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I. INTRODUCTION

In this paper we derive equations for the image formation of transverse
profile of a relativistic beam obtained by means of optical transition radiation
(OTR) from flat and rough metal surfaces. The motivation behind this study
lies in the desire to suppress coherent transition radiation (COTR) observed
in experiments at modern free electron lasers [1].

The physical mechanism behind the problem of COTR is that the OTR is
predominantly radiated at small angles of order of 1/y where v is the rela-
tivistic factor of the beam. This means that the transverse formation size of
the image is of order of Ay where A = A/2m with A the radiation wavelength.
For relativistic beams this can be comparable or even exceed the transverse
size of the beam, which would mean that the image of the beam has very little
to do with its transverse profile. It is fortuitous, however, that the incoherent
image is formed by adding radiation energy of electrons and results in the
transverse formation size being of order of A/f,, with 6, is the aperture angle
of the optical system [2]. The COTR image, in contrast, is formed by adding
electromagnetic field of electrons, and leads to the formation size Avy. In sit-
uations when the COTR intensity exceeds that of OTR the COTR imaging

makes the diagnostic incapable of measuring the beam profile.
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It is clear from the previous explanation that a way to suppress COTR
would be either to get rid of the central part of the radiation withing the cone
1/~ or somehow spread it out in a wider range of angles. The former can be
implemented by masking angles near the axis in the optical system [3], and the
latter may be achieved by using a rough surface with local angles randomly
varying from point to point by amount larger than 1/v. Analysis of the image

formation for these two cases is the subject of this paper.

II. EQUATIONS FOR ELECTRIC FIELD OF RADIATION

For simplicity of analysis we assume that the beam hits the surface at right
angle and study the backward propagating OTR. To calculate the radiation
field in the far zone we use the Kirchhoff diffraction integral [4-6] with the
following equation for the electric field E radiated in the direction of vector
k,
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where £° is the electric field generated by the currents on the surface (needed
to compensate the tangential component of the incident field of the beam),
r = (x,y) is the two-dimensional vector in the plane of the metal surface, k is
the wave vector in the direction of the radiation, k = |k| = w/c, and n is the
unit vector perpendicular to the surface of the metal directed in vacuum. In
the small-angle approximation (that is when the angle 6 between k and n is
small) this equation can be simplified. Introducing a 2D vector k = (ky, ky)

and neglecting small terms in the product k x n x £° we find:
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Considering (2) as a 2D Fourier integral we can invert it to obtain
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III. TRANSITION RADIATION OF A SINGLE ELECTRON FROM
FLAT SURFACE

Consider a relativistic electron that hits the metal at the origin of the
coordinate system. As is well known, the electric field £° of the incident
electron at frequency w = ck is

L (k_) v, (4)
cmy 0
with v = r/r and K; the modified Bessel function of the second kind. The
total field £€° + £° on the surface of a perfectly conducting metal is equal to
zero, hence £° = —&°. It is clear that E given by (2) is directed along &, that
is E = Fk/k. For E we obtain
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The integral over ¢ can be taken using
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The spectral intensity of the radiation is proportional to the quantity
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which is a well known angular distribution of the transition radiation from a

single relativistic electron. Integrated over the angle from zero to 6, > 1/v
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From this expression we see that the integrated intensity increases (logarith-

the intensity is

mically) with 6,,, which means that a noticeable radiation energy goes into
angles much larger than 1/7. As we will see in the next section, this is the
reason behind the ability of an OTR foil to make an image of a beam with

cross sectional dimensions much smaller than A~.

IV. POINT-SPREAD FUNCTION FOR A FLAT FOIL

In this section we will calculate the point-spread function (PSF) for a flat
surface of the foil. PSF is defined as intensity distribution in an image of a
single electron. To simplify consideration, we accept a simple model of the
image system which consists of a lens located in the far zone and focuses the
light to make an image with unit magnification. Mathematically, the electric

field & in the image plane of the lens is defined by the following integral [1]:
kb,

E(r) = A /0 PRE(r)e"T (10)
where now 7 is a two-dimensional vector in the image plane, 6, is the collection
angle for the imaging apparatus, and A is a constant whose exact value we
will not need. We can rewrite this integral as

&(r)=A ( / " PRB(R)eT — / h d%E(n)em) , (11)
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and then use (3) in the first integral:
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Assuming 60, > 1/, for the second integral we will approximate (7) by
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In the limit 7 — oo one can approximate K (kr/v) =~ ~/kr with the following
result
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This function has a zero value at r = 0 and decays with r as 1/r at large
distances.
The distribution of the intensity on the image screen is proportional to

Akte? 1, (1= Jo(€))”
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with & = krf,. As follows from (19) the spot size is of order of £ ~ 1, or
r ~ 1/kf,. To find the total energy in the spot size, we need to integrate the
quantity fooo d¢ € - €. Note that with expression (19) the integral diverges
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at £ — oo which means that for energy calculations one should use a more
accurate expression (17) for the field. Analysis shows that with that expression
the energy integral converges at r ~ Ay (that is the transverse formation size),
and involves In~.

