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Abstract

We collected several results in Z of additive number theory and translated to results
in F,[t]. The results we collected are related to slim exceptional sets and the asymptotic
formula in Waring’s problem, a diophantine approximation of polynomials over Z satisfying
divisibility conditions, and the problem of Sidon regarding the existence of certain thin
sequences.
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Chapter 1

Introduction

An important topic in number theory is the study of the similarity between the ring of
rational integers Z, and the polynomial rings in a single variable F,[t], defined over I,
the finite field of ¢ elements. The analogy between Z and F,[t] is an instance of a more
general analogy that relates number fields to function fields. In some cases, a proof over
function fields can inspire ideas to solve analogous problems over number fields, or results
in functions fields can be applied to answer questions in Z. Even though the characteristic
of Z is zero, and that of F[t] is equal to the characteristic of F,, a positive prime number
that we denote by p, the two rings resemble one another in many ways. We are interested in
translating conclusions from Z to IF,[t] and obtain results that are uniform in characteristic.

In this thesis, we collect several results in Z of additive number theory and translate
them into results in [Fy[t]. The results we collected are related to slim exceptional sets and
the asymptotic formula in Waring’s problem, a diophantine approximation of polynomials
over Z satisfying divisibility conditions, and the problem of Sidon regarding the existence
of certain thin sequences, treated in Chapters 2, 3, and 4, respectively. As these three
topics are fairly distinct, we only give a brief introduction of them here and postpone the
detailed introduction to the corresponding chapters. We also made these three chapters
self contained, in a sense that they are separate from each other. In other words, a reader
can only read the chapters of interest instead of having to have to go through the entire
thesis. Thus we emphasize here that notation in one chapter does not necessarily carry
over to another chapter.

In Chapter 2, we consider Waring’s problem in F,[t]. Let G, (k) be the least integer ¢,
with the property that for all s > ¢, the expected asymptotic formula in Waring’s problem
for IF,[t] is true for sums of s k-th powers of polynomials in F,[t]. We derive a minor arc



bound from Vinogradov-type estimates and obtain bounds on éq(k) that are quadratic in
k, in fact linear in k in some special cases, when p t k, in contrast to the bounds that are
exponential in k£ available when k£ < p. We also obtain estimates related to slim exceptional
sets associated to the asymptotic formula.

Polynomials over Z which have a root modulo n for every n € N are known as in-
tersective polynomials [13]. In Chapter 3, we prove an estimate for fractional parts of
polynomials over IF,[t] satisfying a certain divisibility condition analogous to that of inter-
sective polynomials in the case of integers. We then extend our result to consider linear
combinations of such polynomials as well.

We use probabilistic methods in Chapter 4. Let w be a sequence of positive integers.
Given a positive integer n, we define

ro(w) ={(a,b) e NxN:a,b€w,a+b=n,0<a<b}|.

S. Sidon conjectured that there exists a sequence w such that r,,(w) > 0 for all n sufficiently
large and, for all € > 0,
(W)
lim ———

n—oo NFE

= 0.

P. Erdés proved this conjecture by showing the existence of a sequence w of positive integers
such that
logn < r,(w) < logn.

In Chapter 4, we prove an analogue of this conjecture in F [t]. More precisely, let w be a
sequence in F,[t]. Given a polynomial h € F [t], we define

ra(w) = [{(f,9) € F[t] x Fyft]: f.g € w, f+g=h,deg f,degg < degh, f # g}|.
We show that there exists a sequence w of polynomials in F[t] such that
degh < rp(w) < degh

for deg h sufficiently large.



Chapter 2

Waring’s problem in function fields

2.1 Introduction

Waring’s problem is regarding the representation of a natural number as a sum of integer
powers. More precisely, given n, s,k € N, k > 2, we let

Rop(n) = #{(z1,..,x) e N*:ab 4 4 2F =n, z; <n'* (1<i<s)),

and we consider the smallest number s such that R x(n) > 0. Let G(k) be the smallest
integer s such that every sufficiently large natural number n satisfies R, ;(n) > 0. Using
the methods of smooth numbers and efficient differencing, Wooley [22, 23] proved that for
k sufficiently large,

G(k) < k(logk +loglog k + O(1)).

One can also ask a more ‘refined’ question by considering the asymptotic formula of R x(n).
As stated in [25], by a heuristic application of the Hardy-Littlewood circle method, one
expects that when £k > 3 and s > k+ 1,

S &, n(m)ni! + o(ni 1), 2.1)

where

1
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We note that subject to modest congruence conditions on n, one has 1 < &, ;(n) < n°
[21, Chapter 4]. Let é(k) be the least integer t, with the property that, for all s > t,
and all sufficiently large natural numbers n, one has the asymptotic formula (2.1). As a
consequence of his recent work concerning Vinogradov’s mean value theorem, Wooley has
significantly improved estimates on G(k) [24, 25, 20]. In particular, it was proved in [20]
that G(k) < 2k? — 2k — 8 (k > 6).

In this chapter, we consider the asymptotic Waring’s problem over F,[t], where F, is
a finite field of ¢ elements. We later define G,(k), an analgoue of G(k) over F,[t], and
establish bounds on it. As the function field analogue of Wooley’s work on Vinogradov’s
mean value theorem [241] has been established in [16] and its multidimensional version in
[10], it is natural to consider its consequences in improving the number of variables required
to establish the asymptotic formula in Waring’s problem over F,[t]. Here we accomplish
this task by taking the approach of [25].

Before we can state our main results, we need to introduce notation, some of which we
paraphrase from the material in introduction of [15]. We denote the characteristic of I,
a positive prime number, by ch(F,) = p. Unless we specify otherwise, we always assume
p to be the characteristic of I, even if it is not explicitly stated so. Let k& be an integer
with & > 2, let s € N, and consider a polynomial n € F,[t]. We are interested in the
representation of n of the form

n=al+aok+ . +ak (2.2)

where z; € F [t] (1 < i <'s). It is possible that a representation of the shape (2.2) is
obstructed for every natural number s. For example, if the characteristic p of F, divides k,

p
then zf + 2% + .. + 2% = (:B’f/p +abr 4 $I§/p> , and thus n necessarily fails to admit

a representation of the shape (2.2) whenever n ¢ F,[t*], no matter how large s may be.
In order to accommodate this and other intrinsic obstructions, we define J’; [t] to be the
additive closure of the set of k-th powers of polynomials in F,[t], and we restrict attention
to those n lying in the subring J¥[t] of F,[t]. It is also convenient to define J¥ to be the
additive closure of the set of k-th powers of elements of [F,.

Given n € J}[t], we say that n is an exceptional element of J¥[t] when its leading co-
efficient lies in F¢\J%, and in addition & divides degn. As explained in [17], the strongest
constraint on the degrees of the variables that might still permit the existence of a rep-
resentation of the shape (2.2) is plainly degz; < [(degn)/k] (1 < i < s). When p < k,
however, it is possible that J’; is not equal to F,, and then the leading coefficient of n
need not be an element of .,]]’; . If k divides degn, so that n is an exceptional polynomial,



such circumstances obstruct the existence of a representation (2.2) of n with variables x;
satisfying the above constraint on their degrees. For these reasons, following [15], we define
P = Py(n) by setting

p_ (delf "W, if n is not exceptional,
de% + 1, if n is exceptional.

In particular, when n is not exceptional, then P is the unique integer satisfying k(P —1) <

degn < kP. We say that n admits a strict representation as a sum of s k-th powers when

for some z; € F,[t] with degz; < Py(n) (1 <i <s), the equation (2.2) is satisfied.

For notational convenience, let X = Xy(n) := Py(n) + 1, and we define Ix = {z €
F,[t] : degx < X}. For n a polynomial in F,[t], we denote R;x(n) to be the number of
strict representations of n, in other words

Rox(n) = #{(21, ..., v) € (Ix)* 1 o + ... + 28 = n}.

Though it is not explicit in the notation, R;x(n) does depend on ¢. Suppose the leading
coefficient of the polynomial n is ¢(n). We define b = b(n) to be ¢(n) when k divides degn
and n is not exceptional, and otherwise we set b(n) to be 0. In addition, we write Jo(n) =
Joo(n; q) for the number of solutions of the equation yf + ... + y* = b with (y;,...,y,) €
F;\{0}. Analogously to the case of integers, one expects the following asymptotic formula

Ryp(n) = 6x(n)Joc(n)g® 0" + 0 (¢7P7) | (2.3)

where

Ss(n) = Z @ Z ( Z 6(@Tk/9)) e(—na/g),

g€F,[t] dega<degg \degr<degg
g is monic (a,g9)=1

to hold whenever s is sufficiently large with respect to k. We postpone the definition of
the exponential function e(-) to Section 2.2. By making the circle method applicable over
F,[t], the following theorem was proved in [19, Theorem 30]. We note that the theorem
stated below is slightly different from the statement of [19, Theorem 30]. The reason for
this difference is explained in the paragraph before Theorem 2.9 on page 10.

Theorem 2.1 (Theorem 30, [19]). Suppose 3 <k <p and s> 2"+1. Let n € F [t]. Then
there exists € > 0 such that the following asymptotic formula holds,

Ryi(n) = 6i(n) Joo(n)g® ™" + O (¢*F9) (2.4)

5



where
1 € 65x(n)Jo(n) < 1. (2.5)

Note that the implicit constants in the theorem may depend on k, s, and ¢, where the
constant in (2.4) may also depend on €, but they are independent of n and P.

We denote éq(k) to be the least integer o with the property that, for all s > ¢,, and all
n e J’; [t] with degn sufficiently large, one has the above asymptotic formula (2.3). Thus,
in this language we have the following corollary as an immediate consequence of Theorem
2.1, except for the case k = 2. (The estimate on G,(2) is treated in the paragraph after
the proof of Theorem 2.9 on page 11.)

Corollary 2.2. Suppose 2 < k < p. Then we have

G,(k) <
olk) 5, if k=2

- {2’f+1, if k>3,

It is worth mentioning that one of the main advantages of using Vinogradov-type es-
timates established in [10] or [16] is that we can avoid the use of Weyl differencing as
the primary tool during the computation of minor arc bounds, which is the source of the
restriction & < p in Theorem 2.1 and Corollary 2.2. Thus, via Vinogradov-type estimates
we can obtain an estimate for G, (k) for a larger range of k, which is for all £ not divisible
by p.

We are now ready to state our main results. To avoid clutter in the exposition, we
present the cases k > p and k < p separately. When k > p, as a result of our approach we
further consider three cases, pf (k — 1), k = p® + 1, and k = mp® + 1, where b,m € N and
p 1 m. Throughout the chapter, whenever we write k = mp® + 1 we are assuming b, m € N
and p f m, even when these conditions are not explicitly stated.

Theorem 2.3. Let k > 3 be an integer, where p{ k. Suppose k > p, then we have

'2k<k—{§J)—5+L%J, ifpt(k—1),

G,(k) < ¢ 4k +5, if k=p°+1, (2.6)

(2_%> K =2p" = p" ' =2k —c, ifk=mp’+1 and m > 1,

\
where ¢, = 2 (pb —ptt—1— %) + L(m—l)(;—l/p)J '

6



We note that when p 1 (k—1) the above theorem is proved using Lemma 2.15 in Section
2.3, which involves an application of the pigeon hole principle. However, when k = mp®+1
this approach is no longer effective. As a result, we have to use analogous results which
rely on the large sieve inequality instead when m > 1, and another separate approach when
m = 1. This explains why we consider the three cases separately.

We also remark that when & > p our estimates for éq(k) given above are sharper than

the current available bound of G(k) < 2k2 — 2k — 8 (k > 6) for the integer case [20]. In
particular, note that in the special case when k = P’ + 1 and k > 3, we obtain a sharp
linear bound of G,(k) < 4k + 5 in contrast to the quadratic bound for G(k).

We now state the result for the case 3 < k < p.
Theorem 2.4. Suppose 3 < k < p. Then we have éq(k) < 2k%* — 2| (logk)/(log2)].
Furthermore, G,(7) < 86 and G,(k) < 2k? — 11 when k > 8.

We also study the slim exceptional sets associated to the asymptotic formula (2.3).
These sets measure the frequency with which the expected formula (2.3) does not hold. In
other words, we estimate the number of polynomials that in a certain sense do not satisfy
the asymptotic formula. For ¢ (z) a function of positive variable z, we denote by Ej (N, )
the set of n € Iy N J}[t] for which

Ry (n) = 6,1(1) Joo(n)g* M| > gt~ Py(g") 7 (2.7)

Note that Es,k(N, 1) is dependent on gq. We define é;(k) to be the least positive integer
s for which |E, z(N, )| = o(¢") for some function ¢(z) increasing to infinity with z. We
obtain the following estimates on G;L(k). We first present the case k& > p.

Theorem 2.5. Let k > 3 be an integer, where p1 k. Suppose k > p, then we have

(h(k—[5]) -2+ 22| et -,

GF(k) < ¢ 2k+3, if k=p"+1, (2.8)

( _%)kZ_(pb_pb—l_QV{;_C;w ifk=mp’+1 and m > 1,
\

where ¢, = <pb S 1_1)) n L(m—l)il—l/p)J.



We now state the result for the case 3 < k < p.

Theorem 2.6. Suppose 3 < k < p. Then we have é;(k) < k* — |[(logk)/(log2)]. Fur-
thermore, we have é;(?) < 43, and é;(k) < k*—5 when k > 8.

The organization of the rest of the chapter is as follows. In Section 2.2, we introduce
some notation and basic notions required to carry out our discussion in the setting over
F,[t]. In Section 2.3, we go through technical details to prove an upper bound for ¢ («, 6),
which is defined in (2.30). This estimate is one of the main ingredients to obtain our
minor arc estimates, for the cases p { (k — 1) and k = mp® + 1 with m > 1, in Section
2.4. We also obtain minor arc estimates for the case k = p® + 1 in Section 2.4. We then
prove a useful result related to Weyl differencing in Section 2.5. The content of Sections
2.6 and 2.7 are similar; we combine the material from previous sections to obtain a variant
of minor arc estimates achieved in Section 2.4, from which our results follow.

We denote x = (1, ..., T25), where z; € Fy[t] (1 <7 < 2s). We write N; < ordx < N,
to denote that Ny < ordz; < N, for 1 < i < 2s, and given ny € F,[t], we write (x — ny)
to denote the 2s-tuple (z; — ng, ..., 25 — ng). Confusion should not arise if the reader
interprets analogous statements in a similar manner.

2.2 Preliminary

While the Hardy-Littlewood circle method for F [t] mirrors the classical version familiar
from applications over Z, the substantial differences in detail between these rings demand
explanation. Our goal in the present section is to introduce notation and basic notions
that are subsequently needed to initiate discussion of key components of this version of
the circle method. The material here is taken from various sources including [10], [14],
[12], [15], and [19]. Associated with the polynomial ring F,[t] defined over the field F, is
its field of fractions K = FF,(¢). For f/g € K, we define an absolute value (-) : K — R by
(f/g) = qi°&/~dee9 (with the convention that deg0 = —oco and (0) = 0). The completion of
K with respect to this absolute value is Ko, = F,((1/t)), the field of formal Laurent series
in 1/t. In other words, every element o € K, can be written as o = > 7 a;t* for some
n € Z, coetlicients a; = a;(«) in F, (¢ <n) and a,, # 0. For each such a € K., we refer to
a_1(a) as the residue of o, an element of F, that we abbreviate to resa. If n < —1, then
we let resa = 0. We also define the order of o to be ord @ = n. Thus if f is a polynomial
in F,[t], then ord f = deg f. Note that the order on K, satisfies the following property: if



a, b € K, satisfies ord o > ord 3, then

ord (a4 ) = ord cv. (2.9)

The field K is a locally compact field under the topology induced by the absolute
value (). Let T = {a € K, : orda < 0}. Every element o € K, can be written uniquely
in the shape a = [o] + |||, where the integral part of « is [a] € F,[t] and the fractional
part of a is ||| € T. Note that [-| and || - || are F,-linear functions on Ko, [19, pp.12].
Since T is a compact additive subgroup of K., it possesses a unique Haar measure da.
We normalise it, so that fqr 1 da = 1. The Haar measure on T extends easily to a product
measure on the D-fold Cartesian product T?, for any positive integer D. For convenience,

we will use the notation
7{ do = / / dov ... dap,
T T

where the positive integer D should be clear from the context.

We are now equipped to define an analogue of the exponential function. Recall ch(F,) =
p. There is a non-trivial additive character e, : F, — C* defined for each a € F, by taking
e,(a) = exp(2mi tr(a)/p), where tr : F, — F, denotes the familiar trace map. This
character induces a map e : K, — C* by defining, for each element o € K, the value of
e(a) to be e4(a—1()). The orthogonality relation underlying the Fourier analysis of F[t]
takes the following shape.

Lemma 2.7. Let h be a polynomial in F,[t]. Then we have

[t an={ & r<EN0) o

Proof. This is [19, Lemma 1 (f)]. O

The following estimate on exponential sums will be useful during the analysis in sub-
sequent sections.

Lemma 2.8. Let Y € N. Then we have

Y+l
¢ iford]|p]] < Y — 1,
2 = { 0, iford||gl]l > -y - 1. (2.11)

Proof. This is [19, Lemma 7]. O



For each k > 2, we define the following exponential sum

g(a) = Z e(ax®). (2.12)

z€lx

Then, it is a consequence of the orthogonality relation (2.10) that

Ro(n) = /T g(a)e(—na) da. (2.13)

We analyse the integral (2.13) via the Hardy-Littlewood circle method, and to this end
we define sets of major and minor arcs corresponding to well and poorly approximable
elements of T. Let R, = (k—1)X. Given polynomials a and g with (a, g) = 1 and g monic,
we define the Farey arcs My(g,a) about a/g (associated to k) by

Mi(g,a) ={a €T :ord (o —a/g) < —Ry —ord g}. (2.14)
The set of major arcs M, is defined to be the union of the sets My (g, a) with
a,g € F,[t], ¢g monic, 0<orda<ordg <X, and (a,g) = 1. (2.15)

The set of minor arcs is defined to be my, = T\M,. It follows from [19, Lemma 3| that my
is the union of the sets My (g, a) with

a,g € F t], g monic, 0 <orda <ordg, X <ordg <Ry, and (a,g)=1. (2.16)

Notice my = @ and for this reason, we assume k > 3 for results involving minor arcs. We
will suppress the subscript k& whenever there is no ambiguity with the choice of k being
used. We can then rewrite (2.13) as

R 1(n) —/gﬁg(a)se(—n&) da—l—/g(a)se(—na) da, (2.17)

m
and study the contribution from the major arcs and the minor arcs separately.

We have the following estimate on the major arcs, which is slightly different from what
is established in [19]. The difference comes from our choice of P(n) following [15], instead
of the approach taken in [19], and this choice allows us to have a cleaner statement of
the result. Applying Theorem 2.9 below for the estimate of the major arcs results in the
statement of Theorem 2.1 in contrast to that of [19, Theorem 30].

