(A) > 0; let u be in the null-space of A. Since

Alu+z) = Au+ Az = 0+ Az = Ax,

x € P if and only if u+ 2 € P. An immediate result from the forward and reverse implications
isthat PCu+ P and PO u+ P, sou+ P = P. Applying Lemma 4.4.5,

F[P| = Flu+ P] = z"F[P].

Since F[P] is a rational function and u # 0, F[P] must be identically zero. O

4.5 Brion’s Theorem

By exploring the structure of the algebra of polyhedra, we will develop a formula for the
valuation F and a polyhedron’s support cones.

4.5.1 Support Cones

Given a polyhedron P C R¢ and point v € P, the support cone of P at v is defined as

cone(P,U):{xGRd:Aa:—l—(l—)\)UEPforsomeO<)\<1}.

cone(P, ¢)
cone(P, b) °

cone(P, a)
Figure 4.2. A polyhedron P and its support cones at points a, b and c¢. Figure

inspired by [1].

Note that the vertex of the cone (if a vertex exists) is at v and not necessarily at the origin.
Another way of viewing cone(P,v) is as follows:

Lemma 4.5.1. The support cone of P at v is the cone generated by all the rays emanating
from v that intersect P.
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Proof. The condition “\x 4+ (1 — A)v € P for some 0 < A\ < 1”7 can be viewed as “the open line
segment L = [z, v] joining x and v intersects P.” We can then state that

x is in cone(P,v) if and only if L intersects P,

which is equivalent to saying L contains a line segment or a point that intersects P. Let p be a
point in L N P. By convexity the open line segment L’ joining v and p is contained in P. For
any 7 > 0, the open line segment joining v and 72 must contain part of L', which implies that
Tz € cone(P,v). O

If v is a vertex, then cone(P,v) is the cone generated by the rays emanating from v along
the edges of P that contain v. Alternatively, recall that a pointed cone generated by a set R
of rays can be expressed as the intersection of facet half-spaces, where each facet hyperplane is
the affine subspace containing linearly independent subsets of R.

Corollary 4.5.2. Suppose P C R? is a d-polyhedron. If P contains a vertex v, then cone(P,v)
is the intersection of facet half-spaces H™ of P such that v € H.

Under linear transformations, we have the following lemma.

Lemma 4.5.3. Let P C R" be a polyhedron and let T : R"* — R? be a linear transformation.

For anyv € P,
T (cone(P,v)) = cone(T(P),T(v))

Proof. Suppose z € cone(P,v). For some fixed 0 < A < 1, the point z := Az + (1 — A)v is in
P. Note that by definition of T'(P) and T'(cone(P,v)), T'(x) € T(P) and T(z) € T(cone(P,v)).
Since T is linear, we have
T(z)=TA\z+ (1 —Nv)
=\T(2)+ (1 - NT(v)

Therefore T'(z) € cone(T(P),T(v)), which implies that T'(cone(P,v)) C cone(T(P),T(v)).

Now suppose y € cone(T(P),T(v)), which implies for some fixed 0 < A < 1, the point
w=Ay+ (1—X)T(v) isin T(P). Let z € P be a point such that 7'(z) = w. By noting that
A # 0 and that T is linear, we have

w=Ay+ (1 —-XNT(v)

y= 1w = (1= NT)
y=5(T@) — (1= NT()

y=T(5 (e~ (1= Ap)

Let z = f(z — (1 — A)v) be the point such that T(z) = y. After rearranging, we see that
x = Az + (1 — Nwv. Since z € P, we have that z € cone(P,v), which means that y = T(z) =
T'(cone(P,v)). Therefore, T'(cone(P,v)) 2 cone(T(P),T(v)). O
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Lemma 4.5.4. Let P, P, C RY be polyhedra. For any vi € P1 and va € Ps,

cone(P; X Py, (v1,v2)) = cone(Py,v1) X cone(Pa,v2).

Proof. Let the P; and P, be defined by a set of linear inequalities (facet half-spaces) (¢;, z) < «;
and (d;,y) < f; for i € [m],j € [n]. Therefore, if (z,y) € P; X P», then (z,y) would need to
satisfy

((ciydj), (z,9)) < (ai, B;) ¥ i€m], jen] (4.27)

Therefore, Py X P, is contained in the polyhedron P, where P is defined by the set of linear
inequalities described in (4.27). However, for any (z,y) € P, x and y satisfies all inequalities
defining P; and P» respectively. Therefore, P is contained in P, X P». Therefore, we see that
P, x P, = P is a polyhedron.

To prove the identity for the support cones, consider a point (u1,uz) € R?4,

(u1,usz) € cone(P, (v1,v2))
<~ 3J0<A<1: Aug,u2)+ (1= X)(v1,v2) € P
<— (Aup + (1 = Mo, dug + (1 — N)wg) € P
< Aup + (1 = ANy € Py and Aug + (1 — N)vg € P
<= uy € cone(P;,v1) and ug € cone( Py, v2)
<= (u1,u2) € cone(Pp,v1) x cone(Pa,v2). O

4.5.2 Brion’s Theorem

Let Z5(Q™) denote the subspace generated by indicator functions of rational polyhedra in R"
that contain straight lines. Consider the lattice d-simplex

A:=conv(e:i=1,...,d+1) Cc RI

Let us define a few hyperplanes and half-spaces:
e H:={z:(l,z) =1} =aff(e; :i=1,...,d+ 1)
o H :={z: (e;,2) >0}
e H :=H'nNH