Our analysis can be easily extended to the case when there is a mask on the
lens that blocks small angles. Let us assume that the mask blocks radiation
from the foil propagating within 0 < # < 6. In this case the integral (10)
extends from 6y to 6, and Eq. (18) is replaced by

2 ikR o
& — Aiv ke e Jo(kr6y) Jo(krﬁa). (20)
¢c R r

3/2 The integral

This function oscillates and decays at large distances as r~
fooo d¢ EE - € with €& given by (20) now converges and gives finite energy in
the field of the image.

For illustration, in Fig. 1 we plot the functions 0%(1 — Jy(€))?/£% (blue line)
and 02(Jo(3€))* — Jo(£))?/€? (rved line) for 1/k = 0.1 pm and 6, = 100 mrad

(both functions are multiplied by 10?).
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FIG. 1: PSF functions for a flat surface.



V. IMAGE OF TRANSVERSE BEAM PROFILE FOR A FLAT SUR-
FACE

Consider now an image generated by a beam consisting of many electrons
hitting the foil. The electric field of a single electron hitting the foil at point
r, will result in the electric field on the detector given by (18) with the origin

shifted from zero to r,

E.(r, vy, z,) = Ai%e eikReikzn r—r, 1— Jo(klr —r,|0,)
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In this equation we also added the factor e** which is the phase due to the
arrival time at the foil for an electron that has the longitudinal coordinate z,
in the bunch.

In what follows we calculate the averaged intensity distribution of the image

by averaging
N

N N
n=1

n,l=1 n#l

over the distribution function of electrons in the beam. Here N is the total
number of electrons. To carry out the averaging we need a two-particle dis-
tribution function fo(r,z,7’,2") which gives the probability that in a pair of
electrons one is located at r, z and the other one at 7/, 2’. Following a standard
representation in statistical physics, we write fy; as a product of one-particle

distributions plus a correlation function g

fQ(’T‘,Z,’I"/, Z/) = fl(,raz)fl(r/?Z/) —|—g(7‘, Z,'I‘l, Z/)' (23)

Using the distribution function (23) the averaging is carried out as
1) =N [ dridafulr, )| (24)
+ N(N — 1) /d2rld21d2r2d22€1<7‘, T, Zl) : 62(7", To, 22)*

X [fi(r1, 21) fi(re, 22) + g(7r1, 21,72, 22)].



Let us consider the first term in (24) which we denote by Iincon. It is due to
the incoherent transition radiation. Note that |€;(r, 71, z1)|> does not depend

on z;. Using (18) we obtain for this term

4k2e? < 1 — Jo(kb,|r — r1]))?
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where fl = [dzfy. For illustration we show in Fig. 2 the plot of liycon(r) for
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FIG. 2: Comparison of the incoherent image (red dots) with the original beam
profile (blue line). We assume X/, = 1 ym and o, = o, = 20 pm. The dashed line
shows a Gaussian fit to the image with o, = o, = 23 um. Magenta dots show the
image with the central part of radiation masked (6y = %Ha) and intensity multiplied
by a factor of 4.6. One can see that the masked image has a better representation

of the beam profile compared with the one without the mask.

a beam with a Gaussian profile with rms transverse sizes 0, = 0, = 20 pm.
For the particular choice of parameters indicated in the caption to the figure,
the measured profile has o, = o, = 23 pum-——close to the original values of the
beam parameters.