10



Theorem 2.9. Suppose ptk and s > 2k + 1. Then there exists € > 0 such that given any
n € JE[t], the following asymptotic formula holds

/ 9()" da = &4 (n) Ju(n)g* PP + 0 (497 | (2.18)
m

where
1 € 65x(n)Jo(n) < 1.

Note that the implicit constants in the theorem may depend on s, ¢, and k, where the
constant in (2.18) may also depend on €, but they are independent of n and P.

Proof. Let 0 < & < 1. Similarly as explained in the proof of [15, Lemma 5.3|, by applying
Lemma 17 of [19] with m = X and m' = Ry + ord g, where ord g < X, we obtain

/ By e(=nB) dB = Jou(n)g™ P + O(1), (2.19)
ord f<—Ry—ord g

where the implicit constant may depend on s, k, ¢, and €. We note that when P is suffi-
ciently large in terms of k and ¢, it is only the cases (a) and (b) of [19, Lemma 17] that are
relevant, and in fact we obtain (2.19) without the O(1) term. The O(1) term in (2.19)
comes from the small values of P where this does not apply. It is also explained in the
proof of [15, Lemma 5.3] that for s > k+ 1, we have 1 < J(n) < 1. By [15, Lemma 5.2],
we know that if n € JF[t] and s > 2k + 1, then 1 < &,4(n) < 1.

The equation (2.18) is a consequence of (2.19) and [15, Lemma 5.2], and it is essentially
contained in the proof of [19, Theorem 30|, where we replace the use of [19, Theorem 18]
with (2.19). We remark that the condition s > 3k+1 is imposed in [19, Lemma 23], which
is also used in the proof of [19, Theorem 30]. However, as stated in [15, pp.19] this is a
result of an oversight and in fact we can relax the condition to s > 2k + 1 in [19, Lemma
23]. It can easily be verified that the arguments to prove (2.18) within [19, Theorem 30]
also remains valid when s > 2k + 1. O

When k£ = 2, we know that my = &. Hence, it follows that
R (n) :/ g()® da. (2.20)
m

Therefore, as an immediate consequence of Theorem 2.9 we obtain éq(Q) <.

11



It was proved in [19, Lemma 28] that F,[t] = J%[t] when k < p, which explains the use
of F,[t] in the statement of Theorem 2.1 instead of J}[t] as above in Theorem 2.9.

Let R be a finite subset of N satisfying the following condition in [10, pp.846] with
d=1:

Condition™: Given [ € N, if there exists j € R such that p { (‘;), thenle R. (2.21)

Let Js(R; X) denote the number of solutions of the system
W4l =0+ .+ (jER), (2.22)

with u;,v; € Ix (1 < i <'s). Since p is the characteristic of F,, if there exists j,j7 € R
with 5/ = p¥j for some v € N, then we have

i=1 i=1

Thus, the equations in (2.22) are not always independent. The absence of independence
suggests that Vinogradov-type estimates for integers cannot be adapted directly into a
function field setting. To regain independence, we instead consider

R'={jeN:ptjand p’j € R for some v € NU{0}}. (2.23)
Then we see that J4(R; X) also counts the number of solutions of the system
W ..l =0+ (jER), (2.24)

with u;,v; € Ix (1 <i < s), or in other words J4(R; X) = J3(R'; X). We note here that
although the equations in (2.24) are independent, the set R’ is not necessarily contained
in R. The following theorem was proved in [16] and in [10, Theorem 1.1] with d = 1.

Theorem 2.10 (Theorem 1.1, [10]). Suppose R satisfies Condition™® given in (2.21). Let
r =card R/, ¢ = maxjer j, and k = ZjeR,j. Suppose ¢ > 2 and s > r¢ +r. Then for
each € > 0, there exists a positive constant C = C(s;r, ¢, K;q; €) such that

J(R: X) < C ().
The following is a useful criterion, which we utilize.
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Lemma 2.11. Let p be any prime and k = app"+...+a1p+ag with0 < a; <p (0 <i < h)
and ap, # 0. The binomial coefficient (i) is coprime to p if and only if n = byp"+...4+b1p+by,
where 0 < b; < a; (0<i<h).

Proof. 1t follows by Lucas’ Criterion [15, pp.33] or apply [28, Lemma A.1] with d =1. O

As a consequence of Lemma 2.11, we have the following lemma.

Lemma 2.12. Let p be any prime. Suppose k = mp® + 1 with m,b € N and ptm. Then,
(k — p°) is the largest number less than (k — 1) such that (k,_k ) # 0 (mod p).

pb

Proof. Let m = c,p® + co1p® '+ ... + c1p + o with 0 < ¢; < p and 0 < ¢g. Thus, we
have k = cop™ + co1p® " + L+ ap®tt Fep? + 1. For 1 < j < pP, write k — j =
Cap® T+ a1 p® I+ T Ayt F dp 1+ o+ dip + do with 0 < d; < p. Then,
byLmnmaZJl,Qﬁ»5%0(Hmdp)ﬁandonbif%qubdiz(]Oj§i<lﬁandd0§ﬁL
Therefore, it is not too difficult to verify that (kﬁ ) # 0 (mod p) only when j = 1 and p°

J
in the range 1 < j < p°. [

For a prime p = ch(F,) and k € N with p { k, we define jo(k, ¢) = jo to be

jo := max {j:psznml(?) ¢()@nod;a}. (2.25)

0<j<k

If pt (k—1), then jo = k — 1. On the other hand, if K = mp® + 1 for some m,b € N and
p{m, then jo = k — p® by Lemma 2.12. We record the values of j, here for reference,

=4 P =L ifpt(k—1),
%_{(m—Uﬂ+1,ﬁk:mﬁ+L (2.26)

With application of Theorem 2.10 in mind, we define the following two sets
R={12,..,jo,k} U{k—1} (2.27)
and

R' = {jeN:pfjandp’j € R for somev € NU{0}} (2.28)
= {j:j€Randptj}.

13



The first equality is the definition of R', which comes from (2.23), but the second equality
requires a slight justification. If pt (k — 1), then R = {1, 2, ..., k} and the second equality
of (2.28) is immediate. If K = mp® + 1, then k € R’. We also have k — 1 = mp® ¢ R’ and
m € R'. However, since jo = (m — 1)p’ +1 > m and p { m, it follows that R' = {j : 1 <
Jj <joand ptj}U{k} from which we obtain the second equality of (2.28).

We let card R’ = r and let R' = {ti,...,t,}, where t; < ... < t,. Clearly, we have
t, = k and it follows by our definition of j; and R that t,_; = j,. We can verify by simple
calculation that

_ ] F=1K/pl, if pt(k—1),
T_{ (1_1/5)(/?—191’)4—(1—1-1/1)), ifi:mplw-l, (2.29)

In particular, if & = p® 4+ 1, then r = 2. For the remainder of the chapter, whenever we
refer to R, R’ and r, we mean (2.27), (2.28), and (2.29), respectively.

Lemma 2.13. R satisfies Condition™ given in (2.21).

Proof. If p 4 (k — 1), then R = {1,2,...,k} and it satisfies Condition*. This is easy to
see, because suppose for some [ € N, there exists j € R such that p { (]l) Then we have
1 <1< j <k and hence ] € R. On the other hand, if & = mp® + 1, then we have
R ={1,2,...,jo,k — 1,k}. Suppose we are given some [ € N. It is clear that if [ > k, then
there does not exist j € R such that p{ (Jl), because (g) = (0. Thus, it suffices to show that
for jo <1 < (k—1), (J) =0 (mod p) for all j € R. Clearly, (J) =0 (mod p) for j < jo.
Lemma 2.12 gives us that (’;) = 0 (mod p) for jo <1 < (k —1). Therefore, we only need
to verify (kjl) = 0 (mod p) for jo = (k —p°) <1 < (k —1). Every [ in this range can be
written as [ = (m — 1)p® + ¢,_1p" " + ... + c1p + ¢, where 0 < ¢; < p. Since (k — 1) = mp®,
by Lemma 2.11 we have (kjl) # 0 (mod p) if and only if ¢; = 0 for 0 < i < b, or in other
words [ = (m — 1)p® = k — p® — 1. Because [ = k — p® — 1 is not in the range of [ we are
considering, it follows that R satisfies Condition™. O]

2.3 Technical Lemmas

We will be applying the following large sieve inequality in this section. Given aset I' C K,
if for any distinct elements v;,v, € I' we have ord (7; — 72) > 6, then we say the points
{~:~ €T} are spaced at least q° apart in T.

14



Theorem 2.14 (Theorem 2.4, [9]). Given A, Z € Z*, let I' C Ky, be a set whose elements
are spaced at least g~ apart in T. Let (Ca)zer,[ be a sequence of complex numbers. For

a € Ky, define
S(a) = Z cre(za).

ordz<Z

Then we have

S ISP < max{g?™,¢* '} Y el

~yel’ ordx<Z

Recall Ix = {z € F [t] : ordx < X}. Let k > 3,0 € my, 0 # c € F;, a« € T, and
Jo be as defined in Section 2.2. In this section, we find an upper bound for the following
exponential sum,

V(0,a) =g~ Z Z e(—chy*0 — ah). (2.30)

y€lx ord h<jo(X—1)

The estimates obtained for ¥ (6, ) is one of our main ingredients for computing the minor
arc estimates in Section 2.4. To achieve this goal, the precise value of jo with respect to k
plays an important role. Hence, we consider the following two cases separately: p{ (k— 1)
and k = mp® + 1 with m,b € N, m > 1, and p{ m. We do not consider the case k = p® +1
here, because we apply a different method to bound the minor arcs in this case.

First, we make several observations, which we use throughout this section. Let 6§ =
a/g+ B, where (a,g) = 1. Let z, y € Ix and = # y. Then, since || - || is F,-linear, we have
ord (|lcz® 70 4 af| — ||cy* 0 + o)) = ord||(zF70 — yFTi0)g|| (2.31)

= ord ([|(z"7 = y*)a/ g + [|(«"7 — ") B
Since F[t] is a unique factorization domain, we have (zF770 — ¢y*=0)q =£ 0 as long as a # 0.
Note that it is possible to get a = 0, when ord g = 0.
Suppose (zF790 — y*=i0)q /g € F,[t]. Then, we have ||(z*77° — y*=)a/g|| = 0 and

ord (ch’f*joe +al — Hcyk*joe + al]) = ord H(:ck’jo — yk’jo)ﬁH. (2.32)

On the other hand, if (z" 77 — y*=)a/g & F,[t], write

a . ) . .
E(aﬁk_]o — yk_]o) = Sg + a,]’t—] + a,j,lt_]_l + ...
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with sg € Fy[t], a; € F, for i < —j < —1 and a_; # 0. Here we know such a_; # 0 exists,
because (zF770 — y*=i0)q /g & F,[t]. Then it follows that

a(zh 0 —yF0y —gsg =gla_jt 7 +a_; 7+ ).
Since the left hand side is a polynomial, we have —j + ord g > 0. Consequently, we obtain

ord ||(z*770 — yF=i0)a/g|| > —ord g. (2.33)

2.3.1 Casept(k—1)

Here we have jo = k — 1, or equivalently £ — jo = 1. In this situation, we obtain an upper
bound for (0, &) in a way analogous to the case for integers in [25]. We have the following
lemma.

Lemma 2.15. Suppose k >3, ptk, andpt (k—1). Let § € my and a € T. Then we have

Proof. Let 0 = a/g + € Mi(g,a) € my. Let 2, y € Ix and  # y. Then, we know
(zF—do — yk=io)a/g & F,t], because k — jo = 1 and ordg > X. Consequently, we have
(2.33). Recall R, = (k —1)X. For simplicity we let R = Ry. Since R > (k — jo)(X — 1)
and ord § < (=R — ord g), we have

ord (270 — )3 < (k — jo)(X —1) = R —ordg < —ord g < 0.
Thus, we obtain from (2.9) and (2.31)

ord (|lez" 70 + af| — [|ey* 0 + o)) = ord ||(z" 7 — y*)a/g|| > —ord g > —R. (2.34)

Suppose there exists y € Ix such that ord ||cy*0 + | < (—jo(X — 1) — 1), or
equivalently,
ord |leyf + of| < —(k —1)(X — 1) — 1. (2.35)

This means the first ((k — 1)(X — 1) 4+ 1) coefficients of ||cyf + af| are 0. Hence, it takes
the form

leyb+al =0t 40t 2. 40t FDEDT0q oy ot FDEED=2 g g B
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Note that there are only ¢“~2 possibilities for the (k — 2)-tuple (@—(k-1)(X=1)—2; --- > Q—R)-
Thus, if there are more than ¢*~2? such polynomials y € Ix satisfying (2.35), then by the
pigeon hole principle there exists a pair  and y in Ix for which the first R coefficients of
||cxf + o] and ||cyf + o agree. However, this contradicts (2.34). Therefore, it follows by
(2.30) and Lemma 2.8 that

V(0 0) < g XHF2HEDEDH _ (k=2)X

2.3.2 Case k=mp’+ 1 with m > 1

Here we have jo = k — p® > p* = k — jo. When p { (k — 1), we had that the difference
between jo(X — 1) + 1 and Ry = (k — 1)X was small enough compared to X - in fact it
was constant with respect to X - which was the reason our application of the pigeon hole

principle was effective in Lemma 2.15. However, when k = mp® + 1 this is no longer the
case as R —jo(X — 1) —1=(p* - )X + (k—p" —1).

It follows from the definition of the major arcs that 9%, C 9y 41, hence my_j 41 C my.
Therefore, given 6 € my, we have either 6 € my_; 41 or 8 € M;_j, 1. We consider these
two cases separately in Lemmas 2.16 and 2.17. The argument in Lemma 2.16 is similar to
that of Lemma 2.15. However, in Lemma 2.17 we use a different approach, which relies on
the large sieve inequality given in Theorem 2.14 instead.

Lemma 2.16. Let k = mp® + 1 with m > 1 and 0 € my,. Suppose 6 € my_;,11. Then we
have

where the implicit constant depends only on q and k.

Proof. Let 0 = a/g+ 5 € Mi_jy+1(9,a) C my_j,+1, and we know R’ > ordg > X, where
R' = Ry_jo+1 = (k — jo)X. Given y € Ix, it takes the form

Y= CX_ltXil + ...+ CLX/prtLX/pr + ...+ ¢ (236)

Let L = (X — | X/p’]). Order the L-tuples of elements of F, in any way, for example, we
may take one bijection between F, and {1, ..., ¢}, and use the lexicographic ordering on
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(F,)*. We can then split Ix into ¢* subsets T, T5, ..., Tz, where

T, ={y € Ix : given y in the form (2.36), the coefficients (cx_l, . cLX/pr)
is exactly the [-th L-tuple}.

Then, we have for some 7" = T}

b0, 0) < q—X+X—X/Pb‘ S5O0 e(—chyt o — ah)‘. (2.37)

y€eT" ord h<jo(X 1)

Given any distinct z,y € T", we have
ord (z"70 — y*7) = ord (z — y)*’ < X,

and hence, (x*790 —y*=i0)q/g & F,[t]. Thus, by (2.33) we have ord ||(x*~90 — y*=i0)a/g|| >
—ord g. Since ord f < —R'—ord g and R’ = (k—jo) X > X, we have ord (zF=7° —y+=i0)3 <
X — R —ordg < —ord g < 0. Therefore, by (2.9) and (2.31), we obtain

ord ([lez" ™0 + al| — [[ey* 0 + o) > —ord g > —R (2.38)

Suppose there exists y € T” such that ord ||cy* =0 + a|| < —jo(X — 1) — 1. This means
the first jo(X — 1) + 1 coefficients of ||cy*~7°0 + «|| must be 0, or in other words it takes
the form

ley* 0+ al| =0t + 0t 24 .. +0 ¢ I 4 gy ot ETDT2

If there is another distinct x € T’, which satisfies the same condition, then the first
Jo(X — 1) + 1 coefficients of ||cz*~700 + a| agree with that of ||cy*=7°0 + a||. However, this
contradicts (2.38) as R’ = (k—jio)X < jo(X —1)+1 for X sufficiently large. Hence, there
is at most one such y. Therefore, it follows by (2.37) and Lemma 2.8 that

(0, ) < q XTI HX DL g Go=1/pNX

[]

Lemma 2.17. Let k = mp® + 1 with m > 1 and 6 € my,. Suppose 0 € My—jo+1- Then we
have

where the implicit constant depends only on q.
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Proof. Let 0 =a/g+ B € Mi_j,+1(9,a) € Mi_j,+1. Then, we have ord g < X and
— Ry —ordg <ordf < —Rj_j,+1 —ord g, (2.39)

where Ry = (k — 1)X and Ry_j,41 = (kK — jo)X. For simplicity, we denote R = Ry and
R' = Rj_jy+1. We have the above lower bound, for otherwise it would mean 6 € 9.

By the Cauchy-Schwartz inequality, we obtain
U0, a) < ¢ X2, (2.40)

where )

S = Z ‘ Z e(—chy" 0 — ah)

y€lx ord h<jo(X-1)

Let ¢’ > 0 be sufficiently small, and in particular we make sure ¢’ < 1. We consider
two cases: ordg > ¢’ X and ordg < 0’ X.

Case 1: Suppose ordg > 0’X. Given y € Iy, it takes the form
Yy = CX_ltX_l —I— + C\_(g/X/prt\'yX/pr —I— + Cop. (241)

Let L = X — |§X/p®|. Order the L-tuples of elements of F, in any way. We can then split
Ix into ¢* subsets, Ty, T, ..., Tyr, where

T) = {y € Ix : given y in the form (2.41), the coefficients (cX_l, s CWX/pr)
is exactly the [-th L-tuple}.

Then we have for some T = T

S < XX Z ‘ Z e(—chy 90 — ah)’

yeT"  ord h<jo(X—1)

2

(2.42)

Recall k — jo = p°. Given any z,y € T', we have
ord ("7 — y*7°) = ord (z — y) <X,

and hence, (xF=9% —y*=i0)q /g & F,[t]. Thus, we have ord ||(z¥=70 — y#=5)a/g|| > —ord g by

19



(2.33). Since ord f < (—R' —ordg) and R’ = X > §' X, we have
ord (xF790 — Y3 < §'X — R —ordg < —ord g < 0.
Therefore, by (2.9) and (2.31), we obtain

ord ([(cz* 70 + a)|| — [|(cy*7°0 + a)||) > —ord g > —X. (2.43)
Since max{X, jo(X — 1) + 1} < joX, we have by Theorem 2.14

. 2 . .
S < ¢ &' X/p* Z ‘ Z (—chyk_m@ _ ah)‘ < g5 ° X/pbq%oX. (2.44)

y€T’" ord h<jo(X-—1)

Case 2: Suppose ord g < §' X. Let € > 0 be sufficiently small. We order the polynomials
of degree less than L' = [(1 — €)X in any way, and call them py, py, ..., p,.-. We then split

Ix into ¢~ subsets, Ty, Tb, wooy Ty, where given any « € 7}, 1 <1 < q“', the coefficients of
x for powers less than L’ agree with that of p;. Thus, we have for some 7" = T

S < g'm9% Z ‘ Z e(—chy" 70 — ah) 2. (2.45)

y€T” ord h<jo(X-1)

Given any z, y € T with zF=90 % y*k=io(mod g), we have (zF=J0 — ¢y*=i0)a/g & F[t].
Thus, by (2.33) we have ord ||(z*~7 — y*=40)a/g|| > —ordg. Since ord3 < —R' —ordg
and R = (k — jo) X > (k — jo)(X — 1), we have

ord (2770 — )3 < (k — jo)(X —1) — R —ordg < —ord g < 0. (2.46)
Therefore, by (2.9) and (2.31), we obtain

ord (|[(cz" 0 + a)|| — [[(cy* 0 + a)||) > —ordg > —0'X. (2.47)
On the other hand, suppose we have distinct x,y € T, where 277 = y*=9(mod g).