By identifying R? with H, H72+ can be thought of as a half-space in R?. Let H; and H; be
hyperplanes associated with H :r and H;L respectively. Note that

A=HNHfN---NHf,
=(HNH)N---N(HNH,,)

d+1

N
=1
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By noting that E is the only facet hyperplane that does not contain vertex e;, we can
apply Corollary 4.5.2 to see that

cone(A, ej) = ﬂ?f
i#j

Lemma 4.5.5. There exist rational polyhedra Q1,...,Qn C R% such that

a) each polyhedron Q) contains a straight line parallel to e; — e; for some pair 1 < i < j <
bory J

d+1;
(b) we have
d+1 N
[A] = Z[COHG(A7 ei)] + Z’Yk[@k] for some v, € {—1,1}.
=1 k=1

In particular, modulo Z(Q%), the indicator function of the standard simplex is the sum of
the indicator functions of the support cones at its vertices.

Proof. Let Pr:=) Hijr Using inclusion-exclusion, we have

el

d+1
RY = [OH*] = 3 (-pipy). (4.28)
i=1 Igl[igl]

Note that

o [ ={1,...,d+ 1} implies Py = A
o I ={1,...,d+ 1}\{i} implies P;r = cone(A, 1)

e [f there are two distinct ¢,j that are not in I, then P; contains a straight a line in the
direction of e; — e;.

To show the third point, suppose 1 and 2 are not in /. Then a point x in P; has the restrictions

Ef;“llacz =1and z; > 0,5 € I. Then we see that (a,1 —a,0,...,0) is in P; for any a € R.
Rearranging (4.28) completes the proof. O

ST [EIEEN
SNE NN

Figure 4.3. Viewing the above pictures as indicator functions, we can express
the standard 2-simplex in terms of the intersection of its facet half-spaces.
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Now we can generalize from simplices to polytopes by mapping each vertex of a simplex to
a distinct vertex of the polytope.

Lemma 4.5.6. Let P C RY be a polytope (resp. rational polytope) with vertices vi,...,v,.
Then we can write

[Pl=g+ Z[cone(P, v;)]

for some function g € Po(RY) (resp Po(Q?)).

Proof. Let A C R™ be the standard (n — 1)-dimensional simplex, and let 7 : R” — R% be a
linear transformation such that 7T'(e;) = v;. Then T(A) = P. By Theorem 4.2.3, there exists
a linear transformation 7 such that 7 ([A]) = [T'(A)]. Applying in combination with Lemma
4.5.5, we have

[P] =[T(A)]
=T([A])
" N
=7 (Z[cone(A, ei)] + Z’Yk[@k])
=1 k=1

n

N
T [cone(A, ;)] + Z’YkT([Qk])
k=1

@
I
—

I

N
[T(cone(A, e)] + > w[T(Qr)]
k=1

. N
= Z[cone(P, vi)] + Z’Yk [T(Qk)]
i=1 k=1

where each Q) is a (rational) polyhedron that contains a straight line. Since T is linear, T'(Qx)
is also a (rational) polyhedron. Linear functions map straight lines to straight lines, so each
T(Qy) has a straight line. O

Finally, we can generalize from polytopes to polyhedra.

Theorem 4.5.7. Let P C R? be a polyhedron (resp. rational polyhedron). Then

[Pl=g+ Z [cone(P,v)]

v vertezx of P

for some function g € Po(R?) (resp. P(Q?)) .

In other words, if we mod out indicator functions of polyhedra that contain straight lines,
then the indicator function of polyhedron P is sum of the indicator functions of the support
cones of P at its vertices.
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Proof. Let us prove the rational version. Suppose
P:={z:(¢,x)<Bii=1,...,n}

for ¢; € Z% and B; € Z. If P does not contain any vertices, then by Theorem 1.1.6, P is either
empty or contains a straight line. In either case, the result is immediate. Therefore, suppose
that P has a vertex set V. Since P does not contain straight lines, we can write P as

P=Q+K

where K is the recession cone of P and @ is the convex hull of the vertices of P. Since P
is rational, the vertices of P are rational, and therefore @) is a rational polytope and K is a
rational cone. Consider the rational polyhedron ) x K. By Lemma 4.5.6, there exist polyhedra
Qi, 1 € I containing straight lines and v € {—1, 1} such that

Q) = Y feone(Q, )] + 3 41Q]

veV el

Q@ x K] = "[cone(Q,v) x K]+ > ~[Qi x K]

veV el

= Z[cone(Q x K,v)] + Z’Y[Qz x K]

veV i€l

where o = (v,0). Let T : R? — RY be the linear transformation T'(x,y) = = + y. By Lemma
4.5.3, we get

[T(Q x K)) = > [T(cone(Q x K,0))] + Y %[T(Qi x K)]

veV el
[Q + K] = [econe(T(Q x K),T(®))] + ) _ %lQi + K]
veV i€l
[P] = Z[cone(Q + K,v)| + Z%’[Qi + K.
veV i€l

To complete the proof, note that QQ; + K is a rational polyhedron containing straight lines. [
Combining the above theorem with the Hilbert valuation, we get Brion’s Theorem.
Corollary 4.5.8 (Brion’s Theorem). For every rational polyhedron P C RY,

F[P] = Z Flcone(P,v)],

v vertex of P

where F : 2(Q%) — C(xy,...,1q) is Hilbert valuation.