Let us consider now the second term in (24), due to coherent transition

radiation, which we denote by I.,,. We assume that the 1-particle distribution
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function f; is a smooth function of z and has a negligible harmonic contents at

the wavenumber k. Then the only contribution comes from the g term in (24),

Teon(r) = N2/d27‘1d21d27“2d229("°1721,T2,Z2)Qf1("°,"°1721) - €y(1r,r9, 22)",

(26)
where we replaced N(N — 1) ~ N2.
To simplify calculations, we will focus on a simple case when
fa(r, 2,7, 2') = filr) i(r") (1 + g(z = 27)). (27)

This is the case of a beam that on average is uniform in z with particles’
positions correlated in that direction, while there are no correlations in the
radial direction. The model (27) is reasonable when the correlation length
along the bunch is much smaller than the bunch length—a typical situation

for OTR with submicron wavelengths. For the model (27) we introduce

g(k) = /dzeikzg(zl — 29). (28)
Using (21) in (26) we obtain

2,2 . 2
Lon(r) = |A|24}§2§2 N2Lg(k) (/ dzrlfl(rl)%[l — Jolk|r — r1|9a)]> ,

(29)

where L is the length of the bunch. The integral on the right hand side is not
localized around point »—the whole beam area contributes to the light at one
point of the image.

For further comparison with rough surface (considered in the following sec-
tions) it is convenient to separate the factor
4k*e?
R2¢?

AP =55 N?Lg(k) (30)



from the integral in (29) and redefine I, as dimensionless quantity

Teon = k72 (/ dzrlfl(rl)%[l — Jo(k|r — r1|0a)])2. (31)

In case of a mask that blocks radiation at 0 < 6 < 6y, Eq. (31) is replaced by

Teon = k72 (/ d%ﬁﬂrﬁ%[%(kh —11|60p) — Jo(k|r — ’r'1|0a)])2.

(32)
This result immediately follows from (31) if one compares (18) and (20). To
analyze (32) we will note that

kO,
T go(krto) — Jo(kr6,)] = —— / P2 i (33)
k
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and rewrite (32) as
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Assuming a Gaussian beam profile
1 —T2/20'2
.fl (7‘) = ﬁe s (35)
and using
1 .
272 /d2r16_7"%/2"2e_m'” = "/? (36)
we obtain
1 \2| (Kb ' 2
[COh = (ﬂ) \/k\e dQKJ%G’LR'Te—NQUQ/Q ] (37)
0

This integral becomes exponentially small when koty, ka6, > 1.
Let us return to the case of no mask, 6y = 0, and assume that and kf,0 > 1.
In this limit we can then replace the upper limit in the integral by infinity,

1 2 ) K 2 1 2
Ico — - d2 v ik _,{202/2 _ L 1— —r2/202 2‘ 38
b (27#@) /0 2t © (kr) (1—e ) (38)

K

10



This function is shown in Fig. 3 by a solid blue line. It indicates a “doughnut”

shape of the image with a dark region near the center and illuminated ring®.
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FIG. 3: Comparison of the coherent image (solid blue line) with the (Gaussian)

beam profile (dashed line). Plotted is the quantity I, (ko)?.

Let us also consider a flat beam profile of radius R

lr) = —h(R=7), (39)

with h the step function defined by h(z) = 1 for x > 0 and h(z) = 0 for x < 0.

Note that the rms size of such a beam is 0, =0, =0 = %R. Using

1 9 —ikry 1 f 2 —1iKT1 COS ¢

W drlh(rl—R)e :W . Tld’f’l ; d¢6
2

= g i(sR), (40)

! The “doughnut” shape of COTR image was also derived in [1], where it was shown that
I.on is proportional to the gradient of the transverse distribution f;. However, this result
was obtained in the limit o > Ay, while in this paper we assume an opposite inequality

(that is we consider the limit 7 — o0), more appropriate for highly relativistic beams.
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we obtain (again assuming a mask covering 6 < 6,)

1\2

oo — [ ——
coh (27rk:)
1\2
~4(3z)

The plot of this function for 6, = %(9(1 and R = 20/k6, is shown in Fig. 4.

2

k0,

a . 2
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k6o 1
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ko K

There is clearly no resemblance of this image to the original Gaussian profile
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FIG. 4: Coherent image of a flat profile with a mask. Plotted is the quantity

10°Ieon (K R)?.

of the beam.

VI. DIFFRACTION RADIATION FROM A ROUGH SURFACE

Let’s consider a rough surface whose local height at point (x,y) deviates
from a flat one by &(z,y) where {(z,y) is a normally distributed random field
with (¢) = 0. Illustration of a random surface profile is given by Fig. 5.

