New BER Expression of Hierarchical
M-ary Phase Shift Keying

In-phase/quadrature (I/Q) imbalances, which are
generated by non-ideal transceiver components, are
inevitable physical phenomena that the
performance of practical communication systems to be
degraded. In this paper, we provide a new closed-form
expression for the bit error rate of hierarchical M-ary
phase shift keying with I/Q phase and amplitude
imbalances and analyze the effect of 1/Q imbalances on
BER performance over an additive white Gaussian noise
channel.
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1. Introduction

Hierarchical modulation divides transmitted messages into
two or more classes and assigns each class a degree of
reliability according to its importance [1]. The process exists to
ensure that all receivers receive the most important information,
and that only receivers with better reception conditions receive
more inconsequential information [2]. In accordance with the
increasing interest in digital video broadcasting (DVB) systems
and wireless multimedia services, hierarchical modulation has
recently been accepted as standard for DVB-T and DVB-S
systems by ETSI [3]-[6].

There have been various studies of bit error rate (BER)
expressions of hierarchical modulation schemes, such as
hierarchical M-ary phase shift keying (H-MPSK) and
hierarchical M-ary quadrature amplitude modulation (H-
MQAM) [2], [7]{10]. Specifically for H-MPSK, Alouini [2]
derived the exact recursive BER expression with in-
phase/quadrature (I/Q) balance using the Pawula function from
[11]. In practical communication systems, BER performance is
affected by imbalances in I/Q phase and amplitude, which are
attributed to an imperfect 90-degree phase shifter and unequal
filter gains, respectively [12]. Previous works have focused
primarily on I/Q balance. However, a method was recently
developed to obtain the error probabilities for an arbitrary two-
dimensional (2-D) signal constellation with 1/Q imbalances
using the 2-D Gaussian Q-function [13]. Although the method
provided in [13] is exact and general, its extension to the
acquisition of a closed-form expression for average BER is
more complex and time consuming.

The purpose of this paper is twofold. We first provide a new
closed-form expression involving the 2-D Gaussian Q-function
for the BER of H-MPSK. Then, we investigate the effect of I/Q
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phase and amplitude imbalances on BER performance over an
additive white Gaussian noise (AWGN) channel. First, we
derive and analyze the BER expressions for the A-th bit of H-
4/8/16PSK signal constellations when Gray code bit mapping
is employed. Regular patterns of significant parameters in the
k-th bit error probability are observed while the BER
expression is developed. We then determine a function to
simply generate a regular pattern, which is used to present a
new average BER expression for H-MPSK with I/Q phase and
amplitude imbalances. Finally, we analyze the effect of I/Q
imbalances on BER performance.

II. System Model

In H-MPSK with ©,, =[6, 6, --- 0, ], N =log, M, the
highest priority bit is assigned to the most significant bit (MSB)
position, and the lowest priority bit is located in the least
significant bit (LSB) position. The highest priority bit yields the
binary PSK constellation and the next priority bits yield the
quadrature PSK (QPSK) constellation. The H-MPSK
constellation is generated with increases in the number of signal
points. As an example, Fig. 1 shows the H-8PSK signal
constellation [2]. The symbols “x” and “+” denote fictitious
symbols, while “o” represents actual transmitted symbols; 26
represents the angle between the “+”” symbols, which include the
first and second priority bits that are centered around the fictitious
“x”” symbols; and 26, represents the angle between the symbols
in the H-8PSK constellation that are centered around the
fictitious “+” symbols [2]. Additional angles, including & and 6,
will be introduced as the number of signal points is increased.
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Fig. 1. H-8PSK signal constellation.
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O: Signal point with 1/Q balance
@ : Signal point with I/Q imbalances

Fig. 2. Correct region for a signal point of H-MPSK with I/Q
imbalances.

The transmitted signals are assumed to be Gray-encoded.

