VARIATIONAL INEQUALITIES FOR ENERGY
FUNCTIONALS WITH NONSTANDARD
GROWTH CONDITIONS

MARTIN FUCHS AND LI GONGBAO*

ABSTRACT. We consider the obstacle problem

minimize I(u)= fQ G(Vu)dz among functions u:Q — R

such that ulgpo =0 and u > P ae.
for a given function ® € C' 2(@), ®|sa < 0 and a bounded Lipschitz domain
Q in R". The growth properties of the convex integrand G are described
in terms of a N-function A : [0,00) — [0, 00) with limy—ee A(t)t72 < oo. If
n < 3, we prove, under certain assumptions on G, C'-partial regularity
for the solution to the above obstacle problem. For the special case where

A(t) = tin(1 + t) we obtain C*“-partial regularity when n < 4. One of the
main features of the paper is that we do not require any power growth of G.

1. INTRODUCTION
In this paper we discuss the obstacle problem

(1.1) to minimize I(u) = [, G(Vu)dz among functions
' u: Q=R st. ulgo=0 and u> P ae.

for a given function ® € C?(Q) with the property ®|sq < 0, where Q C R"
is a bounded Lipschitz domain. The integrand G : R" — R is assumed to
be of class C? and locally coercive in the sense that

D*G(P)(Q,Q) > M(P)|QI*, VP,Q€R",
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holds with A(P) > 0. If the domain 2 C R™ is strictly convex, then the
Hilbert-Haar theory applies showing that the unique minimizer u is of class
C1(Q) for any a € (0,1) (see [KS]). For general €2 this result is only known
to hold for integrands G with power growth condition (see [Fg]). The pa-
pers [FS] and [FO] investigated the regularity of local minimizers for vecto-
rial problems without side conditions and integrands G having nonstandard
growth and proved (under certain additional assumptions on G) partial reg-
ularity in dimensions n > 3 and full regularity if n = 2. These arguments do
not immediately apply to problem (1.1) since then the Euler equation has to
be replaced by a differential inequality or equivalently by a differential equa-
tion with a measure-valued r.h.s.. Using techniques outlined in [F] and [F3]
we first show that this measure has a well behaved density w.r.t. Lebesgue’s
measure so that we have a substitute for the Euler equation being valid in
the unconstrained case. Unfortunately this step works only in the scalar case
but nevertheless it can be combined with appropriate modifications of the
quoted regularity arguments to give at least partial regularity of the mini-
mizer up to a certain dimension n which can be calculated in terms of the
integrand G.

Let us now give precise statements of the results: in what follows Q C R"
will always denote a bounded Lipschitz domain and we also assume that the
obstacle @ is in the space C?(Q) satisfying ®|sq < 0.

To begin with, let us consider the logarithmic case

(1.2) GY)=Y|ln(1+]Y]),Y e R".
Then problem (1.1) is well-posed on the class

K:={ue€ W Lo @) :u>d ael,

where 1/ 1 nr(€) is the Orlicz-Sobolev space generated by the N-function
t In(1+t) (compare Section 2 for definitions of Orlicz-Sobolev spaces), and

we have

Theorem 1.1. Suppose that G is given by (1.2).

a) Then problem (1.1) admits a unique solution u € K.

b) Suppose n < 4. Then there is an open subset Qo C Q such that |2 —
Q| = 0 and u € CH*(Q) for any 0 < a < 1. Here | - | denotes Lebesgue’s
measure of the set  — ).

Next, let A denote a N-function having the As-property (compare [A])
and consider the corresponding Orlicz-Sobolev space W (2). The class of
admissible functions is now defined as

K:{UGV?/A(Q)ZUZCI) a.e.},
where TV L () is the closure of C§°(£2) w.r.t. Orlicz-Sobolev norm in W3 (€2)

(see Section 2). Concerning the integrand G we require the following condi-
tions to be satisfied with positive constants C1, - - , C5, A and a non-negative
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number u:

(1.3) G is of class C% C1(A(|E|) —1) < G(E) < Co(A(|E|) +1);

(1.4) G(E) < C5(|E* +1);

(1.5) |E?| D*G(E)| < C4(G(E) + 1);
(1.6) AY(|DG(E)]) < C5(A(|E]) +1);
(1.7) D*G(X)(Y,Y) > M1+ | X[) Y

where X, Y, E € R™ are arbitrary and A* denotes the N-function conjugate
to A (see [A]).

Theorem 1.2. Let (1.3)-(1.7) hold.

a) Then problem (1.1) possesses a unique solution u € K.
b) Suppose that n > 2 together with p < %. Then partial regularity in the

sense of Theorem 1.1 b) is true.

The reader may wonder for what reason we state Theorem 1.1 since it
seems to be a special case of Theorem 1.2 by letting A(t) := tin(1 +t),t >
0,G(Y) := A(|Y|). It is easily checked that (1.3)-(1.7) hold with p = 1
so that by Theorem 1.2 we have partial regularity up to dimension 3. But
Theorem 1.1 provides a slightly stronger result: partial regularity is also
true in the 4-dimensional case which means that for the concrete model
given by (1.2) direct calculations yield better results than the general theory
summarized in Theorem 1.2.

