
The best linear unbiased estimator (BLUE) is most 
suitable for practical application and can be determined 
with knowledge of only the first and second moments of 
the probability density function. Although the BLUE is an 
existing algorithm, it is still largely unexplored and has not 
yet been applied to channel estimation in amplify and 
forward (AF)-based wireless relay networks (WRNs). In 
this paper, a BLUE-based algorithm is proposed to 
estimate the overall channel impulse response between the 
source and destination of AF strategy-based WRNs. 
Theoretical mean square error (MSE) performance for 
the BLUE is derived to show the accuracy of the proposed 
channel estimation algorithm. In addition, the Cramér-
Rao lower bound (CRLB) is derived to validate the MSE 
performance. The proposed BLUE channel estimation 
algorithm approaches the CRLB as the length of the 
training sequence and number of relays increases. Further, 
the BLUE performs better than the linear minimum MSE 
estimator due to the minimum variance characteristic 
exhibited by the BLUE, which happens to be a function of 
signal-to-noise ratio. 
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I. Introduction 

Wireless relay networks (WRNs) are comprised of spatially 
dispersed nodes, which are referred to as “relays” or “virtual 
antennas” and are located between the source node and 
destination node. These relays are specifically employed to 
exploit spatial diversity and to minimize the power 
requirements for transmission [1], [2]. In addition, such relays 
can be grouped as amplify and forward (AF), decode and 
forward (DF), demodulate and forward, and compress and 
forward (CF) [3], depending on the relay strategy. In AF, the 
relays amplify the received signal broadcast from the source 
node and forward the scaled signal to the destination node. In 
DF, the relays decode the entire received message, re-encode it, 
and send the resulting sequence to the destination node. In 
demodulate and forward, the relays demodulate every received 
symbol individually, modulate them, and then retransmit them 
to the destination node. In CF, the relays send a quantized 
version of the received signal to the destination node [3], [4]. In 
all the relay strategies of WRNs, an optimal training sequence 
is broadcast from the source node to all the relays during phase 
I, and the relays forward the received signals after performing a 
linear transformation to the destination node during phase II for 
estimating the overall channel impulse response between the 
source node and the destination node. In a WRN, accurate 
channel state information (CSI) is required at the destination 
node for decoding [4]. The scope of this paper is limited to AF 
strategy. In AF-based transmission, channel estimation must be 
separated into two phases. However, this separation has 
drawbacks because the relay must inform the destination node 
of the CSI of phase I, which not only reduces bandwidth 
efficiency but also consumes additional transmitting power. 
Moreover, transmitting the estimated channel contributes to 
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further distortion. 
Several research works have been carried out for channel 

estimation in AF-based WRNs [4]-[8]. The problems in 
estimating channel links in WRNs for AF topology are solved 
using least squares (LS) and minimum mean square error 
(MMSE) approaches accompanied by the design of optimal 
training sequences [4]. In [5], an amplification factor is 
introduced to amplify the pilot symbols transmitted by the 
source node. Studies on channel estimation for AF relay 
channels is carried out for selecting appropriate channel models 
based upon relay mobility, relay gain, impact of the underlying 
channel on the pilot insertion strategy, and the estimator design 
[6]. In [7], a training-based linear MMSE (LMMSE) channel 
estimator algorithm is proposed for time-division multiplex AF 
relay networks. A semi-blind channel estimation algorithm is 
developed in [8] in which the main advantage is that the 
required training sequence is very short. Thus, most of the 
existing channel estimation algorithms for AF WRNs are based 
on LS and MMSE approaches. 

The LS approach reduces signal estimation error but not 
channel estimation error [9]. The MMSE estimator requires the 
complete knowledge of the probability density function (PDF), 
and it employs second order statistics of channel conditions to 
minimize MSE. When channel statistics are not available, it is 
difficult to estimate the channel. In addition, a major drawback 
of the MMSE estimator is its high complexity, which grows 
exponentially with observation samples [10]. Due to the 
aforementioned drawbacks of the LS and MMSE estimators, 
in this paper, the BLUE approach is used to estimate the 
channel impulse response in AF-based WRN. The BLUE is 
more suitable for practical implementation as it requires less 
knowledge of channel second-order statistics and does not 
require the complete knowledge of the PDF [10], [11]. 
Furthermore, an estimator based on the BLUE is unbiased and 
it exhibits linearity [11]. 