Then we have (z" 7 —y#=5)a/g € F,[t] from which (2.32) follows. Also, because z,y € T"
and k — j, = p®, we obtain

ord (xF=90 — yF=90) = ord (z — y)pb > p'L.
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Therefore, it follows by (2.32), (2.39) and (2.46),

ord (H(cxk_jO@ + )| = |[(cyF~900 + a)H) = ord (2F 0 —gF~i0)p (2.48)
p’L' — R—ordg

(k—jo)(1—e)X —(k—1)X —&'X
—joX + (1= (k —jo)e — 0")X

—JoX.

AVARAVS

v

Since max{d’'X, joX, jo(X — 1) + 1} < joX, we have by Theorem 2.14

) 2 )
S < g9 Z ‘ Z e(—chy* 0 — ah)| < q1=9X 20X, (2.49)

yeT’  ord h<jo(X—1)

Note that the only restrictions we had so far for ¢’ and € were: 0 < ¢ <1, 0 < ¢, and
0<1—(k—joe—9. (2.50)
We have by (2.44) and (2.49)
S < qX—(S’X/pqujoX +q(1—e)Xq2joX‘

In order to minimize the right hand side of the above inequality, we set ¢ = §'/p°. Then,
since k — jo = p°, (2.50) can be simplified to

26 < 1.
By letting ¢’ = 1/2, we obtain by (2.40)
W, a) < g 28 < g,

where § = 1/(4p?).
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2.4 A bound on the minor arcs

We obtain estimates on the minor arcs in this section. In Section 2.4.1, we give bounds
on the minor arcs when p t (k — 1) and p = mk® + 1, m > 1. The remaining case when
k = p® + 1 requires a different approach, and it is treated separately in Section 2.4.2. The
reason we require a different approach is that when k& = p®+1, the method in Section 2.4.1
results in an exponential sum that is more complicated to estimate than i («, #). Thus we
take a more basic approach in this case.

2.4.1 Cases pf(k—1) and p=mk’+1, m > 1

Let R’ be as defined in (2.28). Recall from the paragraph after Lemma 2.13 that card R’ =
r, and tq, ..., t, are the elements of R’ in increasing order. The main results of this section
are the following estimates on the minor arcs.

Theorem 2.18. Suppose k > 3 and p 1 k. Suppose further that either p t (k — 1) or
p=mk?+1, m>1. Let k = Z;Zl tj, where R' = {t1,....,t,} and t; <t;i1. Let

50:{1, ifpt(h=1),

ﬁ, ifk=mp’+1,m > 1.

Then we have
[ o) da < -0, (R %),

where the implicit constant depends only on q and k.

Recall from above that if p { (k — 1), then » = k — |k/p]. On the other hand, if
k=mp®+1, thenr=(1—-1/p)(k—p°) + (1+1/p

)-
Corollary 2.19. Suppose k > 3, p 1 k and s > (rk + r). Suppose further that either
pt(k—1) orp=mk®+1, m > 1. Let &y be as in the statement of Theorem 2.18. Then

for each € > 0, we have
/ |g<a)‘25 do < q(287k75()+6)X7
m

where the implicit constant depends only on s,q,k, R, and €.
Proof. This is an immediate consequence of applying Theorem 2.10 to Theorem 2.18. [
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Before we begin with our proof of Theorem 2.18, we set some notation. First we define

the following exponential sums:
fla Z (Zatxf+akx>,
zelx

and

F(B,0)=) e (Zﬁt +9xk>.

zelx

We will also use the notation f(e, ) to mean
f(a70) = f(atuatzu teey Oétrflae)'

We also define for 1 < j <k,

S
00i(x) =Y (x] —wl.,).
i=1

Recall J4(R', X) is the number of solutions of the system

WAl =]+ (jER)

with uj,v; € Ix (1 < j <s). By the orthogonality relation (2.10), it follows that

= f i) da

(2.51)

(2.52)

(2.53)

(2.54)

Proof of Theorem 2.18. We begin by expressing the mean value of g(«) in terms of mean

value of F(3,0). Since F(8,0) = F(—8,—0), we see that

|F(B70)|2S = H Z (Zﬂt] i — s-H +0(

i, s €L x
S (zmt ) + B >).
ord x<X 7j=1
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Then for h = (hy,, ..., h, ) € F,[t]""2, we have

/]{|Fﬁ9|2s (Z @ht) dB do= " 5xh/ (B0, x(x)) db,

ord x<X
where
r—2
=11 (f e(Br, (05, (%) = huy)) dﬁtj).
7j=1

Thus, the orthogonality relation (2.10) gives us

1, when o4, (x) = hy,
]{e(ﬁtjwsvtj (x) = hy;)) dy; = { 0, when 037? Exg # hiy

(2.55)

(2.56)

(2.57)

When ordx < X, we have ord o, (x) < t;(X —1) for 1 < j <r—2, and so it follows from

(2.56) and (2.57) that

> > 5(x,h) = 1.

ord hty <t1(X—1) ord hy, o <tr_2(X—-1)

r—2—

Since

9O = > e(bo.x(x)),

ordx<X

we obtain by (2.55) and (2.58),

|F(B,0)*e <T_ —Btjht]) ag do
Z Z (X—l)/mj{ JZI

ord htl <t1(X-1) ord hy 72§tr72

= / > (Zéxh) (o, x(x)) db

ord x<X

= 1o a

24
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It therefore follows by the triangle inequality,

g(a)* da < IF(8,0)|* dB d (2.59)
/ 3 X oL

OI‘dht1 <t1(X-1) ord ht,r72§tr72

< g [ o e i

An argument similar to that employed in the last paragraph permits us to relate the
mean value of F'(3,60) to a sum of integrals involving f (e, 6) as follows

/mf{ [F(8,0) dB do = Z /j{!f 0)|*e(~ay, ,h) dadf.  (2.60)

ord h<t,_1(

The advantage of this maneuver is that we can rewrite the integral in the summand with
similar expression involving an extra new variable y € Ix. We then take the average of
these integrals over y € Ix to get a sharper upper bound for the left hand side of (2.60),
which ultimately gives us the desired result. This task will be achieved during the course
of the rest of the proof, but first we prove (2.60). For h € F,[t], let

5(x, h) = ?f el (00r (X)) dag, .. (2.61)

We have by the orthogonality relation (2.10),

_ [ 1, when oy, ,(x)=nh,
RS (Pt

Clearly, ordx < X implies ord oy, ,(x) < t,_1(X —1). Hence we have

> dxh)=1. (2.62)

ord h<t,_1(X—1)
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Since f(a,0) = f(—a, —0), we get

s

[fe,0)]* = >, (Zat — ) + 0t - ﬁ@-))

i=1 Ty, IS+iEIX
= E (E Oy Ust x) + 0o, 1 (x ))
ord x<X J=1

Thus, it follows by (2.61) that

/]{|f 0)*e (—ou,_,h) dadd = Y 5xh/j{ (Zﬁtast )+ 0o,k (x )) B do.

ord x<X
(2.63)
Therefore, we obtain by (2.62) and (2.63),

> / j{ (e, 0)e (~ar, ,h) de df (2.64)

ord h<t,_1(X-1)

= D, > )g(Xh/]{ (Zﬁgost] ) + 00 o(x )) 3 do

ordx<X ord h<t,._1(X-1

- [ x (Zﬁmw ) + 004 (x >) a8 do

ord x<X 7=1

_ /mfur(g,e)y?s dg do,

which is exactly the equation (2.60) we aimed to prove.

Given y € Ix, observe that Iy is invariant under translation by y, or in other words
Ix ={z:zelFtlorde < X} ={z+y:zelF,t],ordz < X}.

Let

r—1

t; k

o) = g Q27+ apz”
Jj=1
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By the above observation, shifting the variable of summation in f(a) by y gives us

fle)=> e(Mza) =Y e(\z—ya)). (2.65)

J)GIX .Z’EIX

Define A(0, h,y) as follows:

A0, h,y) = e(fok(x = y)),

when the 2s-tuple x satisfies

s

S (@i =) = (i —y)) =0 (1<j<r—2) (2.66)

i=1

and
S

D (@i =)' = (e — ) ) = h. (2.67)

i=1
Otherwise, we let A(#, h,y) = 0. Substituting the expression (2.65) for f(a,8), we find
by the orthogonality relation (2.10),

%\f(a,@)ﬁse(—atrlh) da= 3 NG hy) (2.68)

ordx<X

We now simplify the function A(6,h,y) and obtain another expression for the left hand
side of (2.68). First, we prove that the 2s-tuple x satisfies (2.66) and (2.67) if and only
if x satisfies

Y laf —ad,) =0 (1<j<r—2) (2.69)

and

> (@t =) =h (2.70)

Suppose x satisfies (2.66) and (2.67). Since [, has characteristic p, we have (v —y)? =
xP — yP. Recall t,_; = jo. Thus, we can prove by induction and the definition of R’ that
(2.66) implies

S

D (@i—yf — (i —y)) =0 (1<j<t) (2.71)

=1
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Note we can verify that ¢,_; > 1 for the cases we consider here. By applying the binomial
theorem, we obtain that whenever a 2s-tuple x satisfies (2.67) and the system (2.71),

then x satisfies )

(el —al)=0 (1<j<t, ) (2.72)

i=1
and (2.70). Clearly the system (2.72) implies (2.69). For the converse direction, since

(2.69) implies (2.72), we can obtain the desired result in a similar manner as in the forward
direction.

Suppose x satisfies (2.69) and (2.70), and consequently (2.72). If p{ (k — 1), then
t,_1 = jo =k — 1 and we have

Osp(x—y) = Z((fb’z - y)k — (Tops — y)k) = o k(Xx) — chy"~tr1, (2.73)

=1

where ¢ = (trlil) # 0 (mod p). If k = mp® + 1, then we can deduce from t,_; = jy =
(m —1)p® + 1 > m, which we note does not hold if m = 1, and (2.72) that

s PP
fo‘l — Ty (Zx S+Z> =0.
i=1

Therefore, by the binomial theorem, the above equation, and the definition of j, given in
(2.25), we also obtain (2.73) when k is of the form k = mp® + 1, m > 1. Thus, we can
rewrite the definition of A(6, h,y) as

A<07 h: y) - e(eo-s,k(x) - Chyk_trile)a

whenever x satisfies (2.69) and (2.70); otherwise, A(6, h,y) is equal to 0. Thus, we have
Flr(O)Pe(—clt 0~ 0 ) da= 3" A@.hy)

and consequently, it follows from (2.68) that

17O e(—aub) da = §1F(@ O e(—chy 10— a,_h) da.
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From here, we have by (2.60),

| $1r@.o s as

/ f|f 0)|* Z e(—chy* 10 — ay,_,h) do df. (2.74)

ord h<t,_1(X—1)

Since the left hand side of (2.74) is independent of y, we can average the right hand side
over y € Iy to obtain

| f1r.o s as

= _XZ/j{U O > e(—chy* "0 — ay,_h) dou df

yelx ord h<t,_1(X—-1)

- /]{\f 0)|>¥(0, ) dex db. (2.75)

In the last equality displayed above, we invoked (2.30), the definition of (0, «). We apply
the appropriate lemma depending on k from Section 2.3, namely Lemmas 2.15, 2.16 and
2.17, to (0, a) and obtain an upper bound for the right hand side of (2.75). We then use
the resulting estimate and (2.54) to bound (2.59), from which we obtain

/ ‘g(a)’% da < q(mfkftr_l)Xq(jofzS)XJS<.R/,X) _ q(nfkfé)XJS(,R/?X% (2.76)

for suitable § > 0. O

2.4.2 Case k=p'+1

Recall from above that if k = p®+ 1, then r = (1 —1/p)(k —p°) + (1 +1/p) = 2. We obtain
the following minor arc bound when k = p® + 1.

Theorem 2.20. Suppose k >3 and k =p*+ 1. Let k =1+ k, R' = {1,k}, and

1

Sp= —— .
* 7 16(p + 2)
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Then we have
/ |g(0¢)\25+1 da < q(l—&—n—k—(SO)XJS(R/’X)’

where the implicit constant depends only on q and k.

By applying Theorem 2.10 to Theorem 2.20, we also obtain the following corollary.
Corollary 2.21. Suppose k >3, k=p*+1, and s > (2k +2). Let

1

o= ———.
* 7 16(p + 2)

Then for each € > 0, we have

/|g(0z)|25+1 da<<q(25+1_k_5°+e)X,
m

where the implicit constant depends only on s,q, k, and e.

We introduce some notation before we get into the proof of Theorem 2.20. Given
J,j' € ZT, we write j <, j if p ¢t (J]') By Lucas’ Theorem, this happens precisely when
all the digits of j in base p are less than or equal to the corresponding digits of r. From
this characterization, it is easy to see that the relation <, defines a partial order on Z*.
If j <, j', then we necessarily have j < j'. Let K C Z*. We say an element k € K is
maximal if it is maximal with respect to <, that is, for any j € K, either j <, k or j and
k are not comparable. Following the notation of [12], we define the shadow of I, S(K), to
be

S(K)y={jeZ":j=,j forsome j' € K}.

We also define

K*={keK:ptkandp’k ¢ S(K) for any v e Z"}.

We invoke the following result from [12]. The theorem allows us to estimate certain
coefficients of a polynomial h(u) by an element in K when the exponential sum of h(u) is
sufficiently large. We use the result to bound exponential sums over the minor arcs.

Theorem 2.22 (Theorem 12, [12]). Let K C Z¥ and h(u) = 30y 00’ € Koolul,
where a; # 0 (j € K). Suppose that k € K* is mazimal in KC. Then there exist constants
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c,C >0, depending only on IC and q, such that the following holds: suppose that for some
0 <n<cX, we have

DI EYa

zelx

Then for any € > 0 and X sufficiently large in terms of K, € and q, there ezist a,g € F[t]
such that
ord (goy, —a) < —kX +eX +Cn and ordg <eX +Cn.

Proof of Theorem 2.20. We bound supy,, |¢(0)| using Theorem 2.22. For g(f) with k =
p° + 1, we have K = {k}, and thus

S(K) = {k,p" 1},

and
K* = {k}.
Clearly, k is maximal in . We also have
S(K) = {ieN:ptiandp’i € S(K) for some v € NU{0}}
= {k,1}.

It is given at the end of the proof of [12, Theorem 12] that we may take ¢ = 1/(8(rop +
70)) and C' = 2(r¢p + 1), where 1o = # S(K)" and ¢ = max;cgcy ¢ Therefore, we can
apply Theorem 2.22 with

1 1
— - d C=202k+2).
‘=3t " Teprry M C-2%A2)

Take any 6 € m. We set e = 1/2. Suppose for some X sufficiently large, with respect to K
and ¢, we have
9(8)] > ¢ .

Then, by Theorem 2.22, there exist g, a € F,[t] such that

1 1
ord (g0 —a) < —kX—keX—FZX and ordg < 6X+ZX.
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Let (g,a) = ¢, and denote § = {gy and a = fay. We obtain from above inequalities,
1
ord (6 —ag/go) =ord (0 —a/g) < —kX +eX + ZLX —ordg < —(k—1)X — ord gg
and )
ordgyg <ordg <eX + ZX < X.

By the definition of major arcs (2.14), this implies that 6 € 9, which is a contradiction.
Therefore, we must have

9(6)] < ¢* =¥

for all X sufficiently large with respect to K and ¢. Since the result is independent of the
choice of 6 € m, it follows that

sup [g(6)] < ¢ 0, (2.77)

fcmy,

When k = p® + 1, we have r = 2; therefore, we have F(3,0) = g(). Thus, we obtain
by (2.60) and the triangle inequality that

/ 9(0)+ do (2.78)

< suplg(0) /\g (0)1* df

= suplg(0) Z/}{|fa9|2s —ah) da db
fem helx

< sup|g(0) %%Ua@\%dadQ
fem

= suplg(0)] - ¢* - J(R', X).
fem

Consequently, substituting (2.77) into the above inequality (2.78) gives us

1
/ gO) ! df < ¢ e (R, X).
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2.5 Weyl Differencing

Let wo(u) be a polynomial in F,[t][u]. Let zi,...,2, be indeterminates. We define the
differencing operator A,, by

Az (wo)(u) = wo(u + z) — wo(u) € Fy[t][u, 1],
where we denote A, (wy) = A, (wp)(u). We also define recursively
AL AL (wo)(u) = AL, A (wo)(u+ 20) — AL, AL (wo)(w) € Fylt]u, 21, ..o, 21,

and we denote A, ..A, (wy) = A, ...A,, (wo)(uw).

While in characteristic zero the above differencing process, known as Weyl differencing,
decreases the degree (in u) of the polynomial by one, the situation in positive characteristic
is more subtle. With application of Hua’s lemma (Proposition 2.24) in mind, it will be
useful to know how many times one can apply Weyl differencing to u* in F[t][u] before it
becomes identically zero. Note that given an indeterminate z and a monomial u’, we have
A, (u*) = 0 if and only if £ = 0. To see this, suppose we have £ > 1 and

0= Au(uf) = (u+t2) —uf — Zzl (f) Wizt

J=0

Then, in particular it must be that (5) =1=0 (mod p), which is a contradiction. There-
fore, we have ¢ = 0. The converse direction is trivial. The following lemma can be obtained
by a slight modification of [15, Lemma 8.1], but for the sake of completeness we present
the proof below.