4.5.3 Proving Ehrhart’s Theorem via Brion’s Theorem
We now see another way to prove Ehrhart’s Theorem. Let P C R? be a lattice d-polytope with
vertices vq, ..., v,. Also, let

K; = cone(P,v;) — v;
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be the support cone of P at v;, translated so that the vertex is the origin. Dilating coordinates
by a positive factor ¢ is a linear function; denoting this dilation as a linear transformation (as a
matrix) T, we can explicitly state that T' = ¢I, where I is the identity matrix. Since the vertex
of K; is the origin, K; is invariant under 7'; T'(K;) = K;. Recalling Lemma 4.5.3,
T(K;) = T(cone(P,v;) — v;)
K; = T(cone(P,v;)) — T'(v;)
= cone(T'(P), T (v;)) — T(v;)
= cone(tP, tv;) — tv;
cone(tP, tv;) = K; + tv;.

Applying Brion’s Theorem yields

> zP = FtP] (4.29)
pEtPNZI
=F Z [cone(tP, tv;)] (4.30)
1€[n]

= Z Flcone(tP, tv;)] (4.31)

i€[n]
= FIK; + tu;] (4.32)

i€[n]
_ Z 2" F[K;] (4.33)

i€[n]

tv
_ 'pi(2)

Z (g (4.34)

ZE[N]
where w;1,...,u;q are integer vectors and p;(z) is a Laurent polynomial on z = (z1,...,24).

Note that the indices for the summations in (4.33) and (4.34) may not be equal, since the
support cones K; may not be simplicial cones, and hence we would have to subdivide the K;
into simplicial cones. We would like z to approach (1,...,1). Choose a ¢ € R? such that
(c,uij) # 0 for all i and j. Now we set z = €™ for 7 € R?, and let 7 — 0. By doing this, we

have
Z zP = Z exp(7{c,p)).

pEtPNZ4 pEtPNZ4

Expanding this analytic function around 7 = 0, we see that the constant term is the number
of lattice points in tP. By performing the same substitution on each fraction of (4.34), we get

T(C,tv; (aTC d
€ { ) pl(e ) _ T—deT(c,tU, H

(1 _ €T<C,Ui1>) . (1 _ eT(c,uid>)

o] (4.35)
7=1

Note that each

1 — e{ewig)
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does not depend on ¢t and converges to the function

T 1

e

By recalling that p;(e7) is a Laurent polynomial, we have the following power series represen-
tation:

for some «;y € R. Also,
—d 7{(ctv;) _ _—d th <C7 Ui>£ £
T % =7 a7
£>0
Thus, the constant term of (4.35) is
d £
thca’m .
/) i,d—2-
=0

Comparing constant terms, we conclude that

d SR ofc U'>€
PNz => "3t 4 Cid1
i=1 £=0
is a polynomial in ¢ with degree at most d. Note that this proof approach provides an algorithm
for finding h}(z). Barvinok proved that there is an algorithm that can compute the Ehrhart
polynomial of a lattice polytope P in time polynomial in the size of P, formulated as a system
of linearly inequalities. We shall refer to this algorithm as Barvinok’s Algorithm.
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Chapter 5

Unimodular Decomposition of
Lattice Polytopes

As we have seen in Chapter 2, some polytopes do not admit unimodular triangulations. How-
ever, if we view polytopes as their indicator functions, we are allowed the freedom to “subtract
off” polytopes. A consequence is that polytopes can be decomposed with unimodular simplices.
In proving this consequence, we will detail an algorithm to unimodularly decompose polytopes.
We detail a number of applications that stem from this decomposition. Among them, we will
show a few nice results for valuations that are constant over integer translations and unimodular
maps of polytope. Among these results is a theorem of Betke and Kneser. The proof of the
Betke-Kneser theorem can be found in Gruber [8]. We will give a new streamlined proof of this
theorem and the theorem on the existence of unimodular decompositions.

5.1 Unimodular Decompositions

Let 2(Z%) be the algebra of lattice polytopes in RY. Let U be the sub-algebra of Z2(Z%)
generated by
[P] — [UP + u]

where v € Z%, U € GL4(Z), and P is a lattice polytope in R? A lattice polytope P has
a unimodular decomposition if [P] can be written as a linear combination of [Ag],...,[Ag4] in
P(Z4)JU. In other words, we can write [P] as a finite linear combination

m

[P] = Z ;i [U;S; + u;]

i=1

where a; € R, U; € GLy¢(Z), u; € Z¢, and each S; is some standard simplex. We will prove that
any lattice polytope has a unimodular decomposition.

Lemma 5.1.1. Let 0,v1,...,vq4 € Z% form a non-unimodular lattice d-simplex. There exists a
lattice point p contained in the parallelepiped generated by vy, ...,vq such that p is not a vertex
of the parallelepiped.
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Proof. Let V be the d x d matrix with v; as its i*® column. The parallelepiped generated by
V1y...,0q4 is

d
HV = {Z)\wlog)\zgl}

i=1

Since the vertices of Iy are 0,v1,...,vq, and Zle v, it suffices to prove that there is a
lattice point p contained in ITy/\{0}. Consider V. Since |det(V)| = Vol(S) > 1, we see that
|det(V1)| = MTl(V)\ is not an integer. Since integer matrices have integer determinants, V1
is not an integer matrix. Let w = (wy,...,wq) be some k™ column of V=1 such that w has a

non-integer entry.