The rest of the paper is organized as follows. Section II 
presents a system model for AF WRNs and its receiver 
processing. Section III presents the approach for the BLUE 
channel estimation in a WRN and analyzes the MSE 
performance of the algorithm. In section IV, the Cramér-Rao 
lower bound (CRLB) is derived for an AF-based WRN. 
Simulation results for the MSE performance of the proposed 
BLUE algorithm are analyzed in section V. Section VI 
concludes the paper. 

Notations: Vectors and matrices are represented as boldface 
lowercase and capital letters, respectively. The transpose, 
complex conjugate, Hermitian, and inverse of the matrix C are 
denoted by CT, C*, CH, and C–1, respectively. The (i, j)th entry 
of matrix C is [C]ij, and diag{c} denotes a diagonal matrix with 
the diagonal element constructed from c; I is the identity  

 

Fig. 1. WRN. 
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matrix; E{·} denotes statistical expectation; cov(c) denotes the 
covariance of the vector c; and represents the 
circular symmetric complex Gaussian random variable with 
zero mean and variance . 
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II. System Model 

Consider a WRN with a single source node S, a single 
destination node D, and M randomly placed relays Ri; 
i=1,2,…,M, as shown in Fig. 1. The channel between each 
node pair is assumed to be quasi-stationary Rayleigh flat fading. 
It implies that the channel is constant within one frame but may 
vary from frame to frame. Denote the channel from source 
node to destination node as f, from source node to relays as gi, 
and from relays to destination node as hi. It is assumed that the 
channels are represented mathematically by  

 and . 

2(0, ),ff CN σ∈
2(0, ),i gi

If the source node intends to transmit a training data 
sequence through the AF mode to the destination node, the 
transmission is accomplished in two phases, namely phase I 
and phase II with each phase containing T consecutive time 
slots for individual relays and then for relaying information 
toward the destination node. In phase I, the source node S 
broadcasts the training data sequence z of size N × 1 to all the 
relays It is assumed that the training data 
sequence satisfies the power constraint, which is represented as 

S S where P

),0( 2
hii CNh σ∈g CN σ∈

; 1, 2,..., .iR i M=

,H NP E≤ =z z S is the source node power and is 
the source node energy. In this paper, the training data sequence 
is chosen to be 

SE

S NP=z 1

)

 since it reduces the peak to 
average power ratio (PAPR) problem at the source node and 
satisfies the power constraint [4]. The vector 1N is an N × 1 
vector with all its elements in unity. In phase I, the received 
signal at the relays is represented by ( 1,2,...,iR i M=

, for 1i i rig i M= + ≤ ≤r z n ,             (1) 

where nri is an N × 1 circularly symmetric complex Gaussian 
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white noise vector and  with noise 
variance N

),0( 0In NCNri ∈
0.  

In phase II, the relays send the transformed training signal to 
the destination node D. At each relay, a linear transformation ti 
is applied to exploit diversity, and it is expressed as  

              iiii rAt α= .                  (2) 

The real scaling factor 2
0/ ( )i ri giPα σ= + N

]

d+ n

is introduced in  

the linear transformation to satisfy the individual power 
constraint at each relay Ri as Pri. This constraint becomes 
essential since the relay networks conduct distributed 
transmissions. At the i-th relay, Ai is an N×N unitary precoding 
matrix [4]. The precoding matrix Ai is designed such that it 
satisfies the following condition:  

S

0 ; if ,
; if .

