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Introduction to Control Theory

Part 1. Introduction to Control

Alexander Scheinker!

11 os Alamos National Laboratory, Low Level RF Control Group
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What is control theory?
A study of differential equations, which have user-defined inputs.
Example: Mass - Spring - Damper
ma(t) = —kx(t) — be(t) + f(1),
where f(t) is a force that we apply.

We want to choose inputs in a way that transform a given differential
equation into a different equation, one that has certain properties that we
want.

A systematic approach to designing state-based inputs (feedback)
f(z,&,t), which guarantee stable behavior of systems, robust to
uncertainties and external disturbances.
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Simple Problem: Given a mass (no friction), m, we want to move it to a
position 1 meter away, in 1 second, by applying a force:

Choose f(t) such that the system's trajectory, x(t), satisfies 2(0) = 0,

xz(1) =1, and z(0) = 0.
*---T 4
f(t)

Solution: If z(t) = t2, then x(0) = 0, z(1) = 1.

o x(t) = t?
o =2t
o i(t) =2

e mi(t) =2m

So we can try f(t) =2m
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Choose f(t) such that the system'’s trajectory, x(t), satisfies 2(0) = 0,
z(1) =1, £(0) =0, and %(1) = 0.

Solution: Let's try, f(t) = a1 — ast.

° mx(t) = a; — agt

o i(t) = St - B0

. aft) = 35 - %

O:L‘()—():Rl——:>a2—2a1

eg(l)=1=31_ 02 — 134 _ 24 g =6m, ap=12m

So we can try f(t) = 6m — 12mt
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Solution: Let's try,

k 0<t<05
fle) =< —k 05<t<1 (1)
0 1<t

Turns out we need to choose & = 4m, can use the force:

4dm 0<t<05
@)=« =4m 05<it<1 (2)
0 i
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Problem: Given
ma(t) = —ka(t) — bz (t) + f(1),

choose f(t) such that the system's trajectory, x(t), arrives at z(1) = 1.

k< Tb T

X(t)

f fo)

Solution: Again, consider f(t) = ay — ast, so the differential equation is
now
mi(t) = —kx(t) — ba(t) + a1 — ast,

and we have the constraints z(0) =0, z(1) = 1, ©(0) =0, #(1) = 0.
After some horrible algebra, we get:
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These require exact knowledge of k, b, and m.

e’%k (b (*1 + e\/bz;.m) + (1 +e bz;ékm — 2eb+ b;n#km) m>

4 (\/m (Cosh [52] — Cosh [@]) — kSinh [@D

b
2m

k2
e+ Vi = 4 (~Cosh [ ] + Cosh [YE-TEm ) och [V tEm |

ay = —
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Oops, we forgot the spring. When z(1) =1 and %(1) = 0, for
mi(t) = —kx(t) — bx(t) + f(t),

we still have:
mi(t) = —k + f(¢).

Need to satisfy Z(t > 1) =0 = f(t>1) =k

Solution: So, consider

a;—ast O0<t<l1
f(t):{ o S I
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What happens when k, b, and m values in a1 (k,b,m), as(k,b,m) are
slightly wrong:
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What happens when k, b, and m values are correct, but there is an
external disturbance:
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What happens when k, b, and m values are correct, but initial conditions
change:
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All of the above problems are compounded with larger, more complicated
systems

mii = —ka(r —y) —ba (2 —9) + f(1),
mef = —ki(y) +ka(x —y) + b2 (i —9) — 0y

bb o
kl k2
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FIG. 2. Lumped mass model of the ILC final focus with the SiD configuration.
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The main point of control theory, is in assuming that our model is slightly
wrong, that our measurements of system parameters, such as m, k, and b
are slightly wrong, that our actuator dynamics are modeled slightly
incorrectly, that we are unaware of external disturbances, and all of our
measurements are noisy.

We assume that we are wrong and so we actively monitor our error and
provide feedback based on the error, to make our system as robust as
possible.
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Consider the simple problem

We will use feedback, so we replace f(t) with u(z,t) and, for notational
simplicity, sometimes drop the arguments, writing

&= Ui (3)

Also, given a desired set point, z, for z(t), we rewrite the dynamics, (3),
in terms of the error

= S itid = i =

we get:
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Given
e =u,

to force e(t) towards zero, one of the simplest things that we can do is use

proportional feedback
u = —ke,

so that the “closed loop” system system is
é = —ke,

which has solution

e(t) = e(0)e *t, (z(t) — zs) = (2(0) — z5) e **.

Notice this is independent of initial condition.
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If there are un-modeled disturbances,
é=—ke+n

the system has equilibrium at

; n
e=0=—ke+n €final = 77,

oy

which you can also see from the solution
e(t) = E (1 - e*kt) + e(0)e .

In this case there will always be a steady state offset.
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To deal with un-modeled disturbances, we add an additional, integral of

the error term .
k‘l/ e(r)dr,
0

so our overall system now looks like

é(t) =—kpe(t) — ki/o e(r)dr + n.