Figure 2 shows a signal point of H-MPSK with 1/Q
imbalances. To find an exact and general BER expression for
the H-MPSK signal with I/Q imbalances, we use the two
dimensional joint Gaussian Q-function [14]. The probability
P {#<Q<¢,} thata signal point S falls into the shaded
region in Fig. 2 can be obtained, as given in [15], as

Bl <Q<h)=P {4X[OX3|=P ;{% 20, 1, <0}

I I A
b b 142 b

M
where ¢ and ¢, are the angles between /" and X, (i=1,2).
In Fig. 2, Y} and Y, have joint Gaussian distribution, as given in
[13], with

E[Y,] =\/E(ﬂcos¢,~ sin(y/_/ +¢R)—asin¢,« cost//j), i=12,
VAR[Yi] =o? (a2 sin? (¢,-)+ ﬂ2 cos? (¢,~)—aﬂsin oR sin(2¢,~)), i=1,2,
_ corlnn]
P, NZERANZIA
o2 (a2 sin @y sin ¢ +,82 cos @y cosgy —affsingp sin(¢1 +¢2))
) JVAR[ Y ]\V4R[¥2]

@

where Y; (=1, 2) is perpendicular to the decision boundary
X:(i =1, 2); E; is the symbol energy; y/j(j:0,1,2,---,M—l) is
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the phase of the transmitted signal point; « and £ are the I-
and Q-channel filter gains, respectively [13]; ¢ represents the
degree of 1/Q phase imbalance; and p;, =singdy is the
correlation coefficient of the I- and Q-channels [16].

In (2), the phase (y;) and angle pair (¢, ¢) vary with the
position of the signal points. Therefore, we first obtain the
phase (y;) and angle pair (¢, ¢) for the &-th bit of every
transmitted signal point in H-4/8/16PSK. Then we observe the
regular patterns resultant from phase and angle values being
varied. From the patterns, we finally provide the exact and
general BER expression of H-MPSK. We used a similar
method to obtain the closed-form expression for the BER of
uniform rectangular QAM [17].

III. Generalized BER Expression of H-MPSK

In this section, we first consider the signal constellations of
H-4/8/16PSK with I/Q imbalances to determine the decision
boundaries for the transmitted symbols and obtain the closed-
form expressions for the BERs of H-4/8/16PSK with 1/Q
imbalances. Then, we generalize a new BER expression of H-
MPSK with I/Q imbalances by analyzing the BER expressions
of the &-th bit of H-4/8/16PSK.

1. H4PSK

Figure 3 depicts the signal constellation of H-4PSK with I/Q
phase and amplitude imbalances. As shown in the figure, in
which s;(7=0, 1, 2, 3) represent signal points, 1/Q imbalances
cause shifts in the signal points, alterations in the Euclidean-
distance between points, and finally, degradations in the BER
performance.

As stated previously, BER computation is contingent upon
the identification of the phase(y/;) and angle pair(¢,¢,) of
We
Yoy mesk =Wo i - wir_1], which contains the phases of

each signal point. define the phase vector as

each signal point. The phase vector for H4PSK is given as

Yy apsk =10 76, 7+6, 27-6,]. “
In this paper, we assume that the MSB is the first bit (b, £=1).

Since the decision boundary varies with the 4-th bit (b,) in a

symbol, the angle pairs (¢, ¢, ) can be obtained as follows.

For the first bit (b;), the decision boundary is simply the Q"
axis. For instance, the error regions for the first bit of a signal
point sy are 2- and 3- quadrants as shown in Fig. 3; therefore,
the angle pair (¢, ¢, ) for the first bit of sp is (7/2,37/2).
Consequently, when /=1, the angle pairs(¢,¢,) for every
signal point can be obtained as
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: Error region for the first bit of Sy
: Error region for the second bit of Sy
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Fig. 3. H-4PSK signal constellation.

/2
, when b, =0,
37/2

[Zj: [37;/2

Srn/2

Q)
j, when b =1.

For the second bit (b, £&=2), the decision boundary is the
I'axis. The error regions for the second bit of signal point s, are
3- and 4-quadrants as shown in Fig. 3. Thus, when /=2, the
angle pairs (¢, 4,) for every signal point can be obtained as

T
(%j (27[} when b, =0,
2 [OJ, when b, =1.
T

The BER of H4PSK can simply be computed using (1) and
(2) with the angles determined in (5) and (6).