H
i j

i j
NP i j

≠⎧
= ⎨ =⎩

z A A z  

In phase II, the N × 1 signal vector received at the destination 
node D is represented as               

            ,             (3) ∑
=

+=
M

i
diih

1
22 ntd

where  at destination node D. By using 
(2) as a substitute in (3), d

),0( 02 In NCNd ∈
2 is written as 

∑ ∑
= =

++=
M

i

M

i
driiiiiii hw

1 1
22 nnAzAd αα , 

where Let In 
matrix form, d

;iii ghw = 1, 2,...., .i M= [ ]1 2 .... .T
Mw w w=w

2 is given by 

dnwCΔd +=2 ,               (4) 

w h e r e i s  a n  N × M  m a t r i x , 
is an M×M matrix of scaling factors, 

1 2[ .... M=C A z A z A z
1 2{ , ,...., }Mdiag α α α=Δ

and  Furthermore, it is easily 21
.M

d i i i rii
hα

=
=∑n A n

checked that the covariance of nd, conditioned on a specific 
realization of hi, is given as  cov( / , 1,2,...., )d ih i M= =n

2 2
01

( M
i ii

h Nα
=

+∑ I1) ,

M

where the property is  IAA =H
ii

utilized. Therefore, the overall noise, under a specific 
realization of hi, is still white Gaussian but with a scaled 
covariance of N0I [4].  

III. BLUE Approach for Channel Estimation 

The linear estimator for determining the M×1 overall 
channel coefficient vector [11] is given by  

∑
−

=

=
1

0
2 )(ˆ

N

n
ini ndbw  ,         (5) for 1, 2,....,i =

where bin is the weight coefficient of the n-th sample in the i-th 
relay. The weight coefficients are represented in vector form as  

0 1 ( 1)[ ... ]T
i i i i Nb b b −=b . In matrix form, (5) is written as  

               ,                   (6) 2ˆ Bdw =

where B is an M×N matrix given by  

           1 2 . .
TT T T

M⎡ ⎤= ⎣ ⎦B b b b .           (7) 

By using (4) as a substitute in (6), we get . 
It is known that the condition for the unbiased estimation of w 
is This is satisfied only if where 

Let b

dBnwBCΔw +=ˆ

.)ˆ( ww =E ,IBU =
.ΔCU = i and uj denote the i-th and j-th columns 

of and , respectively. Then, the constraint for unbiased 
estimation is reduced to   

B U

ijj
T
i δ=ub ; , .   (8) for 1, 2,....,i M= 1,2,....,j = M

M

The variance of the estimator is 

            ,               (9) in
T
iwi

bRb=2
ˆσ

where is the variance of the estimate of the i-th coefficient 
and is the N×N noise 

covariance matrix. In addition to the unbiased constraint, the 
expression BU=I also satisfies the individual relay power 
constraint of the relays. The estimate of w is derived by 
solving the linear constraint problem [11] by using the 
Lagrangian method, 

2
ˆ iwσ

))ˆvar(( 2
ˆ iw w

i
=σ ][ H

ddn E nnR =

2
ˆMinimize ,

subject to ; 1, 2,...., , 1,2,...., .
i

T
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T
i j ij i M j

σ

δ

=

= = =

b R b

b u
  (10) 

This constraint optimization problem is solved using the 
Lagrangian method by minimizing the cost function, which is 
given as      

∑
=

−+=
M

j
ijj

T
i

i
jin

T
iiJ

1

)( )( δλ ubbRb .        (11) 

The gradient of (11) with respect to bi is derived to be 

jin
i

iJ
λΔCbR

b
+=

∂
∂ −12 . 

By equating the gradient to zero, bi is determined as  

           ini λCΔRb 1

2
1 −−= .             (12) 

Let ei represent the vector of all zeros except in the i-th place, 
and, using (12), the constraint equation (10) is written as 

        iin
T eλCRCΔ =− − )

2
1()( 1 .           (13) 

By solving (13), is given by  iλ
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By using (14) as a substitute in (12), is written as  ib
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T
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By using (15) as a substitute in (6) and using (7), BLUE is 
given by 
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Further, (16) can be simplified as  