V_lek =w
e, = Vw

=wiv1 + -+ + Wqvq

d
= Z(LwiJ + {w;})vi

Zl
e — |wr]vy — - — |wg|vg = Z{wz}vz

Let p := e, — |w1]vy — - -+ — |wq]vg. Since all v; are integer vectors, it is clear that p is a lattice
point. Also, since 0 < {w;} < 1, it is easy to see from the right side of the above equation that
p € IIy,. By our choice, w has a non-integer entry, so at least one {w;} is non-zero. Recalling
that vq,...,vq are vertices of a simplex, and therefore linearly independent, we see that p # 0
and so p is a lattice point in ITy/\{0}. O

Let S ¢ R% be a non-unimodular lattice d-simplex. We would like to find a lattice point p
such that
Vol(conv(F,p)) < Vol(5) (5.1)

for all facets F' < .S. We will refer to this condition as the decreasing volume condition for S.

We can translate S by u € Z% such that the origin is a vertex of the translated simplex. If
we can find a p that satisfies the decreasing volume condition for S + wu, then we know that
p —u would satisfy the decreasing volume condition for S. In other words, we are translating
S so that a vertex is at the origin, finding p and then translating p and S back.

Therefore we can assume without loss of generality that S has vertices v1,...,vq and vg = 0.
Let V be the d x d matrix with v; as its i*! column. We denote facet F; as conv(v; : j # i).
The volume of conv(F;, z) can be written as

Vol(conv(F;, x)) = h; Vol(F})

where h; is the “height” of x from Fj, or the lattice distance x is away from F;. In other words,
h; is the lattice length of  viewed in Z%/(aff(F;) N Z471).
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We want
Vol(conv(F;,p)) < Vol(S) = Vol(conv(F;,v;))
hy VOl(F;) < hy, Vol(F)
hy < hy,

for all i. We see that p cannot be past a certain distance (h,,) away from either side of
hyperplane F;. Note that if p € (aff(F;) + (z — v;)) for any arbitrary z € aff(F;), then h; = hy,

Figure 5.1. For any point p in between the dashed lines, we have Vol(S) >
Vol(conv(F,p)), with equality if and only if p is on one of the dashed lines.

For i € [d], since 0 € aff(F;), we take z = 0 to get
p€ Q:={x:xcaff(F)+ \v;: =1 < \; < 1}. (5.2)
Since 0 € aff(F;) for i € [d], we can actually see that
aff(F) = span{v; : j # i}

d
= Z)\j@j A
j=1

d
Q;, = Z)\j@j:—1<)\i<1
j=1
Therefore, intersecting for all i € [d], we have

d
ﬂ {Z)\’UZ. 1<>\¢<1}.
=1

=1

Also, note that v; € aff(Fp) for any i € [d], so we can take z = Zle a;v; where Z?Zl a; =1
(and recalling that vg = 0) to get

p € Qo :={aff(Fy) + Moz : —1 < Ao < 1}. (5.3)

Any point in g can be written as

d d d
Aoz + Z Bivi = Ao (Z Oéivi) + Z/Bivi
i—1 ; i1

d
Z AOO[Z + ﬁz
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such that Ele Bi = Zle a; =1 and —1 < \¢g < 1. By noting that
d

d d
Z()\ooéi +Bi) = Ao Z o + Z B
i=1 i=1

=1
=X +1,

we can write any point in 0y as Z?:1 ~;v;, where 0 < Z?:1 ~v; < 2, and so

d d
Qo = {Z%vi:()< Z’W < 2}
i=1 i=1
Intersecting all the €;’s, we have
d d d
(= {ZAM Pl A <1,0< Y A< 2} = Q.
i=0 i=1 i=1

By Lemma 5.1.1, there is a non-zero lattice point p = Zgzl Av; where 0 < A; < 1 in the
top-open parallelepiped IIy. Since p # 0, we have 0 < Zle Ai. Without loss of generality, let

A, ..., A be non-zero and Ay = -+ = A\g = 0 (if any). Let
d k
me= Y il = 1) Nl
i=1 =1

and note that k = Z?Zl 1> Zle Xi > m. If m < 2, then p € Qy, and therefore satisfies the
decreasing volume condition. If m > 2, then we redefine

)\1—>)\1—1

)\m,1 — )\m,1 — 1.
Notice that these redefined values interpret to a translation of p:
P=rp—U1— = Upe,

which is obviously still a lattice point. Finally, with these redefined values of \;, we have

d

D Nif=m—(m-1)=1.

i=1

Theorem 5.1.2. If lattice simplex S is not unimodular, then there exists a lattice point p such
that
Vol(conv(F,p)) < Vol(S5)

for all facets F < S.

Theorem 5.1.3. Any lattice polytope has a unimodular decomposition.
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Proof. Since every polytope admits a triangulation, we can write [P] as a finite linear combi-
nation of simplices [S]. Therefore, it suffices to prove the theorem for simplices. We proceed
by induction on d and on the volume of the simplex. Let S be a lattice simplex with vertices
U1,...,0q41 and facets F; = conv(v; : j # i). If Vol(S) = 1, then S is unimodular already,
and so there is a unimodular map U that maps S to Ay, which implies that [S] = [U~1A,]. If
d =1, then S is a closed line segment [a, b] where a < b are integers. Noting that A; is the line
segment [0, 1], we have [S] = Z;’;; [Aq +1].