Let us give some further examples of integrands G satisfying (1.3)-(1.7):
Example 1. A(t) =tPin(1+1),t > 0,1 <p < 2;

ix { A(X]),1X] 21
(X) =
9(IX]). x| <1

€ R"”,

where g(t) is the unique quadratic polynomial such that G is C2. In this
case (1.7) holds for p =2 —p

tin(l+in(l1+1)),t > 0;G(X) := A(]X]), X € R™.

Example 2. A(t) =
.7) we may choose 1+ ¢ with any number ¢ > 0.

Now for p in (1
Example 3. A(t) = [ s'™* (arcsinhs)¥ds,0 < o < 1, > 0;
G(X) = A(|X]), X e R"™.

This model occurs in the study of certain generalized Newtonian fluids (see
[BAH]), (1.7) now holds with p = a.
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In all cases (1.6) may be verified as follows: recall the equation
A (A'(s)) = sA(s) — A(s)
and observe sA’(s) < A(s) for large s together with A'(|Q|) = |DG(Q)| for
Q| > 1.

Our paper is organized as follows: we only present a proof of Theorem
1.1 since the case of general integrands G requires some minor modifica-
tions which can be found in [FOJ. In Section 2 we introduce a quadratic
regularization of problem (1.1) whose solutions converge to the minimizer of
the problem under discussion. Section 3 describes the method of lineariza-
tion which transforms the variational inequality for the obstacle problem
into a nonlinear equation. In Section 4 we use this information to derive a
Caccioppoli-type inequality which is the main tool for the regularity proof
carried out in Section 5.

We finally wish to remark that our results can be viewed as a first step
towards the regularity theory of obstacle problems with integrands G being
not of power growth. The standard growth condition is replaced by (1.3)
which means that we can control G in terms of a N-function A. Of course
it is of great importance to discuss if singular points actually occur and if
the restriction on the dimension n is really needed. This investigation will
be carried out in a subsequent paper.

2. SOME COMMENTS ON FUNCTION SPACES AND DISCUSSION OF THE
REGULARITY PROBLEM

We first give the definition of Orlicz-Sobolev spaces and state some results
which we will use later. For a technical account of the Orlicz-Sobolev spaces
we refer the reader to the books [A] and [KR].

As in [A] we say that a function A : [0,00) — [0,00) is a N-function if it
satisfies the following properties (N7) and (V2):

(N1) A is continuous, strictly increasing and convex;

(N2) limy g+ A(t)/t = 0,limy_o0 A(t)/t = 0.

We say that a N-function A(t) satisfies a Ag-condition near infinity if

(N3) there exist positive constants k and tg such that

A(2t) < kEA(t) for all ¢ > to.
It is easy to see that (IN3) implies the inequality
A(M) < A(Mo) + (1 + kT2 THA(t)

being valid for all £, A > 0.
Let A(t) be a N-function. Then the conjugate A* of A is defined as

A*(s) = r{lzag((st — A(t)).

It is easy to see that A* is also a IN-function.
For a bounded domain €2, the Orlicz space L4(Q) is defined as

LA(Q) :=={u:Q — R measurable |3\ > 0 such that / A(M|u])dz < 400}
Q
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LA () together with the Luxemburg norm

ully ) = inf{l > 0: / A(M)daz <1}
Q l

carries the structure of a Banach space.

Let E4(£2) be the closure in L4 () of all bounded measurable functions.
Then E4(2) is a separable linear subspace of L(2), moreover, L4(Q2) =
E4(9) iff A satisfies a Aa-condition near infinity (see [A]).

The Orlicz-Sobolev space generated by a N-function A is defined as

Wi(Q) = {u:Q — R measurable | u, |Vu| € L4(Q)}
which together with the norm
lellwy @) = lulla@) + IVulll,@

is a Banach space.

We further let
W 4(2) = closure of CF(Q) in WA(Q) wort. |-y (-
The following results were proved in [FO].

Lemma 2.1. (Theorem 2.1 in [FO]) Let Q be a bounded Lipschitz domain
and suppose that A(t) is a N -function satisfying a Ay-condition near infinity.

Then we have

WL (Q) = WA(Q) N W A(9).

Lemma 2.2. (Lemma 2.4 in [FOJ, Poincare’s inequality) Foru € W L)

we have the inequality

lullz ) < dllIVulllz, )

where d is the diameter of Q.
It is easy to see that the following result is true (see [A] or [KR]).

Lemma 2.3. Let Q be a bounded domain in R™ and A be a N-function
satisfying a Ag-condition near infinity. Consider a sequence {uy,} in LA(£2).
Then the following conditions are equivalent:

(a) Jo A(|lum|)dz — 0 as m — oo;

(b) Jo A(A|um|)dz — 0 as m — oo for any A > 0 and

(¢) limy—so0 [tml 2, (@) = O-

Let A be a N-function with conjugate function A*. A sequence {u,,} in
L4(Q) is said to be Eg«-weakly convergent to u € L(Q), if

lim [ upvde = /uvdw,Vv € Ex+(Q).
Q

m—00
Q



46 MARTIN FUCHS AND LI GONGBAO

A sequence {u;,} in W(Q) is said to be E4«-weakly convergent to some
u € WA(Q) if both up, —u and Vu,, — Vu are Es--weakly convergent to 0
in L,(9).