     .     (17) 2
111 )())((ˆ dRCΔCΔRCΔw −−−= n

T
n

T
BLUE

By using (15) as a substitute in (9), the variance of the 
estimator is   
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eCΔRCΔe 112

ˆ )]()[( −−=σ

The MSE of the BLUE estimation algorithm is defined 
as { }{ }BLUE BLUEˆ ˆ( )( )HMSE tr E= − −w w w w , and it is 

derived as  

( ) ( )( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛=

−−−
H

n
THTtrMSE

111 CΔRCΔCΔCΔ . (19)   

IV. CRLB for WRN with AF Strategy 

For coherent detection in AF mode, maximum likelihood 
detection is performed in destination node D, based only on a 
specific channel realization wi while treating nd as the overall 
white Gaussian noise [4]. Hence, the likelihood function for the 
received signal model in (4) is determined as      

  
⎭
⎬
⎫

⎩
⎨
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2
1exp

))det(2(
1)( 22/22 xxw;d H
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where and the N×N covariance matrix of n)( 2 wCΔdx −= d 
is Rn. Taking a natural logarithm on both sides of the likelihood 
function of (20) results in            
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Omitting the first term in (21) and using the definition 
 the log likelihood function is written as   ),( 2 wCΔdx −=

{
}
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The first term in (22) is independent of w, and terms 
and in (22) are 

expanded as follows, to find derivatives of individual weight 
coefficients: 
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Using (23), (24), and (25) as substitutes in (22), we obtain  
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The CRLB for a vector parameter  is 
defined as  
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Mw w w=w ]

M       [11]      (27) 2 1
ˆ [ ( )] for 1, 2 ,

iw ii iσ −≥ =I w "

where the Fisher information matrix (FIM) is defined as   )(wI

2
2ln( ( ; ))

[ ( )] for , 1,2, ,ij
i j

p
E i j

w w
⎡ ⎤∂

= − =⎢ ⎥
∂ ∂⎢ ⎥⎣ ⎦

d w
I w " M  (28) 

and the values of [ (  can be found 
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Since the FIM is a diagonal matrix, it can easily be inverted 
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to obtain the CRLB for the vector parameter. Using (29) as a 
substitute in (27), the CRLB is given by                     

2
2
ˆ

2 2

1

for 1,2, ,
iw M

i mi
m

i
c

σσ

=

≥ =
⎛ ⎞Δ ⎜ ⎟
⎝ ⎠
∑

" M .    (30) 

V. Results and Discussion 

In this section, the MSE performance of the proposed BLUE 
channel estimation algorithm, theoretical MSE, and the CRLB 
are analyzed using an optimal training sequence and precoding 
matrix [4] with channels gi, hi, and noise assumed to be 
circularly symmetric Gaussian random variables with unit 
variances. The noise sequence is assumed to be circularly 
symmetric complex Gaussian with zero mean and unit 
variance. The signal-to-noise ratio (SNR) is defined as SNR = 
(PS×1)/N0 = PS, where PS is the source node power. In all the 
simulations, 1,000 independent Monte-Carlo runs are used.  

Figure 2 shows the MSE performance of the proposed 
algorithm with four relay nodes M=4 and the length of the 
optimal training sequence N=4, along with the relay powers as 
{0.8PS, PS, 0.8PS, PS}. The MSE performance of the LS and 
MMSE channel estimators are shown for comparison. It is 
observed that the proposed algorithm achieves an MSE of 10–2 
at 15 dB, whereas conventional LS and MMSE estimators take 
20 dB and 17 dB, respectively. The proposed BLUE algorithm 
shows an improvement in MSE performance since it gives a 
minimum variance on the estimation parameter, a quality that 
is not inherent in the LS estimator or the MMSE estimator. 
Also, having the optimal precoding matrix [4] employed at the 
relays and using the optimal training sequence, which 
minimizes the PAPR, results in superior performance. The 
simulation results are validated with the derived theoretical  
 

 

Fig. 2. MSE performance of channel estimation algorithms at
M=4 ; N=4. 
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Fig. 3. MSE performance of channel estimation algorithms at
M=8 ; N=8. 
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Fig. 4. MSE performance of channel estimation algorithms at
M=4; N=8. 
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MSE of the BLUE algorithm. The CRLB reaches the MSE of 
10–2 at 10 dB. This clearly shows the importance of the BLUE 
channel estimation algorithm for AF WRN in comparison to 
MMSE estimators.   