Lemma 2.23. Let k = ¢,p" + ... +¢co with 0 < ¢; < p (0 < i <w), and let hy = ho(k) =
Cy+ ... +co. Let 21, ..., zpg+1 be indeterminates. Then, we have

0 # Azho...Azluk e F,[t][u, z1, .., 2n)

and

0= Azhoﬂ...AZluk € F,ltlu, 21, .., Zhot1]-
Proof. For conveneince we use zp in place of u here. It is clear that A, .. A, 2" is a
homogeneous polynomial of degree k in 2, 21, ..., 2. Let S be the collection of (h + 1)-
tuples i = (i, ..., ) such that the coefficient of z' = z’...2)" in A,,...A, %" is not zero.

k _
Let A,,..AL %" = Ziesh GZ'.
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Suppose i = (ig, ..., ),1 = (i, ..., 1)) € Sp and i #i'. Let

i1 /. ol
P S 5 ] iR 0 _ . .01 in 0 a_to—a __ . 0 a1 in Jio—a
A, Gz =g AL 2y = Ry <a)zozh+1 = E cl(a)zozl 2y 2

a=0 a=0

and similarly,
i—1

!
. 7 YU VAN N
. i 2 : X 0 a’ U1 1y p—a
Azh+1cllz - Cy/ (a/> ZO 21 Zh Zh+1 .
a’=0

We claim that A,, ¢zt and A, cyz'’ have no monomials in common. This is clear if
there exists some 0 < w < h for which i, # i/,. On the other hand, if i, = i, (0 <
w < h), then we must have iy # 4(. In this case, since there do not exist 0 < a < i
and 0 < @ < i which satisfy (a,iy — a) = (d/,iy — a’), the claim follows. Thus, no
cancellation can occur amongst the monomials of A, Hcizi and A, Hci/zi’ for any distinct
i and i’ € S). Therefore, it follows that if we can find a monomial z' with i € S), such that
A, 7" has at least one monomial divisible by z, then A,, |..A, 20" & Fy[t][z1, ..., 2n41]-
In other words, A, ..A., 20" has a monomial with a factor of 2, and TANSVA N 20F # 0
in F,[t][z0, 21, ---, Zh+2)-

Suppose we have ¢ = a,p’ + ... + ag with 0 < a; < p (0 < i <wv). By Lemma 2.11, we
have that

n

(€> # 0 (mod p) (2.79)
if and only if n € {¢} U A,, where

Ap={neNU{0} :n=dp’+ ..+ dip+do with 0 < d; <a; (0<i<w)andn < (}.
Therefore, it follows that if i € S}, then

, o\ .
1 _ n_t1 Th L10—N
A, Gz = E Ci<n>20 22 (2.80)

nEAiO

In particular, every coefficient in (2.80) is non-zero.

Consider a finite sequence of natural numbers {s;} constructed in the following way.
Let so = k. Pick any monomial zng_“ of A, 2" with non-zero coefficient and let s; = a.
Then pick any monomial of A, z32%~* with non-zero coefficient and let s, be its exponent

of zy. We define s; recursively until sy = 0 for some 7', where we terminate the procedure.
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Define hg := hg(k) to be the number such that
A Dz # 0,

but

A ..Azlzok =0.

Zhg+1"
It is easy to see that hg is exactly the maximum value of T" we can obtain from the sequence
{s;}.

It follows from (2.80) that if s; = ¢, then
Sj+1 € Ay

Therefore, in order to construct the sequence {s;} with maximum value of 7', at each step
we do the following. Suppose s; = a,p’ + ... + ap with 0 < a; < p (0 < i < v). We pick
any w such that a,, # 0. Note that we can always find such w as long as s; # 0. We
let 541 = s; —p”. It is then immediate that the maximum value of 7" we can achieve is

(o + ... + o). O
Combining Lemma 2.23 and [19, Proposition 13|, we have the following version of Hua’s
lemma.

Proposition 2.24. Let wy(u) be a polynomial in F[t][u] of degree k in u, and let w(a) =
> eery, e(wo(z)a). Let ho(k) be as defined in the statement of Lemma 2.25. Suppose j <
ho(k). Then for every e > 0, we have

where the implicit constant depends only on k,q, and €.

We apply Proposition 2.24 in Sections 2.6 and 2.7 with wq(u) = u*.

2.6 Asymptotic Formula and G, (k)

We now lower the bound on s in Corollary 2.19 via combination of Proposition 2.24 and
Holder’s inequality, and obtain Theorems 2.3 and 2.4. First, we consider the case when
pt(k—1) in Proposition 2.25. We then take care of the case k = mp® + 1 in Proposition
2.26.
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Let
2%kj — 2
ij):2k2+1——{—4L———}.

k+1—

If £ < p, we set
si(k) = min - sp(5). (2.81)
QJ'SE(J%—H)

On the other hand, if £ > p and p1 (k — 1), we set

&%%:%k+1—{?:§] (2.82)

Proposition 2.25. Suppose k >3, ptk, and p{ (k —1). Let s1(k) be as given in (2.81)
when k < p and in (2.82) when k > p. If s > s1(k), then there exists 6; > 0 such that

/|g(0&)|5 dO[<<q(S_k_51)X,
m

where the implicit constant depends only on s,q,k, R, and ;.

Proof. Let ho(k) be as in the statement of Lemma 2.23. We have by Proposition 2.24, if
J < ho(k), then for any € > 0,

%mmwda<qwj““- (2.83)

We let s(j) = 2r(k + 1)a’ + 27V, where a’ + b = 1. Then Hoélder’s inequality gives us

Lot do < ([ g ia) ' (flatar a) T ey

Recall for the range of k we are considering, we can take o = 1 in Corollary 2.19. We
consider j in the following range: 1 < j < k, 2/ < (2r—1)(k+1)+1 and j < ho(k). Define
2 9
—Jj+1 k—j+1

nU)Zk

and let
v(7) =1+n() — ()]
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We choose L .
Ll B ) B
k—j+1 2r(k+1)—27

and

k—j+1 2r(k+1)—27

Note that our restriction on j ensures b’ > 0. Also, this choice of @’ and b’ ensures @’ — (k —
J)b' > 0. Then, by Corollary 2.19 and (2.83), we have the following bound for (2.84):

/ ‘g(a)’so(j) da < leqa’(Qr(kJrl)fkfl)qu’(Qjfj)X < q(so(j)fkf(a/f(kfj)b/)wLe)X.
m
By the trivial bound |g(a)| < ¢%, it follows that for any s > so(j) we have

m m

We can simplify s¢(j) as

so(j) = 2r(k+1)( et ) )+2j(k L 19 )

k—j+1 2r(k+1)—2 —j+1 2r(k+1)—2
= 2rk —n(j) +7())
= 2rk+1—1[n()].

To establish our result, all we have left is to choose j within the appropriate range given
above such that so(j) is as small as possible. This value of s¢(j) will be our s;(k). We
consider the two cases separately.

Case 1: k > p. From p{k,pt(k—1), and k > p, we can verify that 3 < hgo(k). Thus we
know we can apply Weyl differencing at least three times. Therefore, we set s1(k) = so(3).
Since

6r —8
= 2.
0< =" (285)
we obtain
6r — 8
si(k)=2rk+1— {k—J
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Case 2: k < p. In this case, we have ho(k) = k. We set

s1(k) = Eljlg so(J). (2.86)
23 <(2r—1)(k+1)+1

Since r = k — |k/p|] = k, we have so(j) = s((j) and (2r — 1)(k+1) +1 = k(2k + 1).
Therefore, we see that s;(k) given above in (2.86) coincides with (2.81).

]

Now we consider the case k = mp® + 1. If m = 1, we set s;(k) = 4k +5. If m > 1, then

we set
ﬁ@):m%+2r—{mr'na_lmw. (2.87)

2

Proposition 2.26. Suppose k = mp® + 1 with p{m. Let si(k) be 4k +5 when m = 1 and
as in (2.87) when m > 1. If s > s1(k), then there ezists 6; > 0 such that

/ 9(@)]* da < g=F-DX,
m

where the implicit constant depends only on s,q, k,R’, and d;.

Proof. We first deal with the case m > 1. Let ho(k) be as in the statement of Lemma 2.23.
If j < ho(k), then for any € > 0 we have (2.83). We let sq(j) = 2r(k + 1)a’ + 270/, where
a’ + UV =1, as before in Proposition 2.25. Then by Holder’s inequality, we have (2.84).
We consider j in the following range: 1 < j <k, 2/ < (2r —1)(k+ 1)+ 1 and j < ho(k).
Let €(j) be a small positive number. We choose

k—j e()
,:
S T (A Y

and ‘
b/ — 5 _ E(])
k—j+o 2r(k+1)—20°

where we let § = § = 1/(4p®) from Corollary 2.19.

Note that we pick €(j) sufficiently small to make sure ¥’ > 0. Also, the range of j we
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are considering and this choice of a’ and ¥’ ensure

/ . ,_((5+k—j)€(j)
da' — (k— b = (k1) — 2 > 0.

By Corollary 2.19 and (2.83), we have the following bound for (2.84):
/ |g(a)|so(j) do < leqa’(2r(k+1)—k—6)qu’(2j—j)X < q(so(j)—k—(éa’—(k—j)b')—i—e)X.
m
By the trivial bound |g(a)| < ¢, it follows that for any s > sq(j) we have

m m

We can simplify so(j) as

Lo k—J () i 9 €y)
so(j) = QT(k+1)(k_j+5+2r(k+1)_2j)+2 (k;—j+5_2r(k:+1)—23')

2r(j+1-0)0-J) , : _2;5+ 5 T eld)

= 2k+2(1—08)k—

k—j+9
B 2r(l+j—0)—2 ,
= 2rk+2(1—0)r—o T +€(j)
— 9
= 2rk+2r—52r(k+1) 2 + €(y).

k—j+0

To establish our result, all we have left is to choose j within the appropriate range given
above such that so(j) is as small as possible. We would like to maximize the value

627’(1{ +1)—2
k—j+0o

in order to minimize so(j). We then let the smallest integer greater than the s¢(j) found
to be our sy (k).

Since m > 1, we can verify that ho(k) > 3. Thus we know we can apply Weyl differ-
encing at least three times. We have

r=1-1/p)(k=p")+ (1 +1/p)=(m—1)p"-p"")+2
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Also, recall from above we have set § = 6y = 1/(4p”). Let j = 3 and we obtain

so(3) = 2rk+2r — i;l()f]j_l; ; (25> +€(3)
B 2(m — 1) (p* — p* N (k+1) 4(k+1) 8
= ko 1p(k —3+0) T APk —3+0)  Apb(k —3+0) +e3)
B (m—1)1—1/p)(k+1) k—1
= 2rk+2r — 20k —3+0) _pb(k—3+5)+6(3)
(m—-1)A-1/p)(k+1)
< 2rk +2r — 20k —3+0)
P (m_l)(;_l/p).

Therefore, we let s;(k) = {Qrk +2r — ww =2rk +2r — L(m_l)(+l/p)J > 50(3).

The case m = 1 is an immediate consequence of Corollary 2.21. When m = 1, we have
r = 2 and the saving in the exponent of dy = m from Corollary 2.21, however, with
these values our approach above is not effective as in the case m > 1. Therefore, we let

s1(k) = 4k + 5 in this case. O

We are now in position to prove Theorems 2.3 and 2.4. By using the bounds on minor
arcs from this section, we obtain an estimate for G, (k).

Proof of Theorems 2.3 and 2.4. Let n € J’; [t]. By applying Theorem 2.9 and Propositions
2.25 and 2.26 to (2.17), we obtain that there exists € > 0 such that for s > max{s;(k), 2k+

1}7
Rgk(n) = /gﬁg(a)se(—na) da—i—/g(a)se(—na) da

637k(n)Joo(n)q(ka)P + O(q(sfkfe)P)
= ST o (7).

which is the asymptotic formula (2.3). We then simplify s;(k) from Propositions 2.25
and 2.26 via (2.29) to obtain the estimates given in the statement of Theorem 2.3. When
k < p, we see that s(k) given in (2.81) is identical to that defined for the integer case in

[25]. Consequently, our estimates for G4(k) when k& < p are identical to the estimates of

G (k) obtained in [25]. O
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2.7 Slim Exceptional Sets

We carry out a similar calculation here as in Section 2.6 and obtain Theorems 2.5 and
2.6. Recall from Section 2.1 that E,,(N,1) is defined to be the set of n € Iy N Ji[t]
which satisfies (2.7). As in [25], we refer to a function v (z) as being sedately increasing
when 1(z) is a function of positive variable z increasing monotonically to infinity, and
satisfying the condition that when z is large, one has ¥ (z) = O(z°) for a positive number
e sufficiently small in the ambient context. We also prove the following theorem on the
estimate of |Es x(N, )| when 1 is a sedately increasing function. In order to avoid clutter
in the exposition, we present the case k = p® + 1 separately from the rest of the cases.

Theorem 2.27. Suppose k > 3 and p 1 k. Suppose further that either p t (k — 1) or
k=mp®+1, m > 1. Let &y be as in the statement of Theorem 2.18. If 1(z) is a sedately
increasing function, then for s > rk +r we have

| Eor(N, )| < g*0F 9Py (g")?,
where the implicit constant depends on s,q,k,e, R’, and 1.

Theorem 2.28. Suppose k > 3 and p{ k. Suppose further that k = p® + 1. Let

1

% = 16(p" + 2)°

If ¥(z) is a sedately increasing function, then for s > 2k + 3 we have

| (N, )| < g0t 9Py(gP)?,

where the implicit constant depends on s,q,k,e,R’, and 1.

First, we consider the case when p { (kK — 1) in Proposition 2.29. We then take care of
the case k = mp® + 1 in Proposition 2.30.

Let
. kj — 291
)=k +1—- | >——1.
If k£ < p, we set
ua(k) =  min  ug(j). (2.88)

C1<5<k
27 <k(2k+1)
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On the other hand, if £ > p and p{ (k — 1), we set

3r—4
u2(k;):7“k—|—1—|rk_2] (2.89)

Proposition 2.29. Suppose k > 3, ptk, and pt (k —1). Let uy(k) be as given in (2.88)
when k < p and in (2.89) when k > p. If s > us(k), then there exists 6o > 0 such that

/|g(0[)|25 do < q(25—k—52)X7
m
where the implicit constant depends only on s,q,k, R, and 5.

Proof. Let ho(k) be as in the statement of Lemma 2.23. We let 2uq(j) = 2r(k+1)a’ 4+ 27V,
where a’ + 0 = 1. By Holder’s inequality, we have

[ lota) P da < ( | lota) 0+ ' (f1atr? aa) T e

Recall that for the range of k we are considering, we can take oy = 1 in Corollary 2.19.
We consider j in the following range: 1 < j <k, 29 < (2r —1)(k+ 1)+ 1 and j < ho(k).
Define

_ rj 2i—1
)= T E T k=l
and let
1) =1+00) = [nG)]-
We choose . ,
L N W)
k—j+1 rk+1)—2-1
and
yoo 1 ()

T k—j+1 r(k+1)—2 1

Note that our restriction on j ensures ¥ > 0. Also, this choice of ¢’ and V' ensures
a' — (k— )b > 0. Then, by Corollary 2.19 and (2.83), we have the following bound for
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(2.90):

/|g(a>’2u0(j) da < leqa’(2r(k+1)7k71)qu’(2jfj)X < q(2u0(j)fkf(a’f(kfj)b’)+e)X.
m

By the trivial bound |g(a)| < ¢%, it follows that for any s > ug(j) we have

/ ‘g(a)’23 da < q(232uo(j))X/ ’g(a>’2uo(j) da < q(QS*k*(a/*(k*j)b’)Jre)X.
m m
We can simplify 2ug(j) as

Lo k—j 7(4) i1 ()
2uo(j) = 2r(k+1)<k—j+1+r(l€+1)—2j1)+2 (k_j+1_r(k+1)—2j1)

o1 2 .
— ok 2
s S s B
— ok — () + 290)). (201)

or equivalently,

uo(j) =rk —n(j) +~0) =rk+1—[n@)].
To establish our result, all we have left is to choose j within the appropriate range given
above such that ug(j) is as small as possible. This value of ug(j) will be our us(k). We
consider the two cases separately.

Case 1: k > p. From p{k,pt(k—1), and k > p, we can verify that 3 < ho(k). Thus we
know we can apply Weyl differencing at least three times. Therefore, we set us(k) = uo(3).
Since

0<n(3)= 3,:__24 (2.92)
we obtain
ug(k) =1k +1— |V?Zﬁ__2lﬂ .
Case 2: Suppose k < p. In this case, we set
u (k) = min uo () (2.93)

_ 1<j<k
27 <(2r—1) (k+1)+1

Since r = k — |k/p| = k, we have uo(j) = uy(j) and (2r — 1)(k+ 1)+ 1 = k(2k + 1).
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Therefore, we see that us(k) given above in (2.93) coincides with (2.88). O

Now we consider the case k = mp®+ 1. If m = 1, we set ug(k) = 2k +3. If m > 1, then

we set
wus(k) = 7k + 1 — {(m_l)(l_l/p)J. (2.94)

4

Proposition 2.30. Suppose k = mp®+1 with p{m. Let uy(k) be 2k + 3 when m =1 and
as in (2.94) when m > 1. If s > uy(k), then there exists 6o > 0 such that

/|g(a)|25 doz<<q(25_k_62)x,

where the implicit constant depends only on s,q,k, R’, and 5.

Proof. For the case m = 1, by a similar reasoning as in Proposition 2.26, we let uy(k) =
2k + 3, and the result is an immediate consequence of Corollary 2.21. We now deal with
the case m > 1. Let ho(k) be as in the statement of Lemma 2.23. If j < ho(k), then for
any € > 0 we have (2.83). We let 2uqy(j) = 2r(k + 1)a’ + 27V, where o’ + V' = 1, as before
in Proposition 2.29. Then by Hélder’s inequality, we have (2.90). We consider j in the
following range: 1 < j <k, 2/ < (2r —1)(k+ 1)+ 1 and j < ho(k).

Let €(j) be a small positive number. We choose

r k_] 6(])
a - ,
k—j+¢6 rk+1)—2-1

and .
bl — 5 _ 6(.])
k—j+6 rk+1)—2-1
where we let § = § = 1/(4p®) from Corollary 2.19.

Note that we pick €(j) sufficiently small such that & > 0. Also, the range of j we are
considering and this choice of a’ and b’ ensure

/ . /_(5+k—j)€(j)
o = (k= = — o

> 0.

By Corollary 2.19 and (2.83), we have the following bound for (2.90):

/ |g(a)’2u0(j) do < leqa’(2r(k+l)—k—6)qu’(Zj—j)X < q(2uo(j)—k—(&a’—(k—j)b')+e)X‘
m
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By the trivial bound |g(a)| < ¢¥, it follows that for any s > ug(j) we have

/ ’g(a)|25 do < q2(suo(j))X/ ‘g(a)’%to(j) do < q(257k’(5a'*(kfj)b’)+e)x.
m m

We can simplify 2ug(j) as

o k—J () i at)
2up(j) = 2r(k+1) <k—j+(5+r(k:—|—1)—2j‘1)+2 (k—j+5_r(k¢+1)—2j‘1)
2r(j + (1 —9)(d — j)) 279

= 2rk+2(1—6)r —

+ 2¢(j)

kE—j+9 kE—j4+96
2r(l14+j—0)—2 .
= 2 2(1 — — 2
rk+2(1—8)r—6 P + 2¢(j)
2r(k+1) —27 :
= 2 2r — 2
rh o 2r — b €(4),
or equivalently, A
r(k+1)— 271

up(j)=rk+nr—>9 P +€(7).

To establish our result, all we have left is to choose j within the appropriate range given
above such that ug(j) is as small as possible. We would like to maximize the value

57’(1{; +1)—2/71
k10

in order to minimize wuy(j). We then let the smallest integer greater than the ug(j) found
to be our us (k).