(©)

2.H-8PSK

The results from the case of H-4PSK can be extended to
H-8PSK. In the case of H-8PSK, we have 3 bits per symbol.
Figure 4 shows the signal constellation of H-8PSK with
®; =[6, 6,] in the presence of I/Q phase and amplitude
imbalances. The phase vector for H-8PSK is given as

Y _spsk
=[wo vi - ¥yl
=[6,-6, 6+6, 7-6,-6, 7-6,+6,
7+6,-0, 7+6,+0, 271-6,-6, 27-6,+6,]. (D
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@: Signal points with I/Q balance |:|: Error regions for the third bit of Sy
@: Signal points with I/Q imbalances

Fig. 4. H-8PSK signal constellation.

The angle pairs (¢,9,) for the decision boundaries
corresponding to each bit can be obtained as follows.

For the first bit (b;) and the second bit (b,), the decision
boundaries are identical to those of H-4PSK. Therefore, the
angle pairs(¢,¢,) of both bits for every signal point are as
given in (5) and (6).

For H-8PSK, there are two separate regions of the third bit
(b, £=3), which together result in its incorrect detection. For
example, as shown in Fig. 4, two error regions exist for the
third bit of sy. Let / be the number of separate regions. The error
probability that a received signal falls into one of the separate
regions can be obtained using a 2-D Gaussian Q-function.
Another 2-D Gaussian Q-function can be used to obtain the
error probability of other regions. Accordingly, / implies the
number of 2-D Gaussian Q-functions required to determine the
error probability of a signal. In H-8PSK, /=2. Therefore, unlike
the first and second bits, two angle pairs (¢, ¢, ) determine the
decision regions of the third bit, which are given as

6, 7 +6

or , when b; =1,
[(ﬁlj ) 2 -6,
(z-6) (27-6

7 S or S , when b, =0.
7 +6 2 +6,

The BER for H-8PSK can be expressed in terms of two 2-D
Gaussian Q-functions by using (1) and (2) with the angles
determined by (5), (6), and (8).

®)

3. H-16PSK

For H-16PSK, we have 4 bits per symbol. Figure 5 shows
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@ : Signal points with I/Q balance |:|: Error regions for the fourth bit of Sy
@ : Signal points with I/Q imbalances

Fig. 5. H-16PSK signal constellation.

the signal constellation of H-16PSK with ©,; =[6, 6, 6;]
in the presence of I/Q imbalances. The phase vector of the
signal points of H-16PSK is

lIlH—l(:rPSK

=[v, v, - w5l

:[‘91 _92_‘93 ‘91 _92+€3
7—-6,-6,-0, 7-0,-0,+0, 7n—-6,+0,-0, 7—-6,+0,+6,
n+6,-6,-6, 7+6,-6,+0, 7+6,+6,-0, 7+6,+6,+0,
27-6,-6,-6, 27-6,-0,+6, 275—-6,+0,-0, 27—6,+6,+0,).

&)

The angle pairs (¢, ¢, ) for the BER computation of the first

three bits (b, &=1, 2, 3) are identical to the angles found in

H-8PSK, and they are shown in (5), (6), and (8), respectively.
For the fourth bit (b, k=4), as shown in Fig. 5, there are four

separate regions (/=4) resulting in incorrect detection of the

fourth bit in H-16PSK. Thus, the four angle pairs

corresponding to the four regions are given as

4]

6,-6,\ (7-6,-6,)\ (7+6,-06, 27-6,-6,
> ) ,or ,  whenb,=0
6,+6, )\ 7-6,+06, )\ 7+6,+6, 27—-6,+6,

6,+6,-06, 6,+6,+06,

(640, \(7-6,+6,) ( 7+6,+6, 27-6,+6,
> , ,or ,when b,=1.

7-6,-6, )\ 7+6,-6, )\ 2n-6,-06, 27+6,-06,
(10)

The BER of the fourth bit (b;) can be computed with four
2-D Gaussian Q functions and the overall BER of H-16PSK
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can be obtained using (1) and (2) with the angles determined in
(5), (6), (8), and (10).