Figure 3 shows the MSE performance of the proposed 
algorithm with eight relay nodes M=8 and the length of 
optimal training sequence N=8. It is observed that the proposed 
algorithm requires 9 dB only, compared to 15 dB when N=4 
and M=4, to achieve the MSE of 10–2. The CRLB reaches the 
MSE of 10–2 at 6 dB. This MSE performance improvement is 
due to an increase in the number of relays and the length of the 
training sequence, which validates simultaneous training for all 
relay channels instead of trivially training each relay channel 
individually. However, the deployment of an additional 
number of relays is not considered in practice due to its 
implementation aspects. 

Figure 4 analyzes the significance of the increase in the 
length of the training sequence from N=4 to N=8 with M=4 
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Table 1. SNR requirement of channel estimation algorithms at
MSE of 10–2.                            

(dB)

 M=2, 
N =2 

M=4,   
N=4 

M=8, 
N=8 

M=2, 
N=8 

M=4, 
N=8 

LS 24  20  15  15  16  

MMSE 21  17  10  15  14 

BLUE 20  15  9  14  11  

CRLB 15  10  6  12  8  

 

 

Fig. 5. MSE performance of channel estimation algorithms at
M=4; N=4: unbalanced relay power distribution. 
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relays. Now, the proposed algorithm requires 11 dB, compared 
to N=4, which requires 15 dB. In this scenario, half of the 
relays have a power of {0.8PS} and the other half have a power 
of {PS}, which contributes to the decrease in channel 
estimation MSE when N increases. In addition, the transmitting 
energies ES and Eri are linear functions of N. Hence, the 
requirement of employing more relays for channel estimation 
can also be minimized. The proposed algorithm BLUE 
interestingly outperforms LS and MMSE estimators by virtue 
of its minimum variance attribute, which happens to be a 
function of SNR. Table 1 shows the simulation results of the 
proposed algorithm for different lengths of the training 
sequence and the number of relays for the LS and MMSE 
algorithms and the CRLB.  

Figure 5 shows the performance of the proposed BLUE 
channel estimation algorithm, assuming that the relays have 
different powers. Three “unbalanced” types of power 
distribution are considered: Type1, represented by {0.8PS, 
0.8PS, PS, PS}; Type2, represented by{0.4PS, 0.8PS, PS, 1.4PS}; 

and Type3, represented by {0.2PS, 0.4PS, PS, 2PS}. Type1 
exhibits the best MSE performance, since two of the relays 
have the same power. Note that unbalanced power distribution 
will deteriorate the accuracy of the channel estimation. 

VI. Conclusion 

In this paper, a channel estimation algorithm based on the 
BLUE was developed for AF WRNs. It was proven by 
theoretical MSE derivation and simulation that the proposed 
algorithm shows better MSE performance than that of the LS 
and MMSE estimators for the same precoding matrix 
employed at relays and the same training data sequence 
broadcast from the source node. The BLUE’s improvement in 
MSE performance is due to its inherent minimum variance 
characteristic, which makes it a minimum variance unbiased 
estimator. Although the BLUE is analogous to the LMMSE 
estimator, the BLUE does not require the knowledge channel 
covariance matrix, whereas the LMMSE does, and that matrix 
is difficult for the LMMSE to acquire in practice. Furthermore, 
the BLUE algorithm is simple in practical implementation in 
comparison to the MMSE estimator, as complete knowledge of 
the PDF is not essential. The CRLB for the channel estimation 
in an AF-based WRN is also derived, which acts as a 
benchmark for assessing the estimator performance. In future 
works, this paper can be extended to select the best number of 
AF relays for activation using the BLUE-based channel 
estimation technique.     
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