Since m > 1, we can verify that ho(k) > 3. Thus we know we can apply Weyl differ-
encing at least three times. We have

r=0-1/p)(k=p")+ (1 +1/p)=(m—-1)@p" —p"") +2.
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Also, recall from above we have set § = 6y = 1/(4p”). Let j = 3 and we obtain

up(3) = Tk—i—?“—ri;):];l_);fé) + ¢(3)
_ r(k+1)
=R s EDRRTIEEED +e¥)
_ hay MmO () 2(k +1) 4
4p(k 3+5) 4ph(k—3+0)  4pP(k —3+0)
(m—-1)@" - ")k +1) k-1
< rk+r— 4p(k 3+5) 2pb(k_3+5)+6(3)
(m—-1)(A -1/p)(k+1)
< rk+r— 1 340)
< g (001
Therefore, we set
(m—-1)(1—-1/p)
us(k) = [rk—l—r— i W
(m—1)(1 —1/p)
- HHT_L 4 pJ

+ €(3)

]

For 4(z) a function of positive variable z, recall we denote E,(N,1) to be the set of

n € Iy NJ;[t] for which

|Rop(n) = ,4(n) Joe()g7| > g9 0(g") .

By Theorem 2.9, for s > 2k + 1 and any polynomial n € E&k(N, 1) we have

/mg<0‘)s€(—na) do = GSyk(n)Jan)q(sfk)P
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for sufficiently small € > 0. Hence, it follows by (2.17) that
Rir(n) = Gr(n)ds( KP4 / g(a ) do (2.97)
+0 ( (87]6726)}3) )

By (2.95), (2.97) and the triangle inequality, we see that there exists a constant C; > 0
such that given any n € Fq (N, 1),

)/g(c“)se(—”a) da| + Cyqt®™F 2P > ¢RIy (gF) (2.98)
Suppose Y(2) < Cyz¢ for some constant Cy > 0. Then it follows that Cyqls*=29F <
C3q®=*=P4)(g") =" for some constant Cy > 0. Now there exists My > 0 such that Csq~" <

1/2 for all P > M,. Therefore, for P sufficiently large we have that given any n €
s,k(N 77Z))

| / na) da > £q PP (") (2.99)

Let £ = \Es,k(]\/', 1)|. Define the complex numbers 7(n), depending on s and k, for
n € Es,(N,v) by means of the equation

‘/ —na doz‘ =n(n )/g(a)se(—na) dov.
Clearly, [n(n)] =1 for all n € Es7k(N, ). Define the exponential sum K («) by
K(a) = Z n(n)e(na). (2.100)
n€Es (N ,p)

Then, it follows from (2.99) that for P sufficiently large

ST E < Y ) / g(a)e(—na) da

neE‘s,k)(Nvdj)

= /g(a)sK(—a) dor. (2.101)
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We apply Cauchy-Schwartz inequality to the right hand side of (2.101) to obtain

§q<s-k>Pw<qP>—1E<(/m |g<a>|25da) (/ K (- |2da) y (2.102)

We note that we have established the above inequality (2.102) assuming s > 2k + 1 here.
The orthogonality relation (2.10) gives us

%|K(a)|2 do= Y 1=E. (2.103)

neEs,k(va)
With this set up, we are ready to prove Theorems 2.5, 2.6, 2.27, and 2.28.

Proof of Theorems 2.5, 2.6, 2.27, and 2.28. Recall we defined X = P+1. By Propositions
2.29 and 2.30, for s > uy(k) we know there exists d2 > 0 such that

1/2
< |g(&)|2s da) < q(s—k/2—62/2)P.
m

Therefore, we can further bound the right hand side of (2.102) by the above inequality
and (2.103), and obtain for s > max{us(k), 2k + 1},

1/2
q(s—k)Pw(qP)—lEl/Q < ( |g(0z)\25 dOé) < q(s—k/2—62/2)P’
m

which simplifies to
E < %Py (2104
Fix ¢ > 0 sufficiently small and let ¢(z) be such that ¥(¢") < ¢**/2. Then we have by
(2.104) that
E < q(k‘752+6)P < qordnf(égfe)P < qu(nge)% — 0<qN).
Therefore, we obtain é;(k;) < max{ug(k), 2k + 1}. We then simplify uy(k) via (2.29) to

obtain the estimates given in the statement of Theorem 2.5. When k£ < p, we see that
ug(k) given in (2.88) is identical to u(k) defined in [25]. Consequently, our estimates for

G 1 (k) when k < p are identical to the estimates of G (k) obtained in [25]. We have now
completed the proof of Theorems 2.5 and 2.6.

Finally, to prove Theorems 2.27 and 2.28, we substitute (2.103) into (2.102), apply
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Corollary 2.19 or Corollary 2.21 (depending on k and p), and obtain for P sufficiently large

1 S— - S 1/2 S— — €
5q( k)Pw(qP) 1E1/2 < </ ’g(a>|2 da> < q( k/2—60/2+ /2)P.
m

Rearranging the above inequality yields
B < g* 0Py,

as desired. ]
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Chapter 3

Diophantine approximation of
polynomials over F,|t] satisfying a
divisibility condition

3.1 Introduction

In 1927, Vinogradov [20] proved the following result, confirming a conjecture of Hardy and
Littlewood [6]. Let || - || denote the distance to the nearest integer.

Theorem 3.1. For every positive integer k, there exists an exponent 6, > 0 such that

min _||an®| < N~%
1<n<N

for any positive integer N and real number a.

A brief history and introduction to the topic is given in [13, Section 1], which we
paraphrase here. Vinogradov showed that one could take 0, = 162%1“ — € for any € > 0.
In particular, one can take 63 = 2/5 — €. Heilbronn [%] improved this to 3 = 1/2 — e. The
best result to date is due to Zaharescu [25], who showed we can take 8, = 4/7 — ¢, though
his method is not applicable to higher powers. It is an open conjecture that we can choose
05 (and more generally 6;) to be 1 —e.

Natural generalizations of Vinogradov’s result have been made. Davenport [2] obtained
an analogue of Theorem 3.1 when n* is replaced by a polynomial f(n) of degree k with-
out a constant term (the corresponding bound being uniform in the coefficients of f and
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depending only on k). Notably, the best bound is due to Wooley, who showed that we
can choose 0, = m — ¢ for k > 4, as a consequence of his recent breakthrough [21] on
Vinogradov’s mean value theorem. We note that Vinogradov’s result has also been gen-
eralized to simultaneous approximation, where we consider multiple polynomials at once.
However, we focus on the single polynomial case in this chapter and we refer the reader to

[13, Section 1] for more information on simultaneous approximation.

In contrast, Lé and Spencer put more emphasis on the qualitative side of these problems
in [13]. They were interested in generalizing Theorem 3.1 in the following manner. For
instance, is it possible to replace n* in Theorem 3.1 with a polynomial h € Z[x]? That is,
for which polynomials h € Z[z]| do we have

. -0

 in, |ah(n)|| <n N (3.1)
for some 6 = 6(h), uniformly in « and N? By the result of Davenport [2] mentioned in the
previous paragraph, this is the case if h is without a constant term, but apparently these
are not all the polynomials satisfying this property. By considering a = 1/g, we see that in
order for such a bound to exist, h must have a root modulo ¢ for every ¢ € Z*. (If h does
not have a root modulo ¢, then ||h(n)/q|| > 1/q for all n € N, and consequently, (3.1) can
not be satisfied uniformly in o and N.) Clearly, this condition is satisfied by polynomials
without constant terms. Lé and Spencer proved that this condition is also sufficient.

Theorem 3.2. [/, Theorem 3] Let h be a polynomial in Z[z] with the property that for
every q # 0, there exists n, € Z, 0 < n, < q, such that h(n,) =0 (mod q). Then there is
an exponent 8 > 0 depending only on the degree of h such that

. —0
i [lah(n)]| <, N

for any positive integer N and real number «.

Our goal in this chapter is to consider analogous problems of qualitative nature over
IF,[t], where F, is a finite field of ¢ elements, taking the approach of Lé and Spencer in [13].
However, before we can state our results we need to introduce notation, some of which we
take from the material in [12, Section 1]. We denote the characteristic of F,, a positive
prime number, by ch(F,) = p. Let K = F,(¢) be the field of fractions of the polynomial
ring F,[t]. For f/g € K, we define the norm |f/g| = ¢4°8/~9°9 (with the convention that
deg0 = —o0). The completion of K with respect to this norm is K, = F,((1/t)), the field
of formal Laurent series in 1/¢. In other words, every element a € K, can be written as
a=>"__ at" for somen € Z and a; € F, (i <n). Therefore, F [t],K, and K., play the

1=—00
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roles of Z,Q, and R, respectively. Let

-1
T:{ZaitilaiEFq (Zs_l)}a

1=—00

which is the analogue of the unit interval [0, 1).

For a = Y ait’ € K, if a, # 0, we define orda = n. We say « is rational if

1=—00

a € K and irrational if a ¢ K. We define {a} = 32" __a;t' € T to be the fractional part
of . We refer to a_; as the residue of o, denoted by res . We now define the exponential
function on K. Let tr : F, — [, denote the familiar trace map. There is a non-trivial
additive character e, : F, — C* defined for each a € F, by taking e,(a) = e>™((@)/P) This
character induces a map e : K, — C* by defining, for each element a € K., the value of
e(a) to be e,(resa). For N € Z*, we write Gy for the set of all polynomials in F,[t] whose

degree are less than N.

Given j,r € Z*, we write j <, r if p{ (;) By Lucas’ Theorem, this happens precisely
when all the digits of 7 in base p are less than or equal to the corresponding digits of 7.
From this characterization, it is easy to see that the relation <, defines a partial order on
Z*. If j <, r, then we necessarily have j < r. Let K C Z*. We say an element k € K is
maximal if it is maximal with respect to <, that is, for any r € K, either » <, k or r and
k are not comparable. Following the notation of [12], we define the shadow of IC, S(K), to
be

S(K)y={jeZ":j=,rforsomereck}.
We also define

K*={keK:ptkandp’k ¢ S(K) for any v e Z"}.

Given f(u) € Ky[u], we mean by f(u) is supported on a set K C Z* that f(u) =
> rexufoy Qru”, where 0 # o, € Koo (r € K). As explained in the remark of [12, Theorem
12], the non-zero coefficient ay,, for k& € K* which is maximal in I, plays the role of the
leading coefficient of the polynomial. This is, in a sense, the “true” F,[t] analogue of the
leading coefficient.

We are now in position to state one of our main results. The following theorem is an
analogue of Theorem 3.2.

Theorem 3.3. Let h(u) = ZrGICU{O} c,u” be a polynomial supported on a set KK C Z* with
coefficients in F,[t]. Suppose ¢ # 0 for some k € K*. Suppose further that for every g
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in F,[t]\{0}, there exists an my; € Ggegy such that h(m,) = 0 (mod g). Then there exist
0 =0(K,q,degh) >0 and Ny = No(K,q,h,0) € Z* such that for any N > Ny, we have

m(i}n ord{Sh(z)} < —ON
zebn

uniformly in B € Ky

Lé and Spencer also proved the following theorem in [13].

Theorem 3.4. [19, Theorem 6] Suppose the polynomials hy, ..., hy of distinct degrees are
such that any linear combination of them with integer coefficients has a root modulo q for
any g € N. Let aq,...,ar € R. Then there is an exponent § > 0 (depending at most on
hi,...,hr) such that

, —0
1?,111;1]\[ Halhl(n) + ...+ aLhL(n)H < N

uniformly in o, ...,ap, N.

Suppose we have polynomials hy, ..., hy, € Fo[t][u], where h;(u) = 3=, ooy ¢, and
K, CZt (1<j<L) Let K=K, U..UKg. We define the K*-portion of h; as

hi(u) := Z cjru.
T‘E/Cjﬂ’C*
We say the KC*-portion of (hj)JL:1 is linearly independent it by, ..., h] are linearly indepen-
dent over K. We also define a slightly stronger notion, the mazimal K*-portion of h;

as
max L T
h™ (u) = E ¢
relC;NK*
7 is maximal in KC
We say the mazimal K*-portion of (hj)]Lz1 is linearly independent if A" ... AP are

linearly independent over K.
The following theorem is an analogue of Theorem 3.4.

Theorem 3.5. Let h; € F,[t|[u] be supported on a set I; C Z* (1 < j < L), and let
K =KiU..UKg. Suppose any linear combination of them with Fy[t] coefficients has
a root modulo g for any g € F,[t]\{0}. Suppose further that the K*-portion of (hj)]L:1
is linearly independent. Then there exist = 0 (K, ¢, maxy<j< degh;) > 0 and Ny =
No(K,q,0,hy,....,h) € ZT such that for any N > Ny, we have

min ord {f1hy(x) + ... + Brhp(z)} < —ON

zeGy
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uniformly in By, ..., B € K.

We also prove an analogue of [13, Theorem 7] in Theorem 3.15, which is a (partial)
generalization of Theorem 3.5. However, we defer stating the result to Section 3.4 in order
to avoid introducing further notation here.

The organization of the rest of the chapter is as follows. In Section 3.2, we introduce
some notation and notions required to carry out our discussions in the setting over F,[t].
In Section 3.3, we prove lemmas involving basic linear algebra utilized in the proof of our
main results given in Section 3.4. Finally, we note that Lé and Spencer generalized [13,
Theorem 7], which Theorem 3.15 is an analogue of, and obtained results on simultaneous
approximation [13, Theorems 4 and 8]. However, due to complications that arose during
our attempt from certain arguments in linear algebra and geometry of numbers in the
setting over F,[t], at present time we decided to leave generalizing Theorem 3.15 in a
similar manner as a possible future work.

3.2 Preliminaries

Suppose a system of polynomials (hy, ..., hy) satisfies the following,

Condition (%): For every g € F,[t]\{0}, there exists m, € F/[t] such that h;(m,) =
0 (mod g) fori=1,..., L.

In the case of Z (in place of F,[t]), such a system of polynomials satisfying the analo-
gous condition is called jointly interesective polynomials.

We have the following analogue of [1, Proposition 6.1].

Lemma 3.6. A system of polynomials (hy,...,hr) in Flt][u] satisfies Condition (x) if
and only if there exists a polynomial d € Fy[t][u], which has a root modulo g for every
g € F [t]\{0}, and d|h; (1 < i < L) over IF[t].

Proof. Suppose a system of polynomials (hy, ..., hr) in F,[t][u] satisfies Condition (x). Let
d, a monic polynomial in K[u], be the greatest common divisor of hy, ..., hy. Then we know
there exist ay, ...,ar, € K[u| such that

ar(w)hy(u) + ... + ap(u)hg(u) = d(u). (3.2)
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Let ¢ € FF,[t] be such that cd(u) € F,[t][u] and has content 1. Since d|h; over K, we
have cd|h; over F,[t] by Gauss” Lemma. Let d(u) = cd(u). By multiplying both sides of
the equation (3.2) by ¢, without loss of generality we may replace d(u) by d(u) in the
equation. Let ¢ € F,[t] be the common denominator of ay,...,ar. Again by multiplying
both sides of the equation by ¢, we have c'aj(u)hi(u) + ... + dar(u)hp(u) = 'd(u), where
cda;(u) € Fylt][u]. Then it is clear that ¢’d(u) has a root modulo g for every g € F,[t|\{0}.

Suppose we are given g = a Hf;l wfj , where each w;’s are distinct monic irreducibles
in F,[t] and a € F,. For w, g € F[t], where w is irreducible, and T' € N, we write w’||g to
mean w’|g, but w! !t g. For each j, let wfj||c’ and y; € F,[t] be such that

dd(y;) =0 (mod w]-TjJrSj),
which we know exists. Consequently, we have

d(y;) =0 (mod wfj)

for each j. By the Chinese Remainder Theorem, we can find y such that y = y; (mod w}qj )
for 1 <j < L' Since d(y) =0 (mod wfj) for 1 < j < L', again by the Chinese Remainder
Theorem we have d(y) = 0 (mod g). The converse direction is immediate. O

Let w be a monic irreducible polynomial in F,[t]. Let Ay be the canonical projection
from F,[t]Jw™NTIF,[t] to F,[t]/wNF,[t]. For each w, we define the projective limit

lim F, 1)/ F, [1] = {(mi)ieN € [T Flt/w'F[t] : Ai(wisr) = 2ivi = 1,2, }

N i=1

Take T = (2;)ien € im Fy[t]/w™NF,[t]. We say that T is a solution to the equation f(u) =0,
N
if T satisfies '
f(z;) =0 (mod w")

for all v € N.

We have the following lemma, which its proof follows closely that of the p-adic integers,
for example see [18, Chapter II, Proposition 1.4].

Lemma 3.7. Let f be a polynomial in F,[t][u] and w a monic irreducible in Fy[t]. Then f
has a root modulo wY for every N € N if and only if the equation f(u) =0 has a solution
in im F,[t] /wNTE,[t].

N
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Proof. Suppose we have (2;)ien € [[12; Folt]/w'F,[t] and that z; is a solution of
f(z;) =0 (mod w")

for every i € N. If (2;);en is already in lim[F,[t] JwNF,[t], then we are done. However,
N
this is not automatically the case. We will therefore extract a sequence from (x;);en which

fits our needs. In what follows, we view (z;);en as a sequence in F,[t]. Since F,[t]/wF,][t]
is finite, there are infinitely many terms x;, which modulo w are congruent to the same
element y; € F,[t]/wF,[t]. Hence we may choose a subsequence {xl(l)} of {z;} such that

2 =y (mod w) and f(xz(»l)) =0 (mod w).

1

Likewise, we may extract from {xEl)} a subsequence {.7352)} such that

2 =y, (mod w?) and f(2!”) =0 (mod w?),

7

where y, € F,[t]/w?F[t] evidently satisfies y» = y; (mod w). Continuing this way, we

obtain for each k > 2 a subsequence {xl(k)} from {xl(k_l)} the terms of which satisfy the
congruences
xl(-k) =y (mod w*) and f(ngk)) =0 (mod w"),

for some y;, € F[t]/w*F,[t] such that
Y = Yr—1 (mod U}kil).

The y,’s define an element in the projective limit, (yx)ren € limF, [t]/wNF,[t], satisfying
N

f(yr) =0 (mod wk)
for all £ > 1. The converse direction is immediate. O

Lemma 3.8. Let f be a polynomial in F,[t][u]. Then f has a root modulo g for every
g € F,[t]\{0} if and only if for every monic irreducible w, the equation f(u) = 0 has a
solution in lim F[t] /w™F,[t].

pan

N

Proof. If f has a root modulo g for every g € F,[t]\{0}, then in particular it has a
root modulo w? for every N € N. Thus the result follows from Lemma 3.7. For the
converse direction, suppose we are given g = a H;‘le w?, where the w,’s are distinct monic

[
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irreducibles in F,[t| and a € F,. By the hypothesis and Lemma 3.7, there exists z;

F,[t]/wF,[t] such that f(z;) =0 (mod w) for each i. Then by the Chinese Remamder
Theorem, we can ﬁnd r € F,[t] such that z = x; (mod w*) for 1 < i < T. Since
f(z) = 0 (mod w?) for 1 <i<T, again by the Chinese Remalnder Theorem we have
f(z) =0 (mod HZ L w). Then it is immediate that f(z) =0 (mod g). O

Corresponding to any system of polynomials (hy, ..., hy) satisfying Condition (x), there
ezists d € F,[t][u] satisfying the conditions of Lemma 3.6. Given a monic irreducible w, by

Lemma 5.8, we know there exists (r,;) € UmF,[t]/w™NF,[t] which is a solution to d(u) = 0,
b

in other words d(ry;) = 0 (mod w?) and ry = ry+ (mod w’) for all j € N. We fiz

such a solution for each w. Suppose we are given g = aHiTzl wf = ag,, where the w;’s

are distinct monic irreducibles in F,[t] and a € F,. By the Chinese Remainder Theorem,

we define vy to be the unique element in F,[t]/(g1) such that vy = r s, (mod w) for
1 <i¢<T. Since d(ry) =0 (mod w?) for 1 < i < T, it follows that d(;“g) =0 (mod g).
where S; < S; and b € F,, so that y|lg. Then since
rg =15 =T s (mod wj ) for 1 <i <T, we obtain r, = ry(mod y). Finally, for a € F,

Suppose we have y = bHZ 1w

s

we let ra =0.