Taking the inductive step, consider d > 1 and Vol(S) > 1. We choose a lattice point
p be such that Vol(conv(F;,p)) < Vol(S) for all i. We then assign a height function w :

{v1,...,044+1,p} — Z such that
1 ifz=p
w(x) = {0

o.w.

Let R be the convex hull of the v;’s and p, and let R’ be the convex hull of the (v;,0)’s and (p, 1).
By defining pr : R4 — R9 to be the projection (1, ...,zq41) = (o1,...,2q) back to the first
d coordinates, we see that pr(R’) = R. Note that Fy := conv{(v1,0),..., (v4+1,0)} is a lower
facet of R’ and that pr(Fp) = S. For every other facet F' of R', we have pr(F) = conv(F;, p) for
some i. The upper and lower faces of R’ induce two triangulations of R. By inclusion-exclusion,
we can write [pr(R’)] as

[pr(£o)] + > [pr(F)] + A = > [pr(F)] + B (5.4)
F lower facet of R/ F upper facet of R’
F#£F,

where A and B are finite linear combinations of [pr(f)]’s and each f is a lower dimensional (less
than d) face of R’. By induction hypothesis, A and B can be written as finite linear combinations
of [UA +u]’s, where U € GL4(Z), u € Z% and A is a standard simplex. Our choice of p is such
that Vol(pr(F)) < Vol(S) for all facets F' # Fy of R'. By induction hypothesis, each pr(F’) can
be written as a finite linear combination of [UA 4 u]’s, where U € GLg(Z), u € Z% and A is a
standard simplex. Isolating [pr(Fp)] = [S] in (5.4) completes our proof. O

5.2 3-Dimensional Example of Unimodular Decomposition

Let us illustrate the above theorem on the simplex A C R3, with vertices vg = (0,0,0),v; =
(1,0,0),v2 = (0,0,1) and v3 = (1,2,1). Since A has a volume of 2, this decomposition is not
trivial. We define the matrix V with columns comprised of the non-zero vectors of A:

1
V=10
0

= o O
— N

To find a non-zero lattice point in the top-open parallelepiped IIy, we invert V to get

[N NNl
O = O

1
vi=10
0
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Focusing on the second column of V!, we have

1 -1 0\ /0 -3
0 -2 1|(1]=1(-2
o Lo \o !
2 2
0 10 1\ /-3
1]=(00 2||—3
1
0 011 3
10 1\ /[-1+3
=(0 0 2||-1+3
1
011 3
10 1\ /3 10 1\ /-1
=100 2)[5]+{0 0 2]|-1
01 1) \3 011 0
10 1\ /3 -1
=00 25|+ O
1
01 1) \3 ~1
1 10 1\ /3
1]=100 2|13
1 01 1) \3

and so (1,1,1) =: p is a non-zero lattice point in IIy,. For each facet F; of A, we want Vol(A) >
Vol(conv(F;, p)). This happens if p = 32> | A\ju; such that —1 < \; < 1and 0 < 320 | \; < 2.
Note that (1,1,1) = %vl + %’Ug + %Ug, so p satisfies the decreasing volume condition. Indeed,
one can check that the volumes of Vol(conv(F;, p)) are all 1.

Let R := conv(A,p). Assigning heights ¢(v) = 0 for all vertices of A and ¢(p) = 1, the lower
facets of this lifted configuration correspond to A and conv(vy,ve,vs, p), and the upper facets
correspond to conv(0, ve, vs, p), conv(vy,0,v3,p) and conv(vy,ve,0,p). By inclusion-exclusion,
the triangulation of R using lower faces is

[R] = [A] + [conv(vy, va,v3,p)] — [conv(vy, va, v3)] (5.5)
and the triangulation of R using upper faces is

[R] = [conv(0,ve, v3,p)] + [conv(vi, 0, vs, p)] + [conv(vi, ve, 0, p)]
— [conv(vs, p, 0)] — [conv (v, p,0)] — [conv(v1, p, 0)]
+ [conv(p, 0)]. (5.6)
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Figure 5.2. Two triangulations of conv(vg, v1, ve, vs, p).

We have already claimed that some of the above simplices are unimodular. Instead of
explicitly checking the volumes of each simplex, we will verify their unimodularity by rep-
resenting them as a unimodular transformation of a unimodular simplex, up to translation.
We define three different dimensional simplices A; = conv(0,e1), Ay = conv(0,e1,e2) and
As = conv(0, e1, e, e3). Note that they are all unimodular. Finally, we will represent each of
the above simplices as a translation of a unimodular map of one of the Aq, Ag, Ag. We use
the fact that for any linear map U, vertices of a polytope P get mapped to vertices of UP.
Therefore, it suffices to check that the vertices of A, Ag and A3 get mapped (up to translation)
to the simplices that they are to represent.