The following results can be found in [KR].
Lemma 2.4. Let Q) be a bounded domain in R"™ and A be a N -function with
conjugate function A*. Then the following statements hold:

(a) If a sequence {um} in La(Q2) is Ea«-weakly convergent, then ||uml|1 , (o)
< C for some constant C' and any m > 1;

(b) La(Q) is Ex--weakly complete, i.e. for any Ea--weakly convergent
sequence {um} in La(Q), there is a unique u € LA(Y) such that

ml—i>I-Ii—loo Qum(x)v(x)dx = Q/u(x)v(x)dx,Vv € Ex-(2)

(c) La(Q2) is Eax-weakly compact, i.e. for any bounded sequence {un,} in

L4(Q), there is a E4--weakly convergent subsequence.
It is easy to prove the following results.

Lemma 2.5. Let A denote a N -function. Then
(a) the following imbeddings
Wi(Q) = Wi (9),
W A(Q) = W 1(9)
are continuous.
(b) If {um} is a bounded sequence in WA(Q)(I/?/ L(€2)), then there is a
u € WA(Q)(VC[)/ L(Q)) and a subsequence {u,} (still denoted by {u,}) such
that
Um —u Eae —weakly in W(Q) (W 4(Q))
and
Uy — u weakly in W](Q) (I/i)/ Q).
Lemma 2.6. Let Q0 C R” be a bounded Lipschitz domain and A be a N-
function satisfying a As-condition near infinity.
(a) If u,v € W}‘(Q)(I/IO/ L(€2)), then both max(u,v) and min(u,v) are in
WAS) (W 4(2)) with

Vu(z) if u(z)>v(x),

VmaX(uaU) = { VU($) if U(w) > u($

~—

and
u(z) if wu(z) <wv(z),

' B \%
V min(u,v)(z) = { Vo(z) if v(z) < wu(z)
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(b) Ifu;,v; € WHQ)(W L(Q)) with u; — u,v; — v in W(Q) (W 4()),
then max(uj,v;) — max(u,v) and min(u;,v;) — min(u,v) in Wi(5)
(W 4(9)).

Proof. We mention only that since A satisfies a Ag-condition, Lemma 2.3
can be used. The proof will then be carried out as in the ordinary Sobolev
space case. (See e.g. [HKM]). =

We now turn to our main problem (1.1):

tofind ue K={ve W L) > @ ae}
such that I(u) = inf,ex I(v) where I(w) = [, G(Vw)dx and G
satisfies (1.3)-(1.7) for some N — function with (Ny), (N2), (N3).

The solvability of (1.1) is given by the following

Theorem 2.7. Problem (1.1) admits a unique solution .

o

Proof. Since ®|pq < 0 and ® € C%(Q),v = max(0,®) € W 2(Q) = w L(Q)
with v > ® a.e, so v € K and K # ¢.
Let {uy,} be a minimizing sequence in K of I, then

I(upm,) —>gr€1]1f<1:fy

and [ G(Vuy,)dr < C. By (1.3) we see that
/ A(|Vup|)de < C < +oo0  Vm.
Q

Since A satisfies a Ag-condition, we have ||[Vunl|r,@) < C (see [A] or
[KR]). The Poincare inequality (Lemma 2.2) implies that

[tmllw1 (@) < C

Using Lemma 2.5 we find a function @ € W L(€2) and a subsequence {uy,}
such that

Up — U in W L.
Sobolev’s imbedding implies that

Uy — U a.e. in €

hence © > ® and v € K.
According to Mazur’s Lemma we can arrange
N(m)
Um = Z ci'uj — u in Wi(Q)

j=m



48 MARTIN FUCHS AND LI GONGBAO

for suitable sequences N(m) € N, it >0, Ng) ci' =1, and for some subse-
quence we may also assume j:m
Vv, — Vu  a.e.
The convexity of G(X) implies that
I(u) <7,
and the strict convexity of G gives the uniqueness of the minimizer. =
In what follows we let G(E) = |E|in(1 + |E|), A(t) = tin(1 +t) for t > 0.
To study the regularity problem we define
Gs(B) = 2|BP +G(B)
for E € R™ 6 > 0. We further let
K*={we W )w > ae. in Q},

Is(w) = [ Gs(Vw)ds.
We have the following density resﬁlt.
Lemma 2.8. K* is dense in K w.r.t. the norm || - HW}x(Q)'
Proof. For any u € K, since ® € C%(Q) and ®|yn < 0, we have max(0, ®) €
W 1(€), hence
u —max(0,®) € g L(Q).
By the definition of W L (), there is a sequence v; € C§°(Q2) such that
v; — u—max(0,®) in W L.
Since ® — max(0, ®) < 0 in a neighborhood N of 99, we see
max(v;, ® —max(0,®)) =0 in (2 spt(v;)) N N.