Therefore, corresponding to any system of polynomials (hy, ..., hy) satisfying Condition
(%), we can associate a sequence (T3)zer,i\foy € Folt] such that for any m,y € Fy[t]\{0},
Ty € Gordy, Tmy =1y (mod y), and

hi(ry) =0 (mody) (1<j<L). (3.3)

We note that the approach to define the sequence (rs)zer,[\fo0y here was taken from [17],
which deals with the case of Z.

For any element o € K, it is easy to see that

d{a} = d(a—
ord {a} ZIéLqur[lﬂor (v — 2),

where the minimum is achieved when z = a — {a}, the integral part of o. Also for
ai, ..., ar € Ky, we have

ord { Za]} < ord (Z a; — Z(ozj - {og})) = ord (Z{aj}> < max, ord {o;}.

= (3.4)
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Lemma 3.9. Let (34, 5o, ..., 0r € Ky and suppose ord{5;} > —M (1 < j < R). Then
there exists x € Gy \{0} such that
R
R
‘Ze(ﬂﬁﬁj)
j=1

> .

Proof. For a € K, we have by [19, Lemma 7]

M if ord {o —M,
Z e(za) = { g, if ord %a{ ; —M. (3:5)

ze€Gps

Since ord {f;} > —M (1 < j < R), we have

> ) e(apy) =0.

Jj=1 z€Gy
Therefore, it follows that

> ‘ ie(mﬁj)

CEGGM\{O} Jj=1

ZR;

from which we obtain our result. ]

We invoke the following result from [12]. The theorem allows us to estimate certain
coefficients of a polynomial f(u) by an element in K when the exponential sum of f(u) is
sufficiently large.

Theorem 3.10. [12, Theorem 15] Let f(u) = 3, cx 0y @t be a polynomial supported
on a set K C Z* with coefficients in K. Then for any k € K*, there exist constants
¢k, Cr > 0, depending only on IC and q, such that the following holds: suppose that for
some 0 < n < ¢ N, we have

| elf@))| =g

zeGy

Then for any € > 0 and N sufficiently large in terms of IC, € and q, there exist ay, gi € F[t]
such that

ord (gray, — ag) < —kN +€eN + Cyn  and ord g, < eN + Cyn.
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We have the following corollary where we replace the polynomial gi, € F[t] and constants
¢k, Cr > 0 in the statement of Theorem 3.10 with g € F,[t] and ¢,C > 0, which are
independent of the choice of k € K*, respectively.

Corollary 3.11. Let f(u) = Zreicu{o} a,u” be a polynomial supported on a set K C Z+
with coefficients in Ko,. There exist constants c¢,C' > 0, depending only on K and q, such
that the following holds: suppose that for some 0 < n < cN, we have

|3 elf@))| =g

Then for any € > 0 and N sufficiently large in terms of IC, € and q, there ezists g € F[t]
such that

ord {gag} < —kN +eN +Cn (k€ K*) and ordg <eN + Ch.

Proof. For each k € K*, let ¢, C) be the constants, depending only on I and ¢, and
ag, gr be the polynomials from the statement of Theorem 3.10. Let ¢ = mingex+ ¢ and
C = maxgex- Cp. Welet g = [],c- gr and C" = [K*[C. Since ord g < eN+Cyn (k € K¥),
it follows that

ordg < |K*|eN + C'n.

We also obtain

ord {gax} < ord | gap — ax H g; | < —kN + |K*|eN + C'n.
Jek*\{k}

]

We note that all of our main results, Theorems 3.3, 3.5 and 3.15, rely on Corollary
3.11, which explains the reason for our assumptions on the coefficients of the polynomials
in these theorems.

3.3 Basic Linear Algebra

In this section, we prove lemmas involving basic linear algebra which are utilized in the
proofs of our main results. Given a polynomial f(u) € Ky [u], we use the notation [f]; to
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mean the u' coefficient of f. We have the following lemma, which is an analogue of [13,
Lemma 1].

Lemma 3.12. Suppose d,s € F[t], d # 0, and fi, ..., fr € F,[t][u] with deg f1 < ... <
deg fr. There ezist polynomials g1, ..., g1, € F,[t][u], depending on d and s, and an L x L
matriz A with entries in Fy[t] satisfying the following properties:

fi(du + s) g1(u)
(1) A : =
fr(du + s) gr(u)
(2) A is lower triangular with entries in F,[t]. All its diagonal entries are equal to a

constant ¢ € F,[t] depending only on fi,.., fr. In fact, every entry of A is dependent at
most on s and fi,.., fr.

(3) We have [gi]deggj =0 ifi # j. Also, degg; = deg f; and [gj}deggj = cddeet; [fj]degfj for
all1 <53 < L.

Proof. Let A" = (a; ;) be a lower triangular matrix with all entries on the main diagonal
equal to 1. For each 1 <14 < L, one can successively select elements in K, a;;_1, ..., a;1 so
that in the polynomial

hz(u) = ai71f1 (du + 8) + amfg(du + 8) —+ ...+ ai,i_lfi_l(du + S) —+ f,(du + 8),

the coefficient of u®%i is 0 for every j < i. We prove by induction that a;; (j < 1)
depend only on s and f1, ..., fr, and that their denominators depend only on fi, ..., fr. Fix
1 <1¢ < L. For the base case j =1 — 1, we have

0 = [hildegsi
[aii—1fim1(du+s) + fi(du + 5)]acg 1,

deg f;
. [ s £
= ai,i—l[fi—l]degfiflddegfhl + E : [fl]l <de f ) ddegf%lsl degf%l'
I=deg fi-1 &Ji-1

By rearraging the last equality above, we obtain the following equaiton

1 deg f; l
iy = ———— [.fz]l ( ) Sl—degfi—17
[fi_l]deg fifl l:dgzl deg fi—l
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from which we deduce our base case. Suppose the statement holds for jo < j < i. Then
we have by similar calculations as above and the induction hypothesis that

O = [hl]deg fjo
= [aivjofjo (du + 5) +..+ ai,i—lfi—l(du + S) + fZ(du + S)]degfjo
= d4ee fio [fjo]deg iy 48 fio a,
where @ € K depends only on s and fi,..., fr, and its denominator depends only on
f1, - fr. We then obtain our claim for 7 = jy by rearranging the last equation displayed

above. Let ¢ € F,[t] be the common denominator of the non-zero entries in A’; the matrix
A = cA’ and the polynomials g;(u) = ch;(u) (1 < j < L) satisfy the desired properties. [

By Lemma 3.12, we obtain Lemmas 3.13 and 3.14 which involve polynomials with JC*-

portion and mazimal KC*-portion, respectively, that are linearly independent.

Lemma 3.13. Let h; € F,[t][u] be supported on a set K; CZT (1 < j <L), and let K =

K1iU...UK . Suppose the K*-portion of (hj)f:1 is linearly independent. Let (1, ..., 81 € K.

Then we can find an L x L matriz T with entries in F,[t] and g; € Fylt][u] (1 <j <L)
with the following properties:

(1) g; is a polynomial supported on a subset of IC.

ha(u) g1(u)
@71 =]
hi(u) gr(u)
(3) There exist T; € K* (1 < j < L) such that [g;]r, = 0 if i # j.

(4) There ezist v; € Koo (1 < j < L) such that
Brha(u) + ...+ Brhp(u) = nigi(u) + ... + voge(u).

Proof. By the hypothesis, the polynomials {h;‘ }JL:1 are linearly independent over K. There-
fore, we can find an L x L invertible matrix B with entries in K such that

B (h'; ceey h’z)T = (b17 "'7bL)T7

where b; € F,[t][u] with coefficients supported on a subset of * and degb; < ... < degby.
Let A and ¢, ...,¢; be the matrix and polynomials, respectively, obtained by applying

61



Lemma 3.12 to the polynomials bq,...,b; with d = 1 and s = 0. It follows that the
polynomials g’ have coefficients supported on a subset of £*. Let T; = degg; = degb; €
K*(1 <3 <L). Also let

(gllla 7g/[//)T = AB (hl - hT7 ceey hL - hz)T
and
g =g;+g; 1<j< L),

Let ¢; be the common denominator of the coefficients of g; € Klu] (1 < j < L), ¢ be the
common denominator of the matrix AB, and ¢ = ¢ Hle c¢;. By construction, we see that
cg;j is a polynomial in IF[t][u] with coefficients supported on a subset of IC,

(cg;)™ = clg;) = cgj,

and
(cgi(u), ..., cqr(u)” = cAB (hi(u), ..., hy(u))T.

Since [g;]r, = 0if 7 # j, it follows that [cg;]r;, = 0 if i # j. Let

(71 - vz) = (b1, -, BL) (cAB)™.

Then we have
yegr(u) + ... + ypegr(u) = frhy(u) + ... + Brhg(

Therefore, we see that the matrix cAB and the polynomials c¢g; (1 < j < L) satisfy the
desired properties. O

Let f(u) = >, cxuqoy " be a polynomial supported on a set K C Z* with coefficients
in Keo. For anyr € K and y,s € F[t], we have

r ) )
(y+S)T _ Z (,)y]ST_J + 5
~ \J
J2pT

Therefore, for a fized s, if k is mazimal in KC, then there exist o, = o({ar}rex;s) €
Koo (7 € SIK\{k}) and of = ap({ow }rexuioy; ) € Koo such that

fly+3s)=ar(y+s)"+ Z a,(y+8) +ag = apy* + Z oy’ + o).
rek\{k} JeSUON{k}

62



In other words, the y* coefficient of f(y) and f(y + s) are the same. Therefore, it follows
that if kq, ..., kay are maximal in IC, then

M
fly+s)=> apy™+ >y +ap (3.6)
i=1

JESMKON k1, ks }

Lemma 3.14. Let h; € F[t][u] be supported on a set K; C ZT (1 < j < L), and let

K=KiU..UKL. Suppose the maximal K*-portion of (hj)f:1 18 linearly independent. Let

Bis., B € Koo and s,d € Fy[t] with d # 0. Then we can find g; € Fy[t)u] (1 <j <L),
depending on d and s, and an L x L matriz T with entries in F,[t] with the following
properties:

(1) g; is a polynomial supported on a subset of S(KC) and every entry of T depends only
on hl, ey hL.

hy(du + s) g1(u)
(2) T : =

hi(du+s) g1(v)
(3) For x € F,[t], we have

ord g;(z) < (gjaéXL deg hj> ord (dr + s) + D,

where D is some constant dependent only on hy,...,hy.

(4) There exist T; € K* (1 < j < L) such that T; is mazimal in K and [g;|7, = 0 if
i # j. Moreover, we have [g;]r, = ¢;d" for some ¢; € Fy[t] dependent only on hy, ..., hy.

(5) There ezist v; € Koo (1 < j < L) such that
Blhl(du + S) + ...+ BLhL(du + S) = 7191(“) + ...+ ’}/LgL('LL)

Proof. Let hj(u) = -, uq0y Gott” for 1 < j < L. We also let H; = {r € ;N K :
r is maximal in K} so that 7™ (u) = >_, o cjru”. Let H = H,U...UH,. We have by
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(3.6), the maximality condition of r € H;, that

h;(du+3) = Z cjr(du)" + Z s u’ +

T'GHj UES(KJ')\H]'

for some ¢, ¢, € F[t] (1 <j<L,veSK;)\H,). For any | # j, we have (S(KC;)\H,;) N

5,00 Zjv
M, = @. Suppose v € (S(K;)\H;) NH,. Since v is maximal in K, the only way v can be

an element of S(K;) is if v € K;. However, this forces v € H; which is a contradiction.
Therefore, we can in fact write h;(du +3) as

hj(du +35) = hi™(du) + Z ¢ u’ + g (3.7)
veES(K)\H

By the hypothesis, the polynomials {h?lax}le are linearly independent over K. There-
fore, we can find an L x L invertible matrix B with entries in F,[¢] such that

B (R RPeT = (b, b))

where b; € F,[t][u] (1 < j < L) with coeflicients supported on a subset of % and degb; <
... < degby. The entries of the matrix B and the polynomials by, ..., b, are dependent only
on AP, ..., h**. Clearly we have

B (h™(du), ..., B2 (du))T = (by(du), ..., by, (du))T.

Let A and ¢}, ...,g; be the matrix and polynomials, respectively, obtained by applying
Lemma 3.12 to the polynomials by, ..., by with s = 0 and d. It follows that the coefficients
of g7 (1 < j < L) are supported on a subset of H. Note by (2) of Lemma 3.12, the entries
of A depend only on hy, ..., hr. Let T = deg g; = degb; € H (1 < j < L). We have by (3)
of Lemma 3.12 that [¢}]7, = cd" [b;]z, for some ¢ € Fy[t] dependent only on by, ..., by, and
g/, = 0if i # j. Let

(g, ....g)" = AB (hi(du + 3) — "™ (du), ..., hy(du + 3) — W™ (du))”.
We define polynomials g; by
g =g;+4g; (1<j<L),

then we have
(g1(w), ..., gr(u))" = AB (hi(du +3), ..., hy(du +3))". (3.8)
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By construction, we see that g; and g7 are polynomials in I, [¢][u] with coefficients supported
on a subset of S(K) and a subset of S(IC)\H, respectively. Then (4) of this lemma follows
by the fact that [g;]r, = [gilr, (1 <1i,j < L).

Let
(Vs eosyr) = (Br, oo, Br) (AB).

Then we have

T1g1(u) + ... +ygr(u) = Bihy(du +35) + ... + Brhr(du + 3).

Finally, recall from above that the entries of matrices A and B are dependent only on
hi,....hr. Then (3) of this lemma follows easily from (3.8). O

3.4 Proof of the Main Results

We have collected enough material in the previous sections to prove our main results of the
chapter. We begin this section by proving Theorems 3.3 and 3.5.

Proof of Theorem 3.3. Let (8 be an arbitrary element in K. Let M = |ON| + 1, where 0
is a sufficiently small positive number to be chosen later. We prove by contradiction that
for any N sufficiently large,

min ord {Sh(z)} < —M < —6N.
zeGn

Suppose for some N sufficiently large in terms of K, ¢, 6, and ord ¢, we have ord {Sh(z)} >
—M for all x € Gy. Then by Lemma 3.9, there exists y € G, \{0} such that

N

| ewBh(@)| = it > a¥ .

M __
€GN q 1

It follows by Corollary 3.11 that for § < ¢ there exists g € F,[¢] such that ord g < C'M and
ord {gyfecr} < —kN + CM for some constants ¢, C' > 0, depending only on K and q.

By the hypothesis, we know there exists & € Gord (gye,) Such that h(z) = 0 (mod gycy).
Since N is sufficiently large, by taking 6 < 1/(C + 1) we have

ordx < ord (gyc) < CM + M + ord ¢, < N.
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We denote by D some constant dependent only on A. We have

ord {fh(z)} < min ord (,@h(g;) - Mz)

z€Fqt] qgycg,

- ( ) +ord ysa)

< D+ (ordg+ ordy)(degh — 1) + ord {gySBcy}
< + (CM + M)(degh — 1)+ CM — kN
= D+ ((C+1)(degh—1)+C)M — kN.
Suppose
, 1 1
9<mm{((]+1)(degh—1)+C+1’C+1}'

Then for N sufficiently large in terms of D, we obtain from above that ord {Sh(z)} < —M,
which is a contradiction. O

Proof of Theorem 3.5. Let (i, ..., 8. be arbitrary elements in Ko,. Let M = |[ON] + 1
and 6 be a sufficiently small positive number to be chosen later. To obtain contradiction,
suppose for some N sufficiently large in terms of &, ¢ and 6, we have

ord {f1hi(z) + ... + Brhp(x)} > —M

for all x € Gy.

Let 7 and gy, ..., g1, be the matrix and polynomials, respectively, obtained by applying
Lemma 3.13 to the polynomials Ay, ..., hy,. We also have by (3) and (4) of Lemma 3.13 that
there exist T; € K* (1 < j < L) such that [g;|r;, = 0if i # j, and 7, € Ko (1 < j < L)
such that

Prha(u) + ... 4 Brhr(u) = yngi(u) + ... + yrgo(w).

Hence for all z € Gy, we have

ord {v191(z) + ... + yogr(x)} > —M. (3.9)

Then, by Lemma 3.9, there exists y € G,,\{0} with

q _
|3 clman(@) + o+ ymgne))| > > .

zeGn
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Let f(u) = yy101(u) + ... + yyrgr(u), and suppose it is supported on K C Z*. We can
verify that each T; € (K)*. Applying Corollary 3.11 with f(u), we obtain that for 6 < ¢
there exists g € F[t] such that ord g < C'M and

ord {g[fl]r,} = ord {gyv;lg;lr,} < CM —T;N (1 <j < L), (3.10)

for some constants ¢, C' > 0 depending only on K and gq.

Let v = gy Hle[gj]Tj and let D be some constant dependent only on g1, ..., gr. Conse-
quently, D is dependent only on hq, ..., h;. Note the actual value of D may vary from line
to line during calculations. Then

ordv< D+ordgy<D+CM+ M

and we make sure ord v < N by taking N sufficiently large with respect to D. Thus for all
1 <5< L, we have

ord {vy;} = min ord (vy; — 2) (3.11)
z€Fqt]
< min ord [ vy, — .
< minor (v% ZE[Q]@)

= min ord (H[QZ]T) + ord (gy%‘ [gj]Tj - Z)

z€Fqt] iy

— ord (H[gi]n) + min ord (gyv;lg;]r, — 2)

i z€Fqt]

= Z ord ([gi]r,) + ord {gyv;[g;]r; }
i#£]
< D+ CM —T;N,

where we used (3.10) to obtain the last inequality. It follows that if we let a; = (vy; —
{vv,}) € F,[t], then we have

ord (’Vj—%) <D+ CM —-T;N—ordv (1<j<L).

Recall each g; is a linear combination over IF,[t] of hy, ..., h;. Thus by the hypothesis, we
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know there exists n € G,,q, such that
aigi(n) + ... +argr(n) =0 (mod v).