-1 0 0 1
conv (v, v2,v3,p) = 0 2 1|]A3+[0] =5
1 1 1 0
-1 0 O 1
conv(vy, v9,v3) = 0 2 1|Ay+ 0] =59
1 1 1 0
0 1 1
conv(0,v9,v3,p) = |0 2 1| Asz=:S3
1 11
1 11
conv(vy,0,v3,p) = |0 2 1] Az3=:95,
0 1 1
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1 01

conv(vy,v2,0,p) = |0 0 1] A3=:55
0 1 1
1 1 0

conv(vy,p,0) =0 1 0| Ay =:S5s
0 1 1
01 1

conv(ve,p,0)= [0 1 0] Ay=:5
1 1 0
1 11

conv(vs,p,0)= |2 1 0| Ay =:Ss
1 1 0
1 1 0

conv(p,0)= |1 0 1] A;=:95
100

Therefore, by equating (5.5) with (5.6) and isolating [A], we have

[A] = —[S1] + [Sa] + [S3] + [Sa] + [S5] — [Se] — [S7] — [Ss] + [S9].

5.2.1 Runtime of Unimodular Decomposition

Note that the above method of unimodular decomposition recurses on the volume of each
simplex conv(F,p). The algorithm above for finding a point suitable p is in fact not very
efficient. Let us illustrate the run-time on the simplex A C R3, with vertices vg = (0,0,0),v; =
(1,0,0),v2 = (0,0,1) and v3 = (a,b,1), where 0 < a < b and a and b are co-prime. As before,
we define

1 0 a
V=10 0 b
01 1
Again, we invert V to get
1 —a/b 0
vi=10 —1/b 1
0 1/b 0

Focusing on the second column, we would always end up with

1 1 0 a (b—a)/b
=0 0 b (b—1)/b
1 01 1 1/b

and so (1,1,1) =: p is always the point that we would compute. The simplices conv(F,p) for
each facet F' < S would then have volumes b — 1, and two simplices of volume b — a. We now
recurse on the three non-unimodular simplices.

Pick one of the three simplices and call it Ayy. By translating the simplex, let us assume
that Ay has vertices 0,wq,ws and ws. Let W be the matrix with columns wi,ws and ws,
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and note that Ay has volume |det(WW)|. Now, we can use a change of basis map (by way of
multiplying by a unimodular matrix) so that the inputs w;,ws and ws are in a suitable form.
Let U be the unimodular map; we want

where we choose co-prime r and s such that 0 < » < s. We can then run our algorithm on
the columns of X. Note that all we did was apply a unimodular map, so volume is preserved:
| det(W)| = | det(X)| = s. The algorithm would then produce 4 more simplices with volumes
1,s —1,s —r and s — r. For all iterations, let us set »r = s — 1. In doing so, each iteration
would yield three unimodular simplices plus a simplex with volume one less than that of the
non-unimodular simplex of the previous iteration. Running the algorithm on Ay would then
take |det(WW)| — 1 steps.

Focusing back on A, running our algorithm takes
I1+((a—1) =)+ ((b—a)—1)+((b—a)—1)=3a—2b—3

iterations on the top-dimensional simplices alone. From this example, we see that it is beneficial
to choose a point p to minimize the maximum volume among conv(F,p). This optimization
problem takes the form

min ¢
Vol(conv(F,p)) <t facets F <SS
t eR
P ez?

The volume of a simplex is the the absolute value of the determinant of the matrix with column
set {(v,1) : v a vertex of S}. Therefore, for a simplex S with v, ..., v4, we define

L vo ... Vd
v )

Letting ¢; be the i*" column of the co-factor matrix co(V), we can re-formulate the facet
constraints by linear inequalities:

(ci, (p, 1)) <t
(i, (p, 1)) = —t

for ¢ = 0,...,d and see that this formulation is a mixed integer linear program.

5.3 Applications of Unimodular Decomposition

5.3.1 Equivalence of Valuations
A linear map F is translation-invariant if for any v € Z¢, F(u + P) = F(P). F is GL4(7Z)-

invariant if for any unimodular map U € GL4(Z), F(UP) = F(P). A valuation that demon-
strates both of these invariances is called integer unimodular invariant.
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Lemma 5.3.1. F; : [P] — Lp(t) is a valuation.

Proof. For t = 0, we have tP = {0} and so F;(P;) = 1 for any non-empty P;; in other words,
F; is the Euler valuation, and we’ve already shown that it is a valuation. Again, it suffices to
prove that this map is independent of how it is expressed; in other words, we need to prove

Z%’[Pi] =0 = ZaiFt(-Pi) =0,
=1

=1

so let us assume that >, o;[P;] = 0. Now, consider ¢ # 0. Noting z € tP <= % € P,
n T n
0= alP](7) = Y aultP(a)
i=1 i=1
n T n
0= X Y alrl (2) = 3 Sainl)

ez i=1 ez i=1

=Y o Y [tP(@)

i= z€Z4

= ailp(t)
=1
0=>Y oFy(P). O
i=1

Remark 5.3.2. This proof does not use any property of closed polytopes. F; could be extended
to indicator functions of any set in R<.

Lemma 5.3.3. F; is integer unimodular invariant.
Proof. Let us prove the two properties separately.

(a) Indeed, for any u € Z¢ and t € Z, we have a bijection Tup: 74 — 74 where x — tu + ,
and so the number of lattices points in ¢P is the same as the number of lattice points in
t(u+ P) = tu+ tP.