In fact we have

max(v;, & — max(0, ®)) € W 3(Q) = W 4(Q).
Let u; = max(v;, ® — max(0, ®)) + max(0, ®). Then u; € K* and by Lemma
2.6

u; — max(u — max(0, ®), ® — max(0, ®)) + max(0, P)
= u — max(0, ®) + max(0,®) = u in Wi(Q).

This proves the Lemma. =

We have the following result concerning the functional I5(w).
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Theorem 2.9. a) The problem Is — min in K* has a unique solution us.
b) We have us — u in W(Q), moreover, Is(us) — I(u) as § | 0, and

)
7/ \Vugs|*dz — 0
2 Ja

where u is the minimizer of I(v) in K.

Proof. Since K* # ¢, we may apply the direct method in order to verify part

a).
Let w € K* be fixed. Then for 6 < 1

Is(us) < Is(w) < Li(w) = Cy
which implies
I(us) < C,
and as in the proof of Theorem 2.7 we see
us — U weakly in W L
for some u € I/;/' L (Q) which belongs to the class K.

Then, for any w € K*, we have

I(g(u(5) < I(s(w) 55%% I(w)

and
I(a) < lim I(us) < lim Is(us) = «
6—07t 6—07t
< lim [ =: 0,
< Jlim s(us) =: 8
so that

I(u) < a< g < [(w),Vw e K"

By Lemma 2.8, K* is dense in K, thus we have 4 = u. =

Remark 2.10. We mention that the proof of Lemma 2.9 also applies to
general integrands G with (1.3)-(1.7) and A satisfying a Ag-condition near
infinity.

We now state a higher integrability result.
Theorem 2.11. For the minimizer u from Theorem 2.7 we have

V1 [Vul € Wy ().

Corollary 2.12. Vu is in the space LI (Q,R™) for

loc

<oo if n=2
p
< -2 if n>3.

n—2
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Corollary 2.13. Ifn = 2, then u € C*%(Q) for any 0 < a < 1; if n < 4,
then Vu € L2 _(Q).

loc

Remark 2.14. In the general case we have instead of Theorem 2.11 that
(14 |Vu|)1=#/2 ¢ W3 100 () (compare [FO] for the unconstrained case).

Proof of Theorem 2.11. We fix a coordinate direction e, € R", vy =1,--- ,n,
and define for h # 0 and functions f

ALf(@) = 2 (T -+ hey) — [())

Let {us} denote the sequence obtained in Theorem 2.9. With ¢ fixed we
consider € > 0 satisfying eh™2 < % and define

Ve 1= us + A_p (1 Aplus — ®))

with 7 € C2(Q2) such that 0 < 7 < 1. Then v. € K*, hence I5(us) < Is(ve),
and we deduce

1
/Q [G(Vus + V(A (1 An(us — B)))) = Gs(Vug)lda 2 0.
Letting ¢ — 0 we infer
/ DGs(Vug) - V(A _n[n?Anlus — ®]])da > 0
Q

where DG denotes the gradient of G§. Using “integration by parts” for
A_j we end up with the result

(2.15) /Q AR{DG5(Vug)} - V(12 Anfus — ®])da < 0.

Introducing & = Vugs + thA,(Vus) we may write
AR{DG5(Vus)} - V(n* Anlus — @)

_ /0 ' D2G5(6)(AnVug, V(P Anfus — B])d.
Let us further define the bilinear form
BXY) = [ DGiate) (2, i
for x € Q and X,Y € R™. Then (2.15) takes the form
(2.16) /Q By (AnVus, V(72 Aplus — ®])dz < 0.

We have
V(n* Apus) = 1V Apus + 20VnApus
and (2.16) implies

/ Usz(AhVu(s, ApVug)dz
Q

< / B, (AR Vus, V(2 AR®) — 2nVnAjus)dz.
Q
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Using the Cauchy-Schwarz’s inequality in the form
Bu(X,Y) € Bo(X, X)2B,(Y.Y)?
together with Young’s inequality we arrive at
/ 72 Bo(AnVug, Ay Vug)da
Q

(2.17)

<) [ BA(ARDPR + [VALDE + |Agusf)da
spin

for some constant C; depending also on 7.
It is easy to check (see [FS]) that the following bounds hold for the pa-
rameter dependent bilinear form D2G4(Z)(X,Y)

218 IDGs(2)] = swp DPGH(Z)(x.X) < 5+ 2D
| X]=1

(2.19) D*Gs(Z) (X, X) > 0| X+ (1 +|Z) 1 X2 > 61X %
Inserting this into (2.17), we find that

@20 [ PAnVusde < Ca(om (sl + 120}

and therefore us € W2210c(Q)' For this reason we can replace Ay, in (2.16) by

the partial derivative 0,. Then, following the calculation after (2.16), we see
that (2.17), (2.20) have to be replaced by (summation over )

/ 2 D?G5(Vug) (9, Vg, 0, Vug)dz
Q

<Ciln) [ IDPCs(Vup|(IVOF + [V f + [Vug ) do
(2.21) spen
< Cs)l6 | (Vusf? + [V + |V20P)da

+ Coln)( [ [Vus|In(1+ [Vusl)dz + ]330,

where Cp is independent of §. We know that § [, [Vus|?dz — 0 as § — 0+
(cf. Theorem 2.9) and sups~q [ |Vus|In(1 + [Vus|)de < oo. Hence (2.21)
implies

(2.22) D2G5(Vug) (0 Vus, 0, Vus)dr < C(Q)
Q/

for any subdomain ' CcC Q.
Combining (2.19) and (2.22) we find that

/Q,Wm

Thus there is a function w € W21,loc (€2) such that

(2.23) 1+ |Vus) = w in Wy (9).