In case of a un-modeled disturbance, the integral term will continue to
grow, forcing e(t) towards zero.
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Back to the mass-spring-damper system:
mi(t) = —kx(t) — b (t) + u.

We rewrite the dynamics, (4), in terms of the error

e(t) =x(t) —as(t), () =a(t) —as(t),  é(t) =&(t) — is(t).

We get:
mé(t) + mis(t) = —ke(t) — kas(t) — bé(t) — bas(t) + u,

which we regroup as
k b A8 E ek b

b Mgl g U Tl gy
m m m m m

and use a proportional - integral controller
t

W=k kz/ e(T)dr,
0

to get the closed-loop system

k Dt
é:—ke~bépek/ G(T)deﬁl‘svﬁfCS*fés,
m  m m  m) m m
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Grouping some terms we get

k+Ek b ki [ k b
- <Q> e——é—— | e(r)dr — —xs— —s — &s
m m m

m Jo

Increasing the proportional gain, k,, is equivalent to increasing the spring
constant.
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The proportional and integral terms are “too slow.” Increasing integral
control slows the response too much and we see many repeated
overshoots. Increasing proportional causes large initial overshoots. We
need to add a third, fast type of control, derivative control:

w = —ka (i(t) — 35(8)) = —haé (t).

Adding the derivative control term, we get

. <k+/<:p> <b+kd>. k; /t k b .
é=— e— ée—— | e(r)dr — —xs — —&5 — &s.
m m m Jo m m

Notice that, while increasing the proportional gain, k,, is equivalent to
increasing the spring constant, adding derivative gain, kg is equivalent to
increasing the damping factor, which we would expect to slow down the
high frequency oscillations.
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Finally, utilizing proportional-integral-derivative (PID) control, we can
handle a wide range of disturbances and initial conditions, without needing
a very detailed knowledge of the system parameters.
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Coupled Mass-Spring-Dampers:

moj = —kiy+ka(z —y) + b2 (2 — ) — by,
mit = —ke(x—y)—ba(Z—gy)+nt)+u.

b

el |6
mu\rmz—>
ki

1 2
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Coupled Mass-Spring-Dampers:

t
u = —kpey — k‘l/ ey (T)dT — kqéy, ey = y(t) — ys(t)
0
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State Space Form

In general, a mass m subject to a force, F(z,z,t), has dynamics

if we define

we can rewrite (5) as

F(z,&,t) = ma = mi,

T = @,

1
.’tg = *F(Q?l, l‘z,t).
m

Example: Driven Mass-Spring-Damper: The equation of motion

can be rewritten as

A. Scheinker (LANSCE)

mi = —kx — bt + u,
T = z2,
. k b 1
T3 = ——1— —Ty+ —U
m m m

Introduction to Control Theory

July 13, 2015

(8)

(9)
(10)

42 / 46



Example: Coupled Mass-Spring-Dampers: The equations of motion are:

miy = —kiy—byg+ke(z—y)+be(d—y)+u,
Mok = *k‘Q(I*y)*bz(it*l})+ug.
Defining state variables
T1I=Y, T2=Y, T3=T, T4=T,
we rewrite (11), (12) as
i‘l = T2,
. ky by ko bo 1
&g =TT e (e ND It~ U Tarad 2) o ——
my mq my my mi
T3 T4,
; ko ba 1
Ty ——(z3—21) — — (T2 — T2) + —ua.
mo meo meo
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Combining like terms, we rewrite the equations of motion as

j?l = X2, (17)
k k b b ks b 1
Ty = —(—1+—2>$1+(—1——2>x2+f2x3+—2m4+—u1, (18)
my my my my my my my
jjg = T4, (19)
ks b: k: b 1
THE= 72561 + 72“ — ixg — —2904 + —ug. (20)
mo mo ma m2 m2

which we rewrite as

i 0 1 0550 P 000 07w
a | S (i ade) (B ol RS b b e (100 0 [T w
i3 0 0 1 T3 0 00O uz |’
Iy ko by k2 o 7 0100 Uy
, m2 m2 m2 m2 N—_—— N— ——— ——
X A x u
(21)
finally resulting in the concise linear matrix differential equation
% = Ax + Bu. (22)
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In general, a linear time-invariant system can be written in the form

i1 a1 a2 ... Ay 71 b1 b2 ... bin Uy
To a1 Gy ... a2 T2 bor baa ... b2 )
= s S e N g+l & & 2 g o] (23)
i'n apl anp2 ... Qnpp Tn bnl bn? cee bnn Un,
—— Nt
X A X B u
%X = Ax+ Bu. (24)

Typically, a linear feedback control of the form
u=-Kx
is used, resulting in a closed loop system of the form
x = (A - BK)x,

which has solution
x(t) = e~ BR)x(0).

Therefore, stability is guaranteed if A — BK is Hurwitz:

Re {\; (A — BK)} < 0. (25)
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Example

i = z+u, u=-2z
o= —x = a(t)=e'z(0)
Example
x Ax + Bu
x A x B u
v = xx=- [y 5] 5]
e
Eiagiael=
A-BK
156 ] = [ S]Ee ][50
MA-BK) = {-1, -3}
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