Clearly, we have maxi <<y deg g; < max;<j<r degh;. Thus we obtain
L L 1 L
ord { > 9 (n)} < ord (Z gi(n) == ajgj(n))
j=1 j=1 j=1
a .
- ot (3 (a- %) a0
j=1

M) =

a;
< ayord (3= ) ()
< max CM —T;N + (ordv)(degg; — 1) + D
1<j<L
< max OM —T;N + (CM + M)(degg; — 1)+ D
)=
<

—N+CM+(O+1)(max deghj—1>M+D.
1<<L

Suppose 0 is sufficiently small in terms of C' and max;<j<; degh;. Then it is not too
difficult to see that the final quantity obtained above is less than or equal to —M for N
sufficiently large, which contradicts (3.9). Therefore, there exists some m € Gy such that

ord {B1hi(m) + ...+ Brhr(m)} < —M < —6ON.
0

Recall from Section 3.2 that corresponding to any system of polynomials (hi, ..., hr)
satisfying Condition (x), we can associate a sequence (73)zer,[\{0} Such that (3.3) is
satisfied. We prove the following theorem.

Theorem 3.15. Let h; € Fy[t][u] be supported on a set K; CZT (1 < j <L), and let K =
KyU...UKL. Suppose the system (h;)i_, satisfies Condition (x) and that the mazimal K*-
portion of (hj)le is linearly independent. Then there exist 6 = (K, ¢, max;<;<; degh;),0 =
o(hi,....,hr) >0 and Ng = No(K,q,0,0,hq,...,hr) € ZT such that the following holds when
N > Ny. Given any d € F,[t] withordd < |oN |, and [, ..., B, in K, there existsn € Gy
such that n = ry (mod d) and

ord {f1h1(n) + ... + Brhr(n)} < —6N.
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Proof. Let (31, ..., 1 be arbitrary elements in K, and d be an arbitrary element in G ,x/.
Let 6 and o be positive real numbers sufficiently small to be chosen later, and let M =
|ON | + 1. Suppose for some N sufficiently large in terms of K, ¢, o, and 6, we have

ord {f1hi(dz +rq) + ...+ Srhp(de +1q)} > —M

for all x € G|1_s)n). Let T and gy, ..., g be the matrix and polynomials, respectively,
obtained by applying Lemma 3.14 to the polynomials Ay, ..., hy with s = r4 and d. By (4)
of Lemma 3.14, we know there exist 7; € K£* (1 < j < L) such that 7} is maximal in ,
lgilr, = 0 if i # 7, and [g;]7, = &;d"7 for some ¢&; € F,[t] dependent only on hy, ..., h. We
also know there exist 7; € Ko (1 < j < L) such that

Blhl(du + Td) —+ ...+ BLhL(du + T'd) = fylgl(u) =+ ...+ ’ngL(u)

Thus we have
ord{v1g1(z) + ... + 9r(2)} > —M (3.12)

for all © € G|(1_s)n|. By Lemma 3.9, there exists y € G/\{0} such that

gL1=oIN]

o+0)N
M —1 '

’ Z e(yvigi(x) + ... + yyrgr(x))| > > qu(

€6 (1-0)N]

Let f(u) = yy191(u)+...+yvrgr(u), and suppose it is supported on K C Z*+. We can verify
that each 7; € (K)*. Applying Corollary 3.11 with f(u), we obtain that for (¢ +0) < ¢

there exists g € F,[t] such that ordg < C(0 + 0)N and
ord {glflr,} = ord {gylgsl } < Clo+ON —Tjl(1—o)N] (1<j<1),  (3.13)

for some constants ¢, C' > 0 depending only on K and ¢. Let v = gy Hle[gj]Tj and let D
be some constant dependent only on hy, ..., hy (note the actual value of D may vary from
line to line during calculations). We define 7" =}, _,_; T;. Then

ordv < ordgy + T'ordd+ D < C(c + )N+ M +T'|oN| + D.

In particular, we have ordv < |(1 — )N | for N sufficiently large with respect to D and
0, o sufficiently small.

For simplicity denote n = r, € Goqv, then h;(n) is divisible by v for any 1 < j < L.
We also have n = r4 (mod d), because d|v. Each g;(u) can be written as an F,[¢]-linear
combination of the polynomials hy(du+ry), ..., hy(du+r4). Thus if we write n = dw+r, for
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some w € Goqv, then gj(w) is divisible by v for any 1 < j < L. Let H = max;<;<y, degh,.
Then it follows that

ord frigy()) < i ord (syg5(u) — 22 (314

z€F[t] [
= ord (M) + min ord (vy; — 2)

v z€F4[t]

= ord (M) + ord {vv;}
v
< D+ H(ordd + ordw) — ord v + ord {v~; },

where the last inequality is obtained via (3) of Lemma 3.14. We also have by similar
calculations as in (3.11) that for 1 < j < L,

ord{vy;} = min ord(vy; — 2) (3.15)

z€Fq[t]

< Zrerllglqr[lt] ord <v’yj z H[%]E)
1#£]
- ot (ITin) + 0 (i
i#]

= > ord ([gi]z,) + ord {gyvilg;ln, }

i#]
— (Z ord & + T; ord d) + ord {gy;l9;]t; }

i#j

< Tordd+ D+ C(c+0)N —T;|(1 —0)N|,

where we used (3.13) to obtain the last inequality. Therefore, we have by (3.4), (3.14),
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and (3.15) that

ord { i V395 (w)}

< max ord {;9;(w)}
< T'ordd+ D+ C(oc+6)N — |[(1—0)N| min 75 + H(ordd + ordw) — ord v
VS
< oT'N+D+C(c+0)N—[(1—0)N| 1I<Il.i£1L71j + H(oN +ordv) —ordw
S
< 0I'N+D+C(0+0)N—|(1—0)N|+0HN+ H(C(oc +0)N + M+ 0oT'N).

Suppose 0 is sufficiently small in terms of C' and H, and also that ¢ is sufficiently small in
terms of C', T" and H. Then for N sufficiently large, the final quantity obtained above is
less than or equal to —M, which contradicts (3.12). Therefore, there exists x € G|1_s)n|
such that m = dx +r4 € Gy and
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Chapter 4

On a problem of Sidon for
polynomials over finite fields

4.1 Introduction

In the course of investigations on Fourier series by S. Sidon, several questions arose
concerning the existence and nature of certain positive integer sequences w for which
ra(w) = [{(a,b) € wxw:a+b=mn,0 < a < b} is bounded or, in some sense, ex-
ceptionally small, where |S| denotes the cardinality of the set S. In particular, he asked
the following question in 1932, known as the Sidon Problem [3]:

Does there exist a sequence w such that r,(w) > 0 for all n sufficiently large
and, for all € > 0,
lim —Tn(w)
n—oo Nt

=07

In 1954, P. Erdds answered positively to the question by proving the following [5]:

Theorem 4.1 (Erdés). There exists a sequence w such that
logn < r,(w) < logn

for all n sufficiently large.

In other words, there exists a “thin” set w such that every positive integer sufficiently
large can be represented as a sum of two elements in w. On the other direction, Erdds and
Rényi proved in [/] that there exists a “thick” set w such that r,(w) is bounded for all n.
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Theorem 4.2 (Erdés-Rényi). For any e > 0, there exists a positive number G = G(g) and
a sequence w, such that r,(w) < G for all n and

€

|{m€w:m§n}|>n%_

for sufficiently large n.

We note that the result is best possible up to the € term. One way to see this fact is
by the pigeon hole principle. Suppose we have wy C N, where r,(wy) < G for all n € N.
Given any my,ms € {m € wy : m < n}, we have 1 < my + mq < 2n. Therefore, by the
pigeon hold principle, it follows that

€wo:m <} —|[{mewy:m<
G> max rop(wy) > H{m € wo:m < n}]* — [{m € wy m_n}\
1<m<2n 2(27’L _ 1)

Consequently, we obtain
{m € wy: m < n}| < n'/?

In this chapter, we prove an analogue of these results in the setting of F,[t].

Let w be a sequence of polynomials in F,[t]. For each h € F[t], we define

rr(w) = {(f,9) € Folt] x Fylt] : f,g €w,h = f+g,deg f,degg < degh, f # g}|.

Note deg f is the degree of f € F[t] with the convention that deg0 = —oo. We prove the
following results which are joint work with Wentang Kuo.

Theorem 4.3 (Kuo & Yamagishi). There exists a sequence w of polynomials in Fy[t] such
that
degh < rp(w) < degh

for deg h sufficiently large.

On the other direction, we prove that there exists a “thick” set with bounded value 1, (w).
We denote the elements of w by w = { fi }ien, where deg f; < deg f; (i < j).

Theorem 4.4 (Kuo & Yamagishi). For each € > 0, there exists a sequence w = {fi} of
polynomials in Fy[t] and a positive integer K such that r,(w) < K for all h € F[t] and
qdeg fi < i2+€.
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For each h € F[t], we define
th(w) = [{(f,9) EF[t] x F,[t] : f,g € w,h = f — g,deg f,deg g < degh}|.
We also prove the following variation of the existence of thick sets.

Theorem 4.5 (Kuo & Yamagishi). For each € > 0, there exists a sequence w = {fi} of
polynomials in F,[t] and a positive integer K' such that tp(w) < K’ for all h € F,[t] and
qdeg fi < i2+€.

We prove our theorems following the methods of Chapter III of [5], which utilizes the
language of probability. Roughly speaking, we set up a probability space to study the proba-
bility of the events {w|r,(w) = d} for all non-negative integer d. Using the Borel-Cantelli
lemma, we show that the sequences satisfy the desired properties with probability 1. We also
remark that Theorems 4.4 and 4.5 have been generalized to m-fold sums and differences by
K. E. Hare and Yamagishi in [7].

The organization of this chapter is as follows. In Section 4.2, we first review the basic
probability theory and state the Borel-Cantelli lemma. Next, in Section 4.3, we state the
equivalent statements of our theorems and set up the probability space used in our proof.
In Section /.4, we establish several technical lemmas. Finally, the remaining sections are
devoted to the proof of our main results.

4.2 Preliminaries

We start with probability theory. Let {X,;} be a sequence of spaces and write

X = ﬁXj.
j=0

Let M be a o-algebra of subsets of X;. A measurable rectangle with respect to the sequence
{M,} is defined to be a subset W of X which is representable in the form

W_ﬁWj,

J=0



where W; € M and W; = X, except for finitely many j. The following two theorems are
standard results in probability theory, see for example [5, p. 123, Thm. 5] and [5, p. 135]
for reference.

Theorem 4.6. Let {(X;, M;, Pj)};>0 be a sequence of probability spaces, and write

X = ﬁxj.
j=0

Let M be the minimal o-algebra of subsets of X containing every measurable rectangle
with respect to the sequence {M;}. Then there exists a unique measure P on M with the
property that for every non-empty measurable rectangle W,

Pov) =] R0W). (4.1

where the W; are defined by W = [[[2gW;, W; € M; (j > 0).

We remark that the product in (4.1) is, in essence, a finite product by the definition of
measurable rectangles with respect to the sequence {M;}. Furthermore, since

P(x) = [[ A% =1,

the o-algebra M in conjunction with the measure P constitutes a probability space (X, M, P).
We note that Theorem /.6 requires axiom of choice.

Theorem 4.7 (The Borel-Cantelli Lemma). Let (X', M’ P") be a probability space. Let
{Wy} be a sequence of measurable events. If

ZPI(WK) < o0,
/=1

then, with probability 1, at most finite number of the events Wy, can occur; or, equivalently,
P’ (ﬂ U Wg) = 0.

i=1 (=3
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4.3 Probability Space (2, M, P)

We let ¢ = p® for a prime p, and denote F, to be the finite field of q elements. Let IF[t] be
the polynomial ring over F,. Let v be any bijective map from ZN[0,q — 1] to F,. We label
each of the polynomials in Fy[t] as follows. Let Zsq be the set of all non-negative integers.
For every N € Z>, we define

pn = t(co) + (et + ... 4 ()t
where N = co+c1q+... +¢pq" and0 < ¢; < q (1 <i < n). It is clear that this identification

gives a one-to-one correspondence of sets between Zso and F,[t].

We use w to denote a subsequence of the sequence of all polynomials in F[t], i.e.
Do, P1, P2, D3, --- and £ to denote the space of all such sequences w. By f € w, we mean
f € F,[t] appears in the sequence w. Given N € Zso and w € 2, we define

7GN(("-)) = ’{(G, b) S ZZO X ZZO: DPas Po S W, PN = Pa +pb7 degpaadegpb S degpNa a < b}’a

and
tn(w) = [{(a,b) € Zso X Zs0: Pa, Db € W, DN = Pa — Dby deg pa, degp, < degpn}.

We prove the following results which our main theorems, namely Theorems 4.3, 4.4 and
4.5, are consequences of.

Theorem 4.8. There exists a sequence w of polynomials in Fy[t| such that
log N < ry(w) < log N

for N sufficiently large.

Theorem 4.9. For each ¢ > 0, there exists a sequence w = {py,} of polynomials in F,|t]
and a positive integer Kq such that ry(w) < Ko for all N € Zsq and b; < j**<.

Theorem 4.10. For each € > 0, there exists a sequence w = {py,} of polynomials in IF,|t]
and a positive integer K} such that ty(w) < K} for all N € Zsy and b; < j>+¢.

Since degpy < log, N < degpy + 1, we can easily derive Theorems 4.3, 4.4, and 4.5,
from Theorems 4.8, 4.9, and 4.10, respectively.
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We now prove the existence of the following probability space. The content of this
theorem is essentially [5, p. 141, Thm. 13].

Theorem 4.11. Let
Oy, 01, 02, O3, ..,

be real numbers satisfying 0 < «; < 1 (i > 0). Then there exists a probability space
(Q, M, P) with the following two properties:

(1) For every non-negative integer m, the event B, = {w € Q: p,, € w} is measurable
and P(B,,) = au,.

(i) The events By, By, Bo, ... are independent.

Proof. Let Y be the space of two elements, g and y; say. For each sequence w we associate
the sequence {z;} of elements of Y, defined by

Ti = Yo, 1fp] ¢w7
/ Y1, lfpjewa

for j > 0. The space X consisting of all the sequences z = {z;} is given by

X = ﬁXj,
j=0

where X; =Y for j > 0. Let M; = {&, {wo},{v1}, X;}, the non-trivial o-algebra of Xj,
and let P; be the probability measure on M, such that P;j({y1}) = «;.

We apply Theorem 4.6 to the sequence {X;, M, P;} of probability spaces. In view
of the one-to-one correspondence between the elements of X and €2, we may denote the
resulting probability space as (2, M, P).

Now, we prove (2, M, P) satisfies the two properties (i) and (7). Clearly, we have
iBm:{wGQ:mew}:HWj,

J=0

7



where W; = X for all j except j = m and W,,, = {y1}. Then, (i) follows, because B,, € M
by the definition of M, and by (4.1) we have

P(®.) = [ PiW;) = Pul{si}) = am.
=0
For (ii), we consider any finite subset of {8}, say B,,,B,, ... ,B,,. Then, clearly we have
L ()
ﬂ%ji:{weﬁzpjiéw (1§@'§£)}:HWj,
i=1 =0

where W; = X for all j except j = ji,... ,je and Wj, = {y1 } for 1 <i < ¢. Thus, by (4.1)
and (i) we obtain

P <ﬂ ‘Bji) = HPJ(WJ) =[I2.(wn}) = H% = HP(‘BJJ,

i=1

from which (i7) follows. O

4.4 Technical Lemmas

In this section, we prove several technical lemmas used in our proofs. For each N € Z>,
let py € F,[t] be as prescribed in the previous section. Define

n:=n(N) = degpy = |log, N|.

Suppose p # 2. Since F, = 2F,, we know there exists pn, such that py = pn, + Pn,- It
is clear that degpy, = n; therefore, ¢" < Ny < ¢"*'. Since F[t] is closed under addition,
we can uniquely pair up the rest of polynomaials of degree less than or equal to n by

PN = Pa +p57

where a,a € Z>o, a < a. We collect all such pairs (a,a) and form

AN = {CL € ZZO: PN = Pa +p5aa < Zia and degpaadegpa S n}7
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and
Ay ={a € Z>o: pn = pa + Pz, a < @, and degp,,degpz < n}.

We have |Ax| = |Ay| = (¢! —1)/2, and

{0, " =1} = Ay | Ax (Mo},

where all the unions are disjoint. Further, it is easy to see that {0,1,... ,¢" — 1} C Ay,
because if 0 < a < ¢", then p, has degree at most n — 1. Thus, the corresponding p; must
have degree n; therefore, ¢" < a < ¢"™'. Hence, it follows that

Ay C{q", " +1,... ,¢"*' —1}. (4.2)

Let M := M(N) = (¢""' — 1)/2. For convenience we label the M elements of Ax by
a;, where 1 < i < M, and the corresponding elements of Ay by a;.

We also define Ay and Ny to be

AN = E 0,05, ,

1<i<M

Qg .
/ a; —"a;
AN Z 1—a a
0, 0,

1<i<M

and

Note when p = 2, for N > 0, we do not have to consider the polynomial py, as above.
Thus we let M := M(N) = ¢"*/2 and we can argue in a similar manner.

Define
N
sh(w) =) 1, (W),
m=0

where lg,, is the characteristic function on the set B,,. Let E(f) denote the expectation
of a random variable f, defined by E(f) = [ f dP. We define

N

my = E(sy) = Z Q-

m=0
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We need our sequence {a;} to satisfy the following condition.

Hypothesis A. The sequence {c;} of probabilities (introduced in Theorem 4.11) satisfies
the conditions: 0 < a; <1 (j > 0), {e;} is monotonic and decreasing from some point
onward (i.e. for j > j1), and a; — 0 as j — oo.

' TN, T > TN ~ T
Given two sequences of real numbers mn,my (N > 0), we denote v to mean

™ — 1 as N — oco. We have the following result for sy (w) and its expected value mjy.
N

Lemma 4.12. If, in addition to Hypothesis A,
my — 00 (4.3)

as N — oo, and

i N < oo, (4.4)

N—0 (my)?

then with probability 1, we have sy (w) ~m}y as N — 00.
Proof. We denote D?(f) to be the variance of a random variable f, defined by

DX(f) = B((f — E())?).

The proof is basically an application of a variant of the strong law of large numbers [5,
p. 140, Thm. 11], which is as follows. Let {f;} be a sequence of independent random
variables, and let

() = 3 fw) (20

Suppose we have

and

Then, with probability 1, we have
si(w) = (1+0(1))E(s;)
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as i — oo. We know that the sets 9B are independent, which is equivalent to 1, (w) being
independent. Thus we apply this theorem with f;(w) = 1, (w), and obtain our result. [J

For every N,d € Z>,, we define the event ¢(N,d) as

e(N,d) ={w e Q:ry(w) =d}.

As mentioned in Section 4.1, we need to study the probability of the event ¢(N,d). We
start with the following lemma.