(b) Note that for any U € GL4(Z), U~! exists, and both U and U~! are integer matrices. The

columns uy, . .., uq of U~! are linearly independent; define B := {uy,...,uq}. Let Lp, be
the lattice generated by the vectors in B. Let L£; be the standard lattice, generated by
€l,...,€4.
We will show that U is a bijection between £; and L. For any = € Z¢, note that
x = U Y(Az), and so we can interpret Ux as z represented in the B basis. Since U is
integer and x is integer, x can be represented as a lattice point in Lp. Conversely, for
any x € Lp, we can represent x in the standard basis by U~ 'z. Since U~ is integer and
x is integer, x can be represented as a lattice point in Lj.

Therefore, the number of lattices points in ¢(U P) is equal to the number of lattice points
of tP. O]
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Since Fy(P) is a polynomial, and polynomials are equal if their coefficients are equal, Lemmas
5.3.1, and 5.3.3 imply the following.

Corollary 5.3.4. L, : [P] — [t"|Lp(t) is an integer unimodular invariant valuation.

Suppose we have a valuation F' : 2(Z%) — K that is integer unimodular invariant. Recall
that U is defined to be the the sub-algebra generated by [P] — [uP]. For any element in U, we
have

F([P]-[UP+u])=F(P)—F{UP+u)=F(P)—F(P)=0.
For any lattice polytope P, we can consider P+U; we see that the valuation of any P+h € P+U
is

F(P+h) = F(P)+ F(h) = F(P).

Since F is constant over all elements in a coset, we could view F as a valuation from 22(Z%) /U
to K.

Theorem 5.3.5. Let F,G : P(Z%) — K be two valuations that are integer unimodular invari-
ant. If F(A;) = G(4;) for all standard simplices A;, then F(P) = G(P) for all lattice polytopes
in RY.

Proof. By an application of Theorem 5.1.3, [P] can be written as
m
[Pl = a[Uidi + ui]

=1

for some finite m, where a; € R, U; € GL4(Z), u;Z%, and each S; is some standard simplex.
Then

Since F(A;) = G(4,;), we have F(P) = G(P O

~—

Let us write the unimodular decomposition of a lattice d-polytope P C R? to keep track of
the dimension of the simplices used. Let ng be the number of k-dimensional simplices used in
a unimodular decomposition of P. Then our decomposition has the form

[P] = Z YilUiS; + )

d ng
=33 api[Unidg + ]

k=0 i=1
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where 7;, ag; € {—1,1}, all U; and Uy; are unimodular maps, all u; and uy; are integral vectors,
and Ay is a unimodular k-simplex. In £2(Z%) /U, we then have the formulation

d
[P] = ar[Ay]
k=0

where aj, = > ", ay;. Note that for any integer unimodular invariant valuation F,
F(P) = agF(Ag) + a1F(A1) + -+ + agF(Ag).

Lemma 5.3.6. For any lattice d-polytope, the vector (ay,...,aq) is unique.

Proof. Recall that
t+k
Fu(Ag) = La, (t) = ( . )

Therefore, La,(t),...,La,(t) form a basis for polynomials of degree at most d. Given a lattice
d-polytope P C R%, suppose we have two unimodular decompositions. In & (Zd) JU, suppose

d d
D ar[A] = [P] = Bi[A].
k=0 k=0

By applying the integer unimodular invariant F;, we have

d d
Z Oszt(Ak) = Z ,BkFt(Ak)

k=0 k+0
d d
t+k t+k
Sl ) = a (L)
k=0 k=0
Since the set of (H];k) for k =0,...,d is linearly independent, we must have that ap = fx. O
Since [P] can be represented in Z(Z%)/U as a linear combination of [Ag],...,[A4], we can
view the set of integer unimodular invariant valuations as a (d + 1)-dimensional vector space.
The integer unimodular invariant valuation F' corresponds to the point (F(Ay),..., F(Ag)).

Theorem 5.3.5 then tells us that two integer unimodular invariant valuations are equivalent if
and only if they are the same point in this vector space.

Theorem 5.3.7 (Betke-Kneser). The valuations Lo(P),...,Ly(P) form a basis for the space
of integer unimodular invariant valuations of 2 (Z%).

Proof. Recall that L, corresponds to the vector
b := (Lp(Ag), ..., Ln(Ag)).

Since the space of integer unimodular invariant valuations of 2?(Z%) has dimension d + 1, it
suffices to show that the vectors b, are linearly independent for n = 0,...,d. Consider the
matrix B where the n'® column is b,. Note that since La, (¢) is a polynomial in ¢ with degree
k, L,(A,) # 0 and L,(Ag) = 0 for £ > n. Since B is upper triangular and has non-zero
diagonal, it has full rank, and therefore its columns are linearly independent. O
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5.3.2 Proof of Ehrhart Reciprocity via Valuation

We would like to prove that Fi(P) = Lp(t) and G¢(P) = (—=1)%(P) [ ps(—t) are integer uni-
modular invariant valuations. By recalling from Example 3.5.2 that

Fi(A) = G(A)

for all standard simplices, we see that Ehrhart Reciprocity is an immediate consequence of
Theorem 5.3.5:

Lp(t) = Fi(P) = Gu(P) = (~ 1)) Lpo (~1).

Now let Gy : Z(R%) — R be the function [P] — (—1)3™(P) [ p(—t). After establishing that
G is a valuation, proving that G; is integer unimodular invariant uses the same ideas as proving
that F} is integer unimodular invariant. For this reason, we will not explicitly provide the proof
that G; is integer unimodular invariant. We would like to prove that G; also a valuation, but
it is a bit more involved than the proof of F;.

Before proving Gy is a valuation, we first need the following results.