4. Regular Patterns in Developing BER Expression

As mentioned at the end of section II, the development of a
generalized BER expression is contingent upon two parameters,
namely, the phase (y;) and angle pairs (¢,4,) . These
parameters vary with the transmitted signal points. From (4),
(7), and (9), we set the generalized form for the elements of the

phase vector ¥y _ypsx =[Wo V1 - W] as

log, M -1

w,=A 7+ Zl: (-1)" -6, j=0,1,2,--,M ~1, (11)

where 4, and B;; can be found by analyzing their regular
patterns.

A. Regular Pattern of 4;

The regular pattern of 4; can be observed. As shown in Table

1, 4; terms have the values of 0, 1, and 2, which are repeated

2lug2M72 , zlogz M-1 2lug2M72

, and times, respectively. The
total number of 4, terms is equal to M, and as M doubles, the
run-length of each term doubles where *, *,---, * denotes the
run. Finally, from these results, the function to generate the

coeficient 4; for any M and j can be found by

4, :V_JJ—V—]J, J=0,1, M —1,
J M M

where | x| denotes the largest integer less than or equal to x.

(12)

Table 1. Regular pattern of the coefficient 4;.

M A, j=0,1,2,, M1
4 0112

8 00111122

16 0000111111112222

Table 2. Sign variations of 6;.

M|6,i=1,2,,logpM-1|/=01234567891011 12 13 14 15---M-1
4 01 Tof-
0 tt——ft——
s 0> —tot—df-f
) Fhtt— A+ -
16 ) ——ftt——tft——-F - -+ +
[ Bt S apee S e e o
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B. Regular Pattern of B; ;

Table 2 shows the sign variations of 6. When i=1, the sign
of 6, begins with “+”. For other values of i, the signs of the first
terms of 6, starts with “-”. When i=log,M-1, the pattern of
“- 4 is repeated M/2 times. The run-length of the signs for the
same value of 7 doubles as M increases twofold.

Table 3 shows the regular patterns of exponent B;; required to
determine the sign of 8. The first term of B;; for i is

B;i= 0,
ij l,

and when =log,M-1, the terms increase by 1 with j. The total
number of terms is equal to M, and for the same value of 7, the
run-length of each term with exponent B;; doubles as M
increases twofold. Thus, from these properties, we can find a
general expression for exponent B;; for any M, i, and j:

4j 1
B.’ .= L—zlogzMHi J +1—[;J,

ij
where i=1,2,---,log, M -1, and j=0,1,---,M —1.

i=l,

i#1,

(13)

(14)

Consequently, the generalized form for the elements of the
phase vector can be expressed as

4]J \‘sz‘j log, M -1
I AR M )
(S

=Q(M, ,0),

(=)
()

where ®M :(Qnggs"'nglogzM—l) :

The angle pair for each bit of H-MPSK can be generalized
by (15). For the first and second bits, the angle pairs
corresponding to the j-th signal points (s;) of H-MPSK can be
rephrased as follows:

fOI'b],
/2
, when b, =0,
& 3z/2 16)
¢ ) |(3z/2
sr/2 ) when b =1,
V1
for b,
V4
, when b, =0,
& 2
4 = a7
p)

0
[ J, when b, =1.
T

For other bits (b,,k = 3), the angle pairs corresponding to
the j-th signal points (s;) can be expressed with the phase vector
of H-2"! PSK. Thus, according to bit values (0 or 1), the angle
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Table 3. Regular pattern of B;;.

M Bij, i=1,2,", logy M-1 Bij, j=0, 1, 2;- ,M-1
4 By 0123
g By, 00112233
By 123456738
By, 0000111122223333
16 By, 1122334455667788
B, 12§é§§1§9EHI_2L3£11_51_6
By 00---0011---1122---2233--- 33
By; 1 12-23--34-45-36--67-78 8
i .
B 1234567891011 4 1 !
log M1 | 123420706710 o8 M +1-logy M1 +1= log, M —1
pairs can be obtained as follows: rewritten as
for by, andn=0,1,---,/ -1, Yy _spsk
= [01 _92 91 +92 72-_01 _92 7[_01 +92 7Z'+€1 _02
Q(2,2n,0,, )
[ 725 — j . when b,=1, T+0,40, 27-0,-0, 27—6,+0,]
k-1
Vs . Q2" ,2n+1,0,. B
[ﬂj: 2+ 2% psk ( =A lPH—4PSK 80,46, ’\PH—4PSK|91(_gl,g2 21)
2 Vo H 2 psk Q(Zk l,2n+l,® "
w o ,when b,=0;  and
2’”2 H-2"" PSK Q(2°7,2n+2,0
( 2 ]) kPH—](\PSK
(18) =[6,-6,-0, 0,-0,+0, 6,+0,-0, 0,+0,+0,
for by, (k>3)and n=0,1,---,/—1, 7—6,-0,-0, 7-6,-0,+0, 7—6,+0,-0, 7n—6,+0,+0,
n+0,-0,-0, 7n+6,-0,+0, 7n+0,+0,-0, =n+6,+0,+0,