2
dr < C(Y).
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We claim

(2.24) w=4/1+|Vul.

To show (2.24), we note that
J
Is(us) = 1(w) = 5 | [Vusl*do -+ I(us) ~ I(a)
J
= 7/ \Vu5|2dx+/ DG(Vu)(Vus — Vu)dz
2 Ja Q
1
+ / / D2G((1 — t)Vu + tVus)(Vus — Vu, Vug — Vu) (1 — t)dtdz.
QJo

From Theorem 2.9 we have I5(us) o I(u), 6 [o |Vus|*dz —5_,0+ 0, hence
H
(2.25)
lim { / DG(Vu) - (Vus — Vu)de
Q

d—0t
+ /Q /01 D2G((1 — t)Vu + tVus)(Vus — Vu, Vus — Vu)(1 — t)dtdz}
=0.
On the other hand, minimality of w implies
(2.26) /QDG(VU)(VW — Vu)dx > 0.
Next we observe the estimate

1
/ / D?G((1 = t)Vu + tVug)(Vus — Vu, Vus — Vu)(1 — t)dtdx
QJo

1 Cwal2(]
/ |Vus — Vul*(1 —t) it de.
aJo T+ (1= O)Vu+ tVug]

(2.27)

This implies that Vus — Vu a.e in Q (possibly for some subsequence).
Hence we get from (2.23) that

V14 [Vus| = /14 |Vu| in Wy,

and the theorem is proved. »

Remark 2.15. We mention that in [FS] W L. has a different definition
but one of the equivalent characterizations of a function w belonging to the

space W 1 nL is that u belongs to the Orlicz-Sobolev space generated by
A(t) = tln(1 +t),t > 0.

3. LINEARIZATION

To study the obstacle problem, it is convenient to consider the variational
inequality as an equation with a measure valued right—-hand side and then
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to apply suitable methods in order to identify this measure. To this end,
following [F3], we define

wi = ugs + tnhe o (us — )
where 6 > 0, ug is given in Section 2, n € C3(Q),0 <n < 1, > 0,6 > 0,h €
CYRY),0< h. <1,he =1o0n (0,¢),h. = 0on (2¢,00), h. < 0.In case § = 0

we have uy = u, u denoting the solution of (1.1). Then w§ € K*, if § > 0,
and w; € K for § = 0, hence

% {/Q Gs(Vwyi)dx — /Q G5(Vu5)dx] >0= (as t—0)
/QDG(;(Vu(;) Y (nhe o (us — ®))dz > 0,
and there exists a Radon measure A (independent of ¢!) such that
(3.1) /QDG(;(VU(;) Y (nhe o (us — B))dz — /Qnd)\
The fact that A does not depend on € can be seen by using w = us + nt{he o
(usg —®) — hero(usg— @) }(e < €’) as test function provided t is small enough.

Note that (3.1) is valid for all small ¢ > 0 and any n € C3(Q). For
estimating A we may therefore fix n > 0 and let £ — 0, in order to get

/ ndA = / DGs(Vug) - Vnhg o (us — ®)dx
Q Q
+ /Q DGs(Vus) - V(ug — ®)h. o (usg — ®)ndx
=: (@) +(0),

where

(3) = /Q {DG5(Vus) — DG5(V®)} - V(us — ®)A. o (us — ®)nda
+ /Q DG5(V®) - V(us — ®)h. o (us — ®)nda
< /QDG(;(WI)) -V (ug — YA o (us — )nda:
=: (),

and the estimate holds since Gy is convex and h. < 0. We have
() = [ DG3(V®) - V(he o (us — @))d
- /QDG(;(VQ))hE o(us — ®) - Vndz
—_ /Q div{DGs(V®)Inh. o (us — B)da

- / DGs(V®)h, o (us — @) - Vndz,
Q
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which implies
/Q nd\ < /Q (DG5(Vug) — DG5(V®)} - Viphe o (us — ®)da
- /Q div{DGs(V®)Inh. o (us — B)da

s (DG5(Vug) — DG5(V®)} - Vida — / (DG (V@)

£20 Jus=2] us=
Since Vus = V® a.e. on [us = @], we arrive at
/Qnd)\ < /QX[u[s:@](—div{DGg(V@)})nd:r.
In particular, x[,,—¢](-div{DGs(V®)}) > 0 a.e. and A takes the form
A= X5 = O5(—div{DGs(VP)}) x Lebesgue measure

for some density 0 < O5 < 1 supported on [us = PD].
Returning to (3.1) and observing that

/ DGs(Vug) - V(n(1 = he o (us — ®)))da = 0
Q
we get
/ DGs(Vug) - Vndx :/ ndAs.
Q Q

Thus we have proved

Theorem 3.1. For any § > 0, there exists fs € L>(2) such that || f5|locc <
||div{DGs(V®)}||oo and

/ DG3(Vug) - Veda = / frpdz, Vo € CH(S).
Q Q
In particular, || f5|lco is bounded independently of 6.