Theorem 5.3.8. Let C'q,...,C, be cells of a polyhedral complex. Then

n

> ailCil=0 = Za 1)dm@I[Ce] = 0

=1

Proof. Suppose Y ; a;[C;] = 0. Noting that the collection of all non-empty faces of Cj is a
subdivision of C;, we have

5] = 3 (~1)m(C-dim® gy,
FLC;
SO

zn:ai(_ dim(C;) CO Za dlm(C Z (_l)dim(C’i)—dim(F) [F]
=1

F<C;

= 2 O3 ) ()

F:F<C; . F<C;
for some 1

If x is not in any F, then [F](z) = 0. Now suppose z € F. Since all C;’s are faces of a polyhedral
complex, if F' is a face of some C; and is also contained in some other C;, then F' must also be
a face of Cj. In other words, x € C; if and only if ' < C. Then, the sum Zi:FgCi «; would be
equal to

> ailCi(z) =0
1=1

In either case, (3_; p<c, i) [F] = 0. O

82



Theorem 5.3.9. Let Pi,..., P, be lattice polytopes. Then
n n .
Salr =0 = Sal- e <o
i=1 i=1

Proof. Let H be the set of facet hyperplanes of all of Py,..., P,. Each of these hyperplanes
H € H partitions R? into three parts: (H~)°, H, and (H%)°. The collection H then partitions
R? into cells, where each cell is of the form

N

HeH

where Jy € {H, H, H"}. Note that these cells are polyhedra; let . be the collection of these
cells. We claim that .7 is a polyhedral complex. The faces of a cell C' = [y Ju can be
represented as the intersection of C' with a subset of its facet hyperplanes. By definition, any
facet hyperplane of C' is a hyperplane in H. Therefore, faces of C' are in .. Consider another
cell C" = Nyey Ji- For any fixed H € H, Jy N Jy is either H or a half-space of H; this
half-space would be Jy = J};. Therefore,

cnc’' = () (JanJy)
HeH

is a cell in .. Again, since Jy N J}; is either H or half-space Jg = J};, CNC’ is a face of both
C and C'. For any P;, let % C .7 be the set of cells |Jy ¢y, Ju where for each facet hyperplane
H of P;, Jg is an inward facet half-space of P;. Then

r=Jc
Ce;

and so .¥; is a subdivision of P;. Corollary 4.3.2 and Theorem 4.3.9 and then give us two
identities:

P1= > 1] (5.7)

Ceyilpio
[pl= ) (-yim@mam@c), (5.8)
CEyi'Pio
Suppose
Zaz[Pz] _ Zai Z (_1)dim(P¢)fdim(C) [C] —0.
i=1 =1 CeHilpe

We treat o;(—1)3m(P)—dim(©) —. 3. a5 the coefficient of [C] and note that .%} U ---U.%, is
a polyhedral complex. Theorem 5.3.8 implies that } ;| > ce g, Bc[C] = 0. Equation (5.7)
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then implies

0= Z Z /BC' dlm i [CO]

i=1 C€/|Pz

:zn:ai Z (_ )dlm( %) — dlm(C)(_l)dim(C’)[CO]

=1 Cetsﬁ"p.

—Zaz DI 1e]

Cei|p;
— Z az d1m [PZO] 0]

Lemma 5.3.10. G; is a valuation.

Proof. 1t suffices to prove that
n n
D ailP]=0 = Y aiGy(P) =0,
i=1 i=1

so suppose Y i, a;[P)] = 0. Note that G4(P) = (—1)¥™)F_4(P). By Theorem 5.3.9 , we
have 31" | ;i (—1)3™(P)[P] = 0. By Remark 5.3.2 , we can apply the valuation F_; to get

0= Za AP g, (PR = iaiGt(Pz-). O
=1

5.3.3 Obtaining f-vector via Barvinok’s Algorithm

As we have seen, the run-time of our approach is not very efficient in finding a unimodular
decomposition. However, if we were just interested in computing the number of simplices of
each dimension in a unimodular triangulation, we can use Barvinok’s algorithm.

Let us define gy, to be the the map that takes [P] to Ehrp(z). For any lattice polytope,
oEn(P) =Y Lp(t)2'
t>0

Note that since Lp(t) is an integer unimodular invariant valuation (by Lemmas 5.3.1, and 5.3.3),
the map that takes [P] to Lp(t)z! is an integer unimodular invariant valuation, and therefore
@Ehr 18 an integer unimodular invariant valuation. Now consider a unimodular decomposition
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of Pin 2(Z%)/U.

d
P| = Z apAg
k=0
d
pen(P) =) arpen:(Ar)
k=0

Ehrp(z Z ar Ehra, (2

hp(2) ia
(1 — z)d+ Y5 k+1

k=0
Multiplying both sides by (1 — 2)**!, we get
hp(z) = ag+ (1 — 2)ag—1 + - - + (1 — z)%aq.

Then the coefficients of h},(1 — 2),

Pp(1—2) =aqg+ag_12 + ag22> + -+ apz?

will give us the number of k-dimensional unimodular simplices in a unimodular decomposition
of P. In addition, if any of these coefficients is negative, then we know that P does not admit a
unimodular triangulation, since some part of the unimodular decomposition requires us to “take
away” a simplex. Therefore we can use Barvinok’s algorithm to obtain h}(z) and efficiently
gain some information about a unimodular decomposition of P.
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