Q(2.2n,0,.,)
[ Vanlu o4t psi J: - ,when bk(k>3):()’
Yonsilyot psk Q(Z 2+ 1’@)2"' )

[‘//zm Hz"PSKJ _ Q(zkil’zn + 1’®2"' )
‘/IZMZ‘HJ"'PSK Q(zk’l,2n + 2,®2H)
(19)

where Q2" /,0,,.,) can be obtained from (15), and / denotes
the number of 2-D Gaussian Q-functions determinable by
1
=2l 20)
The above results for the angle pairs are based on the
consistency of the bit format for a Gray-coded signal
constellation.

2

J,when b, (k>3)=1

5. Another Expression of Regular Patterns Using a
Recursive Algorithm

In this subsection, we present another expression of regular
patterns using a recursive algorithm. Consider the phase vector
Yy apsk =160 7—6, #+0, 27 —6,]as the basis. By
applying the recursive algorithm to (7) and (9), they can be
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27-0,-6,-0, 2m—0,—0,+0, 21—0,+0,-0, 2m—0,+0,+0,]
(22)

= A{\PH’SPSKL%(—HZJA% % PRy 0y <0, -0, }’

When WY =[] w3yt L]

:[1//1Y %y (//3Y...], A{\PX,‘PY} is defined by

respectively. and

L v w3 ) vl i, m=odd

A{‘I’X,‘PY} - 3)

m = cven.

i vl vl i il ],

Finally, from (21) and (22), the phase vector for H-MPSK is
obtained as

\PH -MPSK

=AY v ’
a-M psk » T g-Mpek
2 On2¢0, 240, 2 0240y 2=0,1

@4

and the angle pairs for b,,k >3 can be more easily obtained
as follows:
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for bs,and n=0,1,---,/—

( Vanly_ot1 psk J when b3 =1,
(¢1 ) _ ‘//2“1 H-2"pSK (25)
¢, (V/zml H-2 1psl<j when b, = 0;
Wonea|pg -2 psx
for by, (k>3)and n=0,1,--,1—1.
( Yonlg—o psk J’ when bk (k>3):0’
(¢1 ): Yans H-2*1pPSK (26)
9,

(‘//Znﬂ H-2"psSK J’ When bk (k>3):1
Woneal oot ps

6. Average BER Expression of H-MPSK

An average BER expression over NV bits of H-MPSK can be
obtained as

=%§aw)

where Py(k) is the BER of the 4-th bit, which can be obtained
by

@7

iMlll E[Y] E[Y] ._
m Q( . (28)

\/ Var(Y, \/ VarlY,]

The arguments of the Q-function in (28) can be obtained
from (2) with the signal phases and angle pairs given in (15)-
(19).

Another BER expression for H-MPSK can be obtained by
applying equation (9) in [13] to equation (14) in [13]. The
resulting expression differs from the final expressions (27) and
(28) in this paper, which are obtained by finding the regular
patterns of the phase information, namely, the phase (y;)
and angle pairs (¢, 4,) . The changeable phase information is
not obtained from the method provided in [13]. Also, when
equation (14) of [13] is used, we require the M(M-1) statistical
calculations of (2) to get the BER results, but the results of (27)
and (28) can be obtained from only the M - Zl calculations.

k

Jj=0 n=0

Calculation of the BER results for H-MPSK from (27) and
(28) is consequently less complex and time-consuming than
from equation (14) in [13].