Deviation of the metal surface from a flat one modifies the Kirchhoff inte-
ikE(r

gral (1) in two places. First, it adds an additional phase factor e~*¢(™) under
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FIG. 5: Hlustration of a rough surface profile: the function & versus x (left plot)

and the angle d¢/dx versus = (right plot).

the integral due to the increased (for & < 0) or decreased (for £ > 0) path
needed for a wave to propagate from the surface element at point x,y. Sec-
ond, the normal vector n to the surface now varies from one point to another.
This second effect is small if we assume that the characteristic value of the
roughness angle, |V¢|, is small. We will neglect it in what follows. Finally,
one has to add an additional phase e~*¢(") to the right hand side of (4) for
the field of the electron at the surface of the metal. Combining both phase

factors, instead of (5) we obtain

kR /{32 k ) )
E(K',) = 56 L_e d2TK1 _T e—2zk§(r)e—zn-ry . E (42)
k R 2mecmy v K

To calculate the spectral intensity of radiation E - E* we will average it
over various realizations of the roughness profiles denoting the averaging with

angular brackets,

1 k2e? kr kr' - ,
E.E* = K VK e —ik-(r—r’)
- 4W2R2ﬂ2627292// (v) (7)

x (2REN=EN (L ) (- k) dPrdPr (43)

For a normally distributed roughness field with ({(7)) = 0 the following equa-
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tion holds [7],

(2REE)EE)Y =2k (E) € _ o~ 1Ko k() (44)

where 9 is the correlation function of the field, and o¢ is the rms height of
roughness. In what follows we will assume a simple exponential form for the

correlation function,
(45)

with ry the correlation distance.

Let us assume that we are dealing with roughness which has the property
koe > 1. Rewriting this inequality as o > A, we see that it means that
the rms roughness height is much larger than the reduced wavelength of light.
This is an important condition—when it is satisfied, all the emitted light has
a diffuse character. In the opposite case most of the light is specular, and the
situation is not much different from a smooth flat foil. In the limit koe > 1
the main contribution to the integral (43) comes from the region |r — /| < rg
and we can expand the exponential function in (45), ¢ (r) =~ of (1 —r%/r),

and use

<62ik(§(7‘)7£(71/))> ~ e—4k2o'§‘7‘—7=/|2/1"(2). (46)

We will also require 1 < ry/o¢ < 7. Noting that 6, = o¢/ry has the
meaning of the characteristic slope of the roughness, this condition can also

be written as
1>6,> 1/, (47)

that is the slope is larger than 1/, but much smaller than one.
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VII. PSF FOR A ROUGH SURFACE

We can now calculate the PSF for a rough OTR surface. The equation for
the image field is given by (10) with E(k) defined by (42). Combining these
two equations we find for the intensity of the image & - &* (which is, as before,

defined as I) the following expression,

1 k2€ 2 k@a . K
I(r) = e )= ——A d* ke T — 4
(r) = €(r) - €'(r) (%Rm ) | e (48)
/
X /d2T/K1 (kr ) R VS
/>/
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. / B K e -7'_/2 /d27’”K1 ( ) 6721165(7‘ )eizn M !
0 K g

We average I over the roughness, replace K by its asymptotic expression in

the limit of large v, K (kr/v) = v/kr, and use (46):

1 ke \* [*0a "R e
(1(r)) = (—_GA) / Prd el

2R em K2K2

2,0 2,01
% / d=r d_r<6—2ik(£(r’)—§(r”))>€in’~r”—ikc-r’(V/ . K,)(l/” . FL,)

vl
2 2 4 kq ’
() (o) wf e
Re 2 ) k2 J, K% K2
d2 /d2 " / " el " - !
« / frj T: 6—4k2o§|r —r \Q/Tgezn " —iker (I/, . K,)(l/” . FL,). (49)

Note that (I(r)) involves an 8-dimensional integration!

To calculate the integral (49) we first separate the factor (2k2¢A/Rc)?,

(I(r)) = (2’“2‘14)2 J (50)

Re
where
4 k6 ’
1 1 o KK .
J=\5=) 3 d*kd%K 5 26’(” KT
2w ) k% ), K%K
dQT/ dQT” A2 420 a2 02 it ol ’
> / e dk2og|r —r"| /Toem ' —ik-r (I/, ) Iﬂ',)(l/” . K',,) (51)
T T
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This integral is somewhat simplified in Appendix A and reduced to a 4-
dimensional integral (A11) which can be computed numerically. The resulting

PSF function, for a particular choice parameters, is illustrated in Fig. (6).

08l
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FIG. 6: Plot of the function (A11) for 26, = 0.1, 6,/260, = 3 and A = 0.1 pum.