Remark 3.2. The proof of Theorem 3.1 given before does not use the fact
that us is of class Wiloc(Q). The higher differentiability of wus allows to
perform an integration by parts in formula (3.1), and afetr passing to the
limit € | 0 we immediately deduce the representation of the measure A.

4. A CACCIOPPOLI-TYPE INEQUALITY

In this section we prove the following Caccioppoli-type inequality.
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Theorem 4.1. Let u be the minimizer from Theorem 1.1. Then, for arbi-
trary balls By(z9) C Br(zo) C 2, we have the estimate

Vi/1+ |Vu||?dz
/Brw‘ 1+ [V

1 In(1+ |Vul)
<C 7/ P E VU Ty — Xda
{ (R —7)% JBg(wo) [Vul | |

1

+ (1+\Vu|)dﬂs+7/ |Vu — X|dx ¢,
Br(zo) R =71 JBg(wo)

where X is any vector in R, C = C(n, ®).

Proof. Let us be as in the previous sections. Using us € W22710C(Q) for 6 >0
(which will be assumed from now on), we get from Theorem 3.1 that

/D2G5(Vu5)(&YVU5,Vg0)d:U: —/ f50ypdz.
Q Q

Let ¢ = n?(dyus — X,) for n € C}(92),0<n < 1,X € R™.
Using summation over v we deduce

/ 2 D2Gs(Vug) (9, Vg, 0, Vug)dz =
Q

- /Q 2D2G5(VU6)(8WVU67 V??[f%u(s - X’y])ndx - /Q fdaw(nz[a'yué - Xy])dx,

and as in the proof of Lemma 3.1 in [F'S] we get the estimate

/9772[6|V2u(;|2 + |V/1 + |Vus| |} dz

In(l1+ |Vu
@2) <Co{Inle [ p19us - x2 ML)
stpn ‘VU§|

|Vus — X|?]dx
+ [ sV 6P (Tus — XDlda}.
We recall || fs5]|loc < const. independent of § and observe
L1962V us = XDldz < O [ *IV2usldz+ [ |Viloe| Vs — X|dr)
Q Q sptn
and
1 1
212 2 2. 12 2
Vou d:vgs/ ——|V7u dx—l—f/ 14 |Vus|)dx.
J s <2 [ o e Ve [ o0+ V)
Of course, inequality (4.2) remains valid if the left-hand side is replaced by
/ 772D2G5(VU5)(87VU5,&YVu(g)dx.
Q

On the other hand,
1

m |D2u(5|2 < DQG(S(VU(s)(afVVU(S, 87VU/6),
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and by choosing € > 0 small enough, we may absorb ¢ [, n2ﬁ]D2u(;|2dx
into the left-hand side. This finally implies

2 / 2
/7] ’ ‘ U(sH Xz

In|1
<ol [ e - xp+ PV gy 2,
sptn Vs
+ (1+ |Vus))dz + || Vn]lso |Vus — X|dx}.

sptn sptn
Using the imbedding theorem as in [F'S], we may now pass to the limit
6 — 0 in the above inequality which finishes the proof of the theorem. =

5. BLOW-UP: PROOF OF PARTIAL REGULARITY

We fix some 0 < p < 1 and denote by u the solution to the obstacle
problem from Theorem 1.1. Let us further assume that n < 4. We have the
following

Lemma 5.1. Fiz some L > 0 and calculate Cy = Co(n, L) as indicated in
the proof. Then, for all 7 € (0,1), we find a number e = e(n, 1, L) such that

(5.2)  (IVu]lur <L and ][ IV — (V) g pl2de + R < &2
Br(o)

imply
(5.3) ][ IV — (Va)ay rpl2dz < Cor?] ][ Vu — (V) r|? + B2}

Brgr(z0) Br(zo)
for any ball Br(zg) C Q.

Here (g)y,, denotes the mean value f 5 () gdz. In the formulation of the
Lemma we replaced the “standard assumption” |(Vu)g, r| < L by a slightly
stronger one.

Lemma 5.1 will be proved at the end of this section. We first show our
main result Theorem 1.1.

Let us introduce the set

Qo = {z € Q: xis a Lebesgue point for Vu and |Vu| and f 5,y [Vu —
(Vu)x07r|2d:£ —rl0 0}.

Clearly |2—Q| = 0. In order to prove the theorem with the help of Lemma
5.1, we need only to show that any point zy from €2y has some neighborhood
in € on which Vu is Hélder continuous.

Let z¢p € Q and let

L := max{2|Vul(xo), 1},

Vul(xo) = lim ][ Vu|de.
BT(CUO)
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This determines the constant Cy = Cy(L). Fix 7 such that
1
007'2 = 5

and calculate € w.r.t. this data. Note the inequality

k
(5.4) (V) gy ritig <7 2> E(20, 7 R)Z + (|Vul)ag,R
=0

being valid for any R such that Bgr(xg) C Q and any k£ € N. Here
E(z0, R) ==+, (z0) IV — (V) o.r|?dz. Let us further set § = 72 (w.l.o.g.