I'V. Numerical Results and Analysis

The evaluation of the numerical results for the provided BER
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expression is compared and analyzed based on two criteria. For
I/Q balance, our BER results are compared to those of [2], and
for I/Q imbalances, the effect of I/Q imbalances on the BER
performance of H-MPSK is investigated. To this end, H-
16PSK with @, =[7/4.2,7/8.6,7 /17.5] is considered, and
the values of parameters ¢, =5" and »=0.9, 1.1 are used since
typical values achievable with careful design are ¢, = 5" and a
or f=1.1[12], where r =a/ f is the gain ratio [19].

First, for I/Q balanced H-16PSK with®, =
[7/4.2, /8.6, 7 /17.5], the BER results obtained by (27) and
(28) are compared with the results of [2]. As shown in Fig. 6,
although the final expressions of this paper and [2] differ, we can
confirm that the numerical results of both are clearly the same.
Figure 7 shows the BER for I/Q balanced H-16PSK and

10°
+k=1; eq (28)
Ok=2; eq (28
aK=3; eq (28
ok=4' eq (28)
& S ==="Uniform 16PSK |;
E: — \El\g
B 10 V. VXN
> 4 AR
=] X B AN\,
3 N
Q &\
[<] -3 A
s 10 X
s BVER
S X ., lﬂ \
ﬁ 10™ \ ‘\\A\I‘
e
\Y [N
LW B VYA
10’5 \ \“Q“\\
0 5 10 15 20 25
Ey/No (dB)

Fig. 6. Comparison of the results of (28) with the results of [2] for

I/Q balance.
10° ——1/Q balanced H-16PSK
===-1/Q unbalanced H-16PSK
(9-=5°, r=1.1)

1/Q unbalanced H-16PSK
(¢5=5°, r=0.9)

k=1; simulation

k=2; simulation

k=3; simulation

10"

%_3
% 102 k=4; simulation
(= Average BER; simulation
>
% SN S u .
~ A 8% B
£ 100 ) \iﬁ Ry
Q S
§ \0 YA Elu
£ AR A
.2 PR
om 104 " A BN
&N
10° | 1y 38,
0 5 10 15 20 25 30

Ew/No (dB)

Fig. 7. Effect of I/Q imbalances on the BER of H-16PSK.
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I/Q unbalanced H-16PSK with¢, =5 and » = 09, 1.1. As
shown in Fig. 7, for r=1.1, since the minimum distances
between the decision boundary of the first bit (b;) and the
signal points increase as I/Q imbalances increase, the BER of
the first bit for the 1/Q unbalanced H-16PSK is gradually
improved. However, the average BER is degraded as I/Q
imbalances increase, because the BERSs of other bits (b, &2, 3,
4) for I/Q unbalanced H-16PSK are degraded. For = 0.9, the
minimum distances between the decision boundary of the first
bit (b;) and the signal points decrease as I/QQ imbalances
increase. Thus, the BERs and average BER of all bits (&, &~=1,
2, 3, 4), including the first bit, are degraded as 1/QQ imbalances
increase. Figure 7 also shows the effect of I/Q imbalances on
the BER performance of an H-MPSK system to be quite
serious for all but the first bit (5,). Figure 7 also shows excellent
agreement between the results of the analytical expression and
the Monte Carlo simulation.

V. Conclusion

In this paper, we provided a new closed-form expression
involving the two-dimensional Gaussian Q-function for the
BER of H-MPSK with 1/Q phase and amplitude imbalances
over the AWGN channel. We first obtained the phases of all
transmitted signal points and the angle pairs for the A-th bit of
the signal points in H-4/8/16PSK. We then observed the
regular patterns of varying angle values. Finally, we provided
the exact and general BER expression of H-MPSK based on
the observed patterns. The provided BER expression for H-
MPSK with I/Q phase and amplitude imbalances can be
readily applied in numerical evaluation of various cases of
practical interest of unbalanced 1/Q H-MPSK systems. This
positive attribute is afforded by the common availability of
mathematical software packages capable of directly computing
the two-dimensional Gaussian Q-function, and because the
phases and angle pairs which vary with the positions of signal
points can be simply obtained using the function provided to
generate a regular pattern and a recursive algorithm.
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