Lemma 4.13. For all non-negative integers N and d, we have

P(e(N, ) = ( 11 ¢ —aakam) (V). (4.5
where oo(N) =1 and, if d > 1,

k; Xag,

Gu(N) = > H v & (4.6)

1<ki<..<kg<M 1<i<d

Proof. We begin with the case d = 0. It is easy to see that

e(N,0)= (] (Ba, NBz,)°,

1<k<M

where ¢ denotes taking the complement of the set. Since the sets B, (7 > 0) are indepen-
dent, we know that B, NB;, (1 <k < M) are independent as {ax : 1 <k < M} ({ax :
1 <k <M} =g. Thus, it follows that (B, NB;, )¢ (1 <k < M) are also independent.
Hence, we have

H P((%akm%ak)c): H (1_aaka5k)'

1<k<M 1<k<M

Suppose 1 < d < M and ' € e¢(N,d). Then there exist ky, ks, ... ,kq such that
1<k <M, ay,a €' (1 <i<d), and further, if k£ # k; and 1 < k < M, then we have
either ap € W' or a; € w'. From this observation, we can deduce that

P(e(N,d)) = > P(€(ki, ... ,ka)),

1<k1<..<kq<M
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where €(ky, ... ,kq) is the event

N (B, 0Ba) N N (BB

1<i<d 1<k<M
k#k; (1<i<d)

Again, by independence, we have

P(@(k}l, ,kd)) = H P (%aki N %5%) . H P((%ak N %’(‘ik)C)

1<i<d 1<k<M
kitk; (1<i<d)

- H Qg Ny, - H (1 - aakaak)

1<i<d 1<k<M

k#k; (1<i<d)
= I t-awan) - [T =5
1<k<M 1<i<d Gy~ ky

from which the desired result follows.

Finally, if d > M, then the sum 74(V) is empty, and both sides of (4.5) are 0. O

To estimate g4(N), we use the following result for elementary symmetric functions.

Lemma 4.14 ([5], p. 147, Lem. 13). Let y1, s, ... yarr be M’ non-negative real numbers.
For each positive integer d, not exceeding M’', let

Oq = E yk1yk2"' ykd7
1<ki<... <kqg<M'

so that o4 1s the d-th elementary symmetric function of the y,’s. Then, for each d, we have

Ml
1 d\ 1 1
o (1 - @;Zﬁ) <01 < 2ol (4.7)

1 k=1

where we interpret (g) to be 0 when d = 1.

The next lemma gives us bounds on the probability of the event ¢(N,d) in terms of Ay
and Ny .
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Lemma 4.15. Let N and d be non-negative integers. Then we have

Furthermore, if d < M, we have

Plev.) = Bl (1o (Howre). (19)

where

B 2
QF = < Qg Oy, )
- 9
G\ —agaq,

and (;l) is interpreted to be 0 if d < 2.

IN

Proof. We note that if d > M then the event ¢(V, d) is empty and (4.8) is trivial. Suppose
1 <d< M. We apply (4.7) with M’ = M and yx = o, 0z, /(1 — aq,az,) to estimate
d4(N) in (4.5); thus noting that o, (V) = Ny, we obtain

P(e(N,d)) < ( 1T (1—04%0@)) %

and

P(e(N. ) z( 11 <1—aakaak>) O (1= () o).

1<k<M

Applying the inequality e /=% < 1 —t < e~ which holds for 0 < ¢t < 1, with
t = ag05, (1 <k < M), we obtain

e < ( H (1-— aakagk)> < e, (4.10)
1<k<M

and our result follows. When d = 0, we have

P(e(N,d)) = ] (1-aa0am,),

1<k<M

and the result is immediate from (4.10) in this case. O
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To estimate Ay and Ny, we first prove the following lemma.

Lemma 4.16. If Hypothesis A is satisfied, then
Ny ~ Ax (4.11)
as N — o0.
Proof. Recall from (4.2) that if 1 < k < M, then ¢" < a; < ¢"*'. Consequently, we have
Qg 0, < 0, < agm = 0(1)

as N — oo. Therefore, we obtain

1
/ . - -
Ay — Ay = E O, O, (1 —— 1)

1<k<M
OéakOéak
1;]\/[ 1 — a0,
!
S aanN,
from which the result follows. O

Therefore, it is enough to estimate An. The following lemma gives us an estimate for
AN sufficient for our purpose.

Lemma 4.17. Suppose that the sequence {c;}, introduced in Theorem 4.11, is such that

(log 5)¢

]C

Oéj:Oé

for j > jo; where jo, v, ¢, are constants such that « >0, 0 < a; <1 (j >0),0<c<1,
and ¢ > 0. Then, for sufficiently large H, there exist positive constants Dy and Dy, which
depend at most on ¢, ¢, and q, such that

a’D; (log N)*¢'¢"1729) < Ay < a®Dy(log N)?¢ g(1=2¢) (4.12)

for all N > H.

Furthermore, we have

2 (log N)¥ NO—), (4.13)
C



Finally, if ¢ = 0, then with probability 1, the numbers b; of the sequence w = {py.
J J

satisfy
| — e\ M=o
bj~< - ]) (4.14)

as j — oQ.

Proof. We begin by finding a lower bound for Ay. We assume p # 2. The case p = 2 can
be treated in a similar manner. Suppose N > ¢- (jo+ 1) from which it follows that ¢" > jo.
Let Cy and Cf be the positive constants defined by

>
1<5<jo

and

, log j)¢
- 3 s

1<j<jo

Since ¢" < @; < ¢", 0 < a; < ¢, and (logz)® /x¢ is a decreasing function, we obtain

) log qn+1
Qg O, > e Qg

1<i<M 1<i<M
/ ntl_q1 /
a?(logg™t)” [ * (logs)”
> q(n+1)c Z jc o CO
=@ i-1)/2
/ nt+l_1
a2(log qn)ZC ! 1 ’
> q(n+1)c Z ‘F B CO
=@ i-1)/2
We know that for all s,s' € N, 0 < s < ¢/,
1 1 1
r1) l—c < Nl-c _ — 1)t 4.15
A 1 _s<j<8,jc_1—c(8) ) (4.15)
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Thus, by (4.15) we can give the following lower bound for Ay,

az(log qn)Qc’ 1 n+1\1l—c 1 anrl —1 e !

2 n\2c l—c
_«a (log ¢™) (120 [ glee _ (g _ L) _ # O
(1—c)¢e 2 2" gn(1=c)

Since ¢" < N < ¢"*!, we have log N(1 —log q/log N) < log ¢™. It follows from (4.16) that
by taking H sufficiently large, we obtain

1-2¢

1 e
Ay > a22<‘11 3 (1 — 21_6) (log N)?¢ gn1=2¢) (4.17)

for all N > H.

Now, we find an upper bound for A\y. Again, since ¢" < @; < ¢"™! and 0 < a; < ¢"*,
by similar calculations as before we have

1 n+1\c 1 n+1\c M 1 n+1\c
)\N<04(0gq ) Z %i<04(0gq ) <CO+&Z(0gQ )>.

nc nc C
q 1<i<M q j=1 J

Thus, by applying (4.15), we obtain

2 1 n+1\2c C 1 n+1 1 1—c
Ny o< ° (logg™*) o q
qnc Oé(lOg qn+1>c 1—c 2

a2(10g qn+1)2c’ (120 Co(1—¢) N ' L 1—c
1—c q alo qn+1 c’qn(l—c) 2 2qn '
g

Therefore, by taking H sufficiently large, we obtain that

220’+1 q 1—c n ¢ n(1—2¢
(1 —C) <_> (1qu )2 q (1-20)

)\N < 042 5
for all N > H. Then, since ¢" < N < ¢"™!, we are done with the first part of the lemma.
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Clearly, we have

Z log] O(1) = (1+0(1)) 7=

(log N)C/N(l_c)7
c
and this proves (4.13). We note (4.13) shows that (4.3) and (4.4) are satisfied.

The final assertion of the lemma follows from (4.13), in view of Lemma 4.12, and the
fact that s, (w) = j for w = {py, } jen; for in this way it follows that, if ¢’ = 0, we have with
probability 1,

. % * 1—c
j_Sb]<w)NmeN 1—Cb‘7 Y

or equivalently, b; ~ ( %j)l/(l—c). D

We also make use of the following lemma.

Lemma 4.18 ([0], p. 149, Lem. 17). If0 < & < U, then

and if 0 <V <&, then

4.5 Proof of Theorem 4.8

Let c = =1/2. We choose a number o« > 0 to satisfy

1—2¢
2 q 1
4 (1 > 1.
Y200 ( 21—c>

We then define a sequence {a;} by

log j 1/2
a; =« <—> (418)




for all 5 > jo, where jo is a positive integer sufficient large such that the expression in
(4.18) is less than 1/2 for all j > jo. For 1 < j < jo, we let o = 1/2. The precise value of
a; for small j is unimportant, but the above choices ensure 0 < a; < 1, so that Hypothesis
A is satisfied. By (4.17) in the proof of Lemma 4.17, we have for all N sufficiently large
that

Ay > a’D;log N > log N. (4.19)

Hence, we know there exists 6 > 0 such that

e MW < N7 (4.20)

We establish the theorem by showing that, with probability 1, log N < ry(w) < log N
for large N, or equivalently (in view of Lemmas 4.16 and 4.17)

Ny € ry(w) < Ny (4.21)

for N > Ny(w). We apply the Borel-Cantelli lemma twice to prove that each of the two
assertions of (4.21) holds with probability 1. For this purpose, we must show that if Cy, Co
are suitably chosen positive constants, then we have

S Pl € 0: ryl) > X)) < o (1.22)

N=0

and

NE

P({w € Q: ry(w) < CoNy}) < oo. (4.23)

2
Il

0
By Lemmas 4.15 and 4.18, we have

: w (M)
P({w € Q:ry(w) > O\ }) <e? Z cjl\g
d>C1 Ny

. e Cl’\N
S e N ~ 3
G

provided Cy; > 1. Thus, by choosing Cy = e, we obtain a bound e N for the summand of
(4.22), and the inequality (4.22) follows from (4.20).

On the other hand, again by Lemmas 4.15 and 4.18, we obtain the following estimate
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for the summand of (4.23),

_ (Ay)?
P({w € Q: ry(w) < Cody}) <e ™ Z ij\;
0<d<Co Ny

CZ)‘/N
s € -~ 9
Co

provided Cy < 1. Thus, it suffices to show that Cy can be chosen to satisfy, in addition to

0< Cg < 1,
e \ M 5/2
— KL N+,
(Cz)

for (4.23) will then follow from (4.20). By Lemmas 4.16 and /.17, we know there exists
D > 0 such that Ny < Dlog N for N sufficiently large. Therefore, we only need to choose
a small positive constant Cy satisfying

Co
) <eb/en)
Cy -

which is certainly possible since (e/t)t — 1 ast — 0 from the positive side.

We have now shown that w has each of the desired properties with probability 1, and
this proves the theorem.

4.6 Proof of Theorem 4.9

Let € > 0 be given. We define a sequence {o;} by ap = 1/2 and

1

A =5 j1-1/(2+e)

for j > 1. It then follows by Lemma 4.17 (with o« = 1/2, c=1—-1/(24¢€), and ¢ =0)
that, with probability 1, w = {ps, } satisfies b; ~ c*52re, where ¢ is some positive constant.

Since the sequence {ay} satisfies Hypothesis A, we have Ny ~ Ay by Lemma 4.16.
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Thus, by Lemma 4.17 we know that there exist positive constants Dy and Dy such that
qu—sn/(2+e) < /\N7)‘IN < D2q_€n/(2+6) (4'24)

for N sufficiently large.

We again appeal to the Borel-Cantelli Lemma. It follows from this lemma that if a
positive number K satisfies the property

i P{we Q:ry(w) > K}) < o0, (4.25)

then, with probability 1, we have
ry(w) < K

for N > Ny(w).

We note that, by (4.24), A\xn — 0 and Ny — 0 as N — oco. Thus, by Lemmas 4.15 and
4.18, we obtain the following estimate for the summand of (4.25),

A (Ay)? aw (AN " K
P{we Q:ry(w) > K}) <e?™ ) S <e™ <7) < (Ny)
d>K )
for N sufficiently large. Since ¢" < N < ¢"*, we have
(AE\/')K < Dg(qfenK/(QJre) < N*EK/(2+E).
Therefore, provided eK /(2 + €) > 1, or equivalently,
K>1+421,
it is clear that (4.25) is achieved. Accordingly we have, with probability 1,
ry(w) <2(1+¢e)

for N > Ny(e,w). This completes the proof of the theorem.
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4.7 Proof of Theorem 4.10

Recall we defined ty(w) to be
tn(w) = [{(a,b) € Zo X Zzo: pa, Py € W, PN = Pa — Db, degpa, degp, < degpn}|.

As before given pn € Fy[t], we let n := n(N) = degpy = |log, N]. It is clear that for
py # 0, there exist " pairs of polynomials (pa,py) such that py = p, — py and degp,,
degpy, < n. Also, every polynomial of degree less than or equal to n will appear as p, and
Py exactly once. Let Sy, denote the set of all polynomials in F [t] whose degree are less
than or equal to n, and the coefficient of t" is w € F,. Clearly, we have |Sz,| = ¢". If we
consider each polynomial in Sg, as py, then the corresponding set of p,’s is Sy, for some
u#u as degpy = n.

For each u € F,, we consider
tNNM(w) = |{(a,b) € Z>o X Z>o: pn = Ppa — Db, where pg,pp € w and p, € Syn}.

If py = pa — pp, we relabel py as p; to make its correspondence with p, more explicit.
We form the following two disjoint sets

Ay ={a € Zso: pa € Sun} = {7 Hw)q", .., (T u) + 1)g" — 1}
and R
Ay ={0 € Zso: pa € San} = {t @), ..., (@) + 1)g" — 1}.

Let My := My(N) = |An| = |¢ZN| = q". For convenience, we label the My elements of An
by a; (1 <i < M,), and the corresponding elements of Ay by a;, in other words we have
PN = Pa; — Pa; (1 < i < M).

We also define Ay and XNy, to be

>\N,u = E O, Qg

1<i< Mg

Nu — .
1 — ay,03,

1<i<Mp

and

With this set up we can recover analogues of all the previous lemmas in terms of Mo, Anu,
N and ty (W), in place of M, Ay, Ny, and ry(w), respectively. Therefore, by a similar
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argument we obtain Theorem 4.9 with ’tVNM(oJ) in place of ry(w). Since this result holds

with probability 1, and
tn(w) =) tyaw),

uclFy

we have our result.

92



References

[1] V. Bergelson, A. Leibman, and E. Lesigne, Interesective polynomials and the polyno-
mial Szemerédi theorem, Adv. Math. 219 (2008), no. 1, 369-388.

[2] H. Davenport, On a theorem of Heilbronn, Quart. J. Math. Ozford Ser. (2) 18 (1967),
399 - 844.

[3] P. Erdds, On a problem of Sidon in additive number thoery, Acta Sci. Math. Szeged
15 (1954), pp255-259.

[4] P. Erdés and A. Rényi, Additive properties of random sequences of positive integers,
Acta Arith. 6 (1960), 83-110.

[5] H. Halberstam and K.F. Roth, Sequences, Springer-Verlag, New York, 1983.

[6] G. H. Hardy and J. E. Littlwood, Some problems of diophantine approzimation Part
I. The frational part of n*0, Acta Math. 37 (1914), no. 1, 155-191.

[7] K. E. Hare and S. Yamagishi, A generalization of a theorem of Erdds-Rényi to m-fold
sums and differences, to appear in Acta Arithmetica.

/8] H. Heilbronn, On the distribution of the sequence n*0 (mod 1), Quart. J. Math. Oxford
Ser. 19 (1948), 249 - 256.

[9] C.-N. Hsu, A large sieve inequality for rational function fields, J. Number Th.
58(1996), 267-287.

[10] W. Kuo, Y.-R. Liu and X. Zhao, Multidimensional Vinogrado-type estimates in func-
tion fields, Canad. J. Math. Vol.66(4), 2014, 844-875.

[11] T.H. Lé, Problems and results on intersective sets, to appear in Proceedings of Com-
binatorial and Additive Number Theory 2011.

93



[12] T.H. Lé and Y.-R. Liu, FEquidistribution of polynomial sequences in function fields,
with applications, arXiv:1311.0892.

[13] T.H. Lé and C. V. Spencer, Intersective polynomials and diophantine approzimation,
Internat. Math. Res. Notices (2014), no.5, 1153-1173.

[14] S.-L. A. Lee, Birch’s theorem in function fields, arXiv:1109.4953.

[15] Y.-R. Liu and T. D. Wooley, Waring’s problem in function fields, J. Reine Angew.
Math. 638 (2010), 1 - 67.

[16] Y.-R. Liu and T. D. Wooley, Efficient congruencing in function fields, in preparation.
[17] J.Lucier, Interesective sets given by a polynomial, Acta Arith. 123 (2006), 57-95.

[18] J. Neukirch, Algebraic number theory. Translated from the 1992 German original and
with a note by Norbert Schappacher. With a foreword by G. Harder, Grundlehren der
Mathematischen Wissenschaften (Fundamental Principles of Mathematical Sciences),
322. Springer-Verlag, Berlin, 1999. zviii+571 pp.

[19] R. M. Kubota, Waring’s problem for F,[z|, Dissert. Math. (Rozprawy Mat.)
117(1974), 60pp.

[20] 1. M. Vinogradov, Analytischer Beweis des Satzes iiber die Verteilung der Bruchteile
eines ganzen Polynoms, Bull. Acad. Sci. USSR (6) 21 (1927), 567-578.

[21] R. C. Vaughan, The Hardy-Littlewood Method, 2nd ed. Cambridge: Cambridge Uni-
versity Press, 1997.

[22] T. D. Wooley, Large improvements in Waring’s problm, Ann. of Math. 135(1992),
131 - 164.

[23] T. D. Wooley, New estimates for smooth Weyl sums, J. London Math. Soc.
(2)51(1995), 1 - 13.

[24] T. D. Wooley, Vinogradov’s mean value theorem via efficient congruencing, Ann. of
Math. 175(2012), no. 3, 1575 - 1627.

[25] T. D. Wooley, The asymptotic formula in Waring’s Problem, Internat. Math. Res.
Notices (2012), no.7, 1485-1504.

[26] T. D. Wooley, Vinogradov’s mean value theorem via efficient congruencing, II, Duke
Math. J. 162(2013), no. 4, 673 - 730.

94



[27] A. Zaharescu, Small values of n*a (mod 1), Invent. Math. 121 (1995), no. 2, 879 -
388.

[28] X. Zhao, Asymptotic estimates for rational spaces on hypersurface in function fields,
Proc. London Math. Soc.(3) 104 (2012), 287-322.

95



	Introduction
	Waring's problem in function fields
	Introduction
	Preliminary
	Technical Lemmas
	Case p (k-1)
	Case k = m pb + 1 with m > 1

	A bound on the minor arcs
	Cases p (k-1) and p = mkb+1, m>1
	Case k = pb+1

	Weyl Differencing
	Asymptotic Formula and q(k)
	Slim Exceptional Sets

	Diophantine approximation of polynomials over Fq[t] satisfying a divisibility condition
	Introduction
	Preliminaries
	Basic Linear Algebra
	Proof of the Main Results

	On a problem of Sidon for polynomials over finite fields
	Introduction
	Preliminaries
	Probability Space (, M, P) 
	Technical Lemmas
	Proof of Theorem 4.8
	Proof of Theorem 4.9
	Proof of Theorem 4.10

	References