0<3).
A number ¢ is chosen according to

Vi-26
=2 : 1 1-20_.2
£ <min{3, 5" }e

o0 .
73 2751 _s<1/3
(5.5) z';o / .

Finally, we fix R > 0 such that

2
(5.6) E(xo,R) + R <&, (|Vul)zo.r < 3L

Proposition 5.2. For any k € N we have

k
(5.7)x E(z0,7"R) < 27%E(zo, R) + Y _ 27 70F TR,
j=1

Proof. We prove the proposition by induction. Let £ = 1. Then (5.6) implies
(5.2). Hence (5.3) holds. Thus, by the choice of T,

1
E(zo,7R) < Q(E(xo,R) + R2“),

and (5.7); holds.
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Assume now (5.7)x. Then

k .
E(x9,7"R) < 27¥E(zq, R) + 6* Zl(%)]Rm‘
J=

1
= 2_kE(.7}0, R) + 6k (1 i g
11
= 2% E(xg, R) + 6422 R0

lpgk—1_1lg—k—1
=2""E(zo,R) + 2——4——
(5.8) (w0, B) + ¢

k_o—k
= 2”“E(az0, R) + 92931 RZLL

=27 B(xq, R) + 250" R

< 27M{E(z, R) + 1255 R*}

=2
= 295v

hence

27k 2
E(xo, 7" R) + (T"R)* < ——&% + 7" R <

1—20 —1-26

(5.9) E(z0,7™"R) + (TFR)* < 2.

Next, we have

k—1

—2<2

s é&,

(V) rig <73 > E(xo, 7' R)Z + (|Vt])a. g,
=1

and since we may assume that (5.7); holds for any j < k, we get

1
Ry’

(Vg i < ;[ B0, R) + 15

which is a consequence of (5.8).
Therefore

<
£
;Z./
O
4
Ead
=y
IN
\]
M\
[N}
g
I
Q@
=
=y
o
=
ol

i.e.

+ (IVul)zo,r

+ (IVt))ao,
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From this inequality and (5.9) we see that Lemma 5.1 can be applied. Thus,

E(x077k+1R) < %(E(Jjo,TkR) ( kR)QM)
< 12 *E(zq, R) + z 910k~ B2 + Lok B2
Jj=
=271 E(x0, R { ~(HD A =G+ 4 ;ek} R
— 9—k— 1E($0, Zl Jgk+1-J R21

and the proof of the proposition is complete. .

As shown in (5.8), we get from (5.7)

1
(5.10) E(xo,7"R) <27 km{E(:co,R) + R?*}, Vk € N,
which turns into the inequality

(5.11) E(zg,r) < const. ( ) {E(20,R) + R**}, Vr<R

for some exponent o > 0.
Clearly, (5.6) implies

2
E(y,R)+ R* <&, (|Vu|)yr < gL

for any y near xo with R fixed, hence (5.10), (5.11) also hold at y which
means that Vu is Hélder continuous for example in Bp/s(79) with some
exponent «. Holder continuity near xg with any exponent < u can be seen
by choosing 7 in a different way.

Proof of Lemma 5.1. We follow the proof of Lemma 4.1 in [FS] and argue
by contradiction assuming

(IVu)ay,r, < L Ap i= (Vtt)ao Ry
(5.12) E(u, Br, (1)) + R = €2 — 0

E(u, By, (vx)) > Cote}

for a sequence Bp, (x)). Let

1
v (2) == e (u(xg + Rxz) — ar, — RpAgz),z € By,
ap = ][ udx.
BRk(xO)

Then, for suitable A € R" and v € W4 (By), we get
Ap — A, v, — v strongly in L?(By),

Vo — Vv weakly in L?(By, R"),
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ex Vo, — 0 strongly in L?(By, R") and a.e.
which is true at least for some subsequence. From Theorem 3.1, we know
/Q DG(Vu) - Vipd = /Q fodx,Vip € CH(R).

Let ¢ € C}(B1) and define 1 (z) = (*7 "),z € Br, (k). Then the above
equation reads

Ry DG(exVu, + Ag) - Vpdz = R’k‘/ o(2)f(Rgz + xx)dz
Bl Bl

which implies

/B —{DG(EVui+ 4) = DG(AL)} - Vipdz = T / Vf(Ryz + 21)dz
1
Using Ry /er, — 0 and the boundedness of f we get

lim —{DG(Evak + Ar) — DG(Ag)} - Vedz =0
k—oo.JBy €k

hence

D?G(A)(Vv,V)dz = 0
By

which is an elliptic equation with constant coefficients.
Thus there exists C; = C1(L) such that

][ Vo — (Vo). [2dz < Oy ][ Vol2dz
Br B

Letting Cy = 2C', the foregoing inequality will contradict our assumption
(5.12) as soon as we can establish

(5.13) Vo, — Vo strongly in L2 _(Bi, R").