VIII. COTR IMAGE FROM A ROUGH SURFACE

We now proceed to calcuation of the COTR image of the beam generated

with a rough surface. For this we use (26) averaged over the roughness
(Leon) = NQ/d27“1dZ1d27‘2d229("“1, 21,72, 22 )(€1(r, 71, 21) - €a(7, 72, 22)").
(52)

For the electric field &; we use (10) and (42) to which we introduce the phase
factor e (see (21))

ikR ;1.2 k6
et g kfe a K .
& (r,r1,21) :eZkzl———A/ A=t (=)
0

R 2mcmy K
kr’' (Y i
X /d2T'K1 (TT) e 2RE(r) gt g (53)
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We then obtain
1 k2%

2
() = 8 (e got) L) [ Endirafi(r) e
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K1 s (e Er'\ i, K1
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0 K1 Y K1

kO, "
Ko _ipeoi(p— kr ") Ko
></ P ry—2 i (r "'2)/d27“//[(1 (—) eyl 2
0 K2 Y Ka

x (e~ 2HEEN =€)y, (54)

Using again the approximation K (kr/v) = ~v/kr and (46) and separating the

numerical factor (30) we obtain

4k*e?
<‘[C0h> = |14|2 R2C2 NQLJCOh (55)
with
VA
Jeon = (%) k_Q/d2T1d27”2f1(7°1)f1(7“2)

d27“/ dQTN 2 2|,/ 112 /0.2
—dk2oZ|r —r"|? /rE
x// — ¢ (56)

r
kO K1 Ko
) (r— ! — A — !
X// d2/€1d2/€2 (__> 61R1(’I‘ 1 7')6 ko (r—ro—7r"")
0 K1 R2
K1 K
x v - — |V - —=|.
K1 K2

Using the Gaussian transverse distribution (35) this integral is simplified and
reduced to a one-dimensional integral in Appendix B. For illustration, it is

plotted in Fig. 7 and compared with the of COTR from a flat surface.
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FIG. 7: Comparison of the coherent image from a rough surface according to (38)
with the true profile (dashed line). We assumed 2k6,0 = 20, 0, > 6,, 20, = 0.1,
A=0.1 pm.
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APPENDIX A

We start from performing integration over k and &’ in (51). Let us denote

by R the following vector integral
k0, . /
R = / d2/<a—26“"'("_’" (V' - k). (A1)
0 K

In tensor notation K, = J, v/ (summation over repeated indexes is assumed)

where
k6,
KoKg
Jop :/ d%é—zﬁe““p, (A2)
0

with p = » — 7/, It is clear that J, 3 = C(p)dap + D(p)paps, where C' and
D are scalar functions of their arguments. We have J,, = 3C + Dp* and

Jappaps = Cp? + Dp*, from which we find

1 1 3

1
C = §Ja,a — ﬁjaﬁpapﬁ, D = 2_102Ja,a — 2—p4Ja7Bpapﬂ. (A3)
For J,. and J, gpaps we obtain
ka ' o
Joo = / d*k e P = “2k0,J,(pkb,), (A4)
0 P

and

o o (K-p)*
Ja”@papﬂ = / dQKTemp =27 (—1 + Jo(k‘eap) + k@apjl(k'eap)) ,
0
(A5)
which gives

Clo) = 5= nit), D) =5 (1 ~ Ih(tp) §pw1<tp>) C(A6)
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where t = kf,. The function C is finite at the origin, but D has a singularity
~ —mt?[4p%.

The integral (51) can now be written as

J— i 4i ﬁd%’” —4k20'§|7‘/—1'”|2/7'§
\2n/) k2 AT

x [C(p")da,s + D(0")Pnpslvs[C (0" )day + D(0")pp) vy, (A7)

where p’ = r — v’ and p” = r — r”. Note that even though the function D
has a singularity at the origin the integral converges because D is multiplied

by paps. Returning to vector notations, we obtain

]_ 1 ]. d27"/ d27"// 74]620'2‘7'/77'/%2/7“3
T=\o) ) e

< [C(pC W - v+ C( D" - p") (" - p")
+D(p)C(" )W - p )" - ') + D(P)D(p")(p - P )V - p') (" - p"]. (ASB)

It is convenient to change the integration variables from 7’ and r” to p’ and
p" respectively,
4 2 1 g2
J _ i i / d p/ d p// e—4k2U§|p/_pU‘2/T8
2w ) k2 ror!
< CEICEW v+ CD) W - o) o)
+D(NCE") W - pYW" - o)+ D)D) (" - PV - P (V" p"]. (A9)

We now introduce the variables ( = 2rko¢/ro, (' = 2p'koe/ry and (" =
2p"koe/ro. We also use the notation » = ry/20¢ = 1/26,, and redefine C' and

D making them dimensionless (and using notations C' and D)

GO =% 0- a0, DO=

2 (1 — Jo(30,0) — §%GQ§J1(%9aC)> .