To this end, we argue in two steps.

Step 1: Let ¢i(z \/1 + lex Vo, + Ak — V1 + |Ak|), 2 € B1. Then

lor| < 3|Vog| and since {Vvk} is uniformly bounded in L?(Bi, R") we see
that

sup/ pidz < oo,
By

Next we observe

1 1
Vou(z) = fv\/1 +lexVor + Al = —Vy/1 + |Vl (2x + Ryz)
€k

f’“ (V\/1+ |Vu|)(zk + Ryz)
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Vi/1+ |Vu|
Vi/1+ |Vu|

Vi/1+|Vu|

so that
2

(x + Rrz)dz

RZ
J, Ivertta=E |
B € JB;

—2p2—n
=¢, Ry /
Br,, (=)
and in the same manner for 0 < ¢t < 1

[ oot <min [
By BtR],C (xk)

Theorem 4.1 gives

/ ‘thkfzdz
By
In(1
< CRe?RI™(1—t)2R;? wm — Ag|*da
Bry, (zk) [Vul

b 2R / (1 + |Vu|)de

Ry, (Tk)

2
dzx

2
dz.

e 2RI (1 — t)—lR,;l/ |Vu — Ak]dx} :
Br,, (=)

Clearly,

o o In(1+ |Vul)
2 p2—n 2 2 2
e, “R;™"(1—t)"*R / ————|Vu — Ag|°dx
B F Br,, (=) [Vl

< C(1—t) 2 ][ Vu — Ayde < C(1— )2,
By(z)

and
R? R?

5,;2R2_"/ (14 |Vul)dz = c,—2 + —£ ][ |Vu|dz
5 5
Ry, (T k k

Bry (zk)

Ry
<(en+L)= =0 as k— oo,
€k

where we have used our assumption f (. |Vuldz < L.
k

On the other hand,
e 2REM(1 —t)—lR,;l/ IV — Aglde
Br, (zk)

< e 2RE(1 —t)—lR,;l(/ IV — Ay2dz) s RE
Bry (zk)

< e PRIM(1—t) 'R e RE R}
=(1—t)""e 'Ry = 0 as k — oo.
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Hence we have established

(5.14) sup ||k llwr2(p,) <00, VO <t <1
k

For some large number M (depending on L) we have

11
P > 5;\/5k’|vvk| on By N [ex|Vug| > M|

so that

/ |V |2dz < 245i/ lon|1dz.
Btm[€k|v1)k|>M} By

By (5.14) and the embedding theorem we deduce (n < 4!)

/ |Vop?dz — 0 as k — oo
Bm[sk|Vvk|>M]

and v € C°°(By) obviously implies

(5.15) |V, — Vol?dz — 0 as k — oo.

/Btﬁ[svak|>M}

Step 2: Discussion of [ ., ¢y, (<m] |V |?dz.
Here we follow again [FS]. Consider ¢ € C3(Bj), ¢ > 0, and observe

1
51%/ / ©D?G(Ay, + €1, Vv + se(Vuy — V)
B, Jo
(Vo — Vo, Vo, — Vo) (1 — s)dsdz

= i O|G(Ag + e + e Vo) — G(Ag + e, Vo)]dz
1

- /B ereDG(Ag + V) - (Vo — Vv)dz.
1
The right hand side of (5.16) equals
. G(Ag + exVu)dz — . {(1 = 9)G(Ak + e V) + oG(Ag + e Vv) }dz
1 1
— /B erpDG(Ag + € Vv) - (Vg — Vu)dz
1

< G(Ak + exVug)dz — G(Ar + ex[eVv + (1 — ¢)Vug])dz
B1 Bl

— / exrDG(Ag + €, Vo) - (Vo — Vu)dz.
By

By Theorem 3.1 u is the minimizer of w — [,[G(Vw)— fw]dx in W L(€).
After transformation and after dropping constants from the functional we
see that vy minimizes

h— {G(é‘th + Ak) — Ekkah}dZ
By
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on By w.r.t. its boundary values, i.e.,

. G(exVug + Ag)dz < s G(erxV]vk + ¢(v — vg)] + Ag)dz
1 1

+/ xRy fo(vp —v)dz.
B1

The last integral is the only new term which occurs compared to the cal-
culations in [FS].

We therefore get, as in [FS], from (5.16)

1
/ / (pDQG(Ak + e Vo + SEk(V’Uk - V'U))
B JO
- (Vo — Vo, Vo, — Vo) (1 — s)dsdz
<o(1)+ Rk/ fo(vy —v)dz -0 as k — +o0.
€k JB1

Using now the bounds of D?G we find

k—o0

lim ©| Vo, — Vo> (1 + |Ag| + €| Vv| + x|V, — Vo|) "ldz = 0.
By
In particular, choosing ¢ = 1 on By,

lim |Vop — Vul?dz = 0
k—+00 J BiN[eg | Vog | < M]
This together with (5.15) implies (5.13), the proof of the Lemma is com-
plete. =
Thus Theorem 1.1 is proved. For proving Theorem 1.2, we modify the
foregoing argument following the lines of [FO] with obvious modifications.
The details are left to the reader.
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