(A10)
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We then have

4 / "
T B B
2 [

x [C(HC(W v+ (D - ¢ - ¢
DT W - )" - &)+ DD - ¢ - ¢ - ¢ (A1)

APPENDIX B

We first carry out the integration over r; and ry in (56) using
1 o s .
d2r —6*7"1/20 e eI e*li {0 /2 B1
/ "oro? (B1)

which gives

200 2,00
Jcoh < ) // dr d 4k20§|"',_7"/l|2/7”g (Bz)
kBq
X // d2/‘€1d2I{2 k1 . k2 einl~(1'—7”)—ﬁ%az/Qe—ing~(r—r”)—m§az/2
0 K1 K2
X (1/ : ﬂ) (u" : @) .
K1 )

Assuming a large collection angle in the optical system, o > 1/kf,, we can

extend integration in (B2) over k; and k9 to infinity. One can select in (B2)

the integral

T — / dZH u-e (r—r")—k 02/2(1/ I‘\',) (BS)
B K2
and perform the integration analogous to (A1). In tensor notation T, = J, v/
where
Jag = / dzmﬂa—fﬂem"’_”2"2/2, (B4)
. K

with p = r — ', It is clear that J, g3 = C(p)dap + D(p)paps from which we
obtain J, o = 3C + Dp?, Juspaps = Cp* + Dp* and
1 1 1 3

C = -Joa— 55dasbapss D =55Jaa— 5gJasPabs, B5
5w = 5z SasPabs 2 ot ePals (B5)
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with

Joo = / T P 2_7;@—02/202, (B6)
0 o
and
e I‘é'p)2-__22 _ 2 2 p2
T 80 _ d2( u@pno/2:2 p?/20 L 1) =-1).
BPaPB /0 R ¢ m\e o2
(B7)
We now find

T _p2/952 T _p2/952 2p27202
Clp) = Z(1 = e 712, D(p):E(s—sep/Q L2 e )

g

(B8)

The function C is finite at the origin, but D has a singularity ~ 1/p* which,
however, does not lead to problems because D is multiplied by p,pg. We now

obtained exactly the result (A8) but with C' and D defined by (B8):

4 2.0 2.1
o 1 1 d T d T 74k202|r/7r”|2/r2
JCOh o 2 k2 / " € ¢ ¢
s r r

X [CC(" W "+ C()D(") W ') o)

+D(p)C(p" )" p )" ')+ D(p)D(p")(p" - p") (V' - )" - p"].
(B9)

Some further progress can be made if we make an additional assumption.
Note that functions C' and D vary on the scale of order of p ~ ¢ and the

—4k2c7§|r’—'r'”

factor e */78 effectively limits the difference |r/ — | ~ 1/ koe. Let

us assume that
To A
o> — ~ —, B10
k?O'g QT ( )
that is the transverse size of the beam is larger than the reduces wavelength
divided by the roughness angle. In this limit we can set p” = p/ in the ar-

guments of C' and D and carry out integration over r” taking into account
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74k20'?|7'/77‘ 2/r2

the only dependence of the factor e "*/76 on +”. Hence we need to

calculate the vector

d2 " 2| m/ 2
T = / e~ M=y, (B11)
where a = 2kog/ro. It is clear that it is directed along v/, T = T/, with
d2 " —a2 |2 2 _ a2
T = / =Py = (1=, (B12)

We now substitute this in (B9) and set p” = p/

1 3 1 dQT/ _a2p'?
Jeoh = <%) k2a2/ ) (1—e )

x [C(p)? +2C(0)D(") (V' - p')* + D) (v p')7). (B13)

Again we use the variables ¢ = 2rkog/ro, (' = 2p'koe/ro, (" = 2p"koe /o,
s =10/20¢ = 1/20,, ¥ = 20ko¢ /o and dimensionless C' and D

ClQ) = (=), Dlp) = (3 sty - 2 “)

C4
(B14)
which gives
(1N e
Jcoh_(%) ; ‘C——C/P(l_e ¢—¢ )
x [C()? + 20D - ¢ + D)V - ¢ (B15)
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