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1. INTRODUCTION 2. PROCESSES AND TYPES

This paper presents a type-preserving translation from the call-by-
valueAp-calculus dpv-calculus) [23] into a typedtcalculus, and 2.1  Processes

shows it is fully abstract up to natural consistent contextual con- Ther-calculus used in this abstract is a subset of the standard asyn-

gruences in respective calculi. The full abstraction is proved via chronousr-calculus [21, 20, 8]. The following gives the reduction
an inverse transformation from the typegterms which inhabit rule of this calculus.

the Apv-types into thehpv-calculus [23] (the so-called definabil-
ity argument), using proof techniques based on games semantics X(Y).P|x(V) — P{V/y} (1)
and process calculi.

While there are different notions of control which would be rep- Herey denotes a potentially empty vectar...y,, | denotes parallel
resented as distinct forms of typed interactions inthealculus, compositionx(y).P is input, andk(V) is asynchronous output. Op-
surprisingly the full-control, thap-calculus originally introduced ~ erationally, this reduction represents the consumption of an asyn-
by Parigot [24] and whose call-by-value version is later studied by chronous message by a receptor. The idea extends to a receptor
Ong-Stewart [23], has a particularly simple representation as a sub-With a replication, k(y).P:
set of the lineantcalculus introduced in [30]. Since we already _
know quite a few properties about the lingacalculus, for exam- IX(Y)-PIX(V) — Ix(¥).P|P{V/¥}, ()

ple the strong normalisability is instantly derived for the subcalcu- where the replicated process remains in the configuration after re-

lus for control from our result n [3(.)].' A tight operational corre- . duction. Theatcalculus used in this abstract is the abovealculus
spondence assisted by the definability result, as we have shown iNout without linear input prefixes: hence we only have (2) for the

this paper, would open a possibility to use typedalculi as a tool main communication rule.

tsoetltr']xesu?)ztse'b?nqn?en?xz?j va};]ogtshg??;;ol irftur.rrens.t.'neg ggg%rnj Types for processes prescribe usage of names. To be able to do
eratlio%;l)strulctzrles 9 Wi guage primitiv P this with precision, it is important to control dynamic sharing of
’ names. For this purpose, it is useful to restrict name passing to

In Ith? rea’ti t(;]f thﬁ tcrexltenrded r?ttiztracrtr;t\)/v z(fi'irnSt |nft:ﬁduc?l ttr:e\lllnlear bound (private) name passinghere only bound names are passed
Tecaiculus control, present the embedding ot the call-by-value u., 1,105 ction. This allows tighter control of sharing without los-

2“_s(;arlm(;ld/utsr{g:jee?ir?sgillri]teslégzs(,jtec?gibélIty;':irgrl:gll?nl}sébvsvterat:t?gndflcsn; ing essential expressiveness, making it easier to administer name
szitabl defined behaviz)/ural o uivalenqcl:e for (l:JaIcqus The usage in more stringent ways. The resulting calculus is sometimes
y q e . called the asynchronous-calculus in the literature [26] and has

ine connecton betweonho calcull wilh contro and he Ineariafine " SALlent expressive power yith the version with free name
passing (for the result in the typed setting, see [30]). In the present

typedrecaleuli [2, 3, 11, 30]. study, the restriction to bound name passing leads to a clean inverse
Categories and Subject Descriptors:F.3.2 [Semantics of Pro-  transformation from theecalculus into thep-calculus.
gramming Lanugages]:Process models Syntactically we restrict an output to the fotmy) (x(y)|P) (where

] names iry are pairwise distinct), which we henceforth wik@)P.
General Terms: Theory For dynamics, we only have the rule corresponding to (2), which

Keywords: Types, Control, therCalculus, Definability, Full Ab- now has the following form by the restriction to the bound output.

straction
IX(Y)-PIX(Y)Q — !x(¥)-P[(VY)(PIQ)

Note “X(¥)Q” indicates thak(y) is an asynchronous output export-
ing ¥ which are originally local t@Q. After communicationy are
shared betweeR andQ.

o o ) ) The formal grammar of the calculus is defined below.
Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are P u=IX(Y).P | XHP | PIQ | (vX)P | O
not made or distributed for profit or commercial advantage and that copies

bear this notice and the full citation on the first page. To copy otherwise, to Here (vx)P is name hiding an@ denotes nil. We use the standard
republish, to post on servers or to redistribute to lists, requires prior specific :

permission and/or a fee. structL!re rules, denoted by. We leave the fuII definition of the
Copyright 200X ACM X-XXXXX-XX-X/XX/XX ... $5.00. reduction and the structure rules to Appendix A.



2.2 Types and Typing for the Control

A central idea for precisely embedding functional computation in (Par)
the Tecalculus is to restrict process behaviour to beeterminis-

. . . g . . (Zero) Fq RbA (=12
tic, sequentiabne. To realise this idea, the following three simple _ _
conditions are ensured by types. B A=Po Q=@
;00 Foo P A1OA
1. for each name, there is a unique stateless replicated input Ehes a0 P1P2> A OA2
with zero or more dual outputs (Res) (Weak) x ¢ fn(A)
2. channels has no circular dependency FoPrA FoPA (Weak-10)
md(A(x)) = md(t) =7 Fr P>A
3. only one single thread (output) can run on parallel W FoPEA XiT o PoA
For example, by the first condition, (in') X & fn(A) out?)
P %'ibalibe 3) Fo P>y T, 2A b1 PeAYT < x: (7)?
is untypable becaugeis associated to two replicators, but FIX@)Pex: (D) =A o X(YPEA/YOX:(T)?
P, ®1balb|ich (4)

Figure 1: Typing for 1
is typable since, while output btappears twice, replicated input at
b appears only once. Also by the second condition,

P; def ballab ®) To guarantee the second condition, we introducection type
B ranged oveA, B,C.... The syntax is given as follows:
is untypable: we can easily observg if we compose messmﬁle A i= 0]xT|x(T) —y:(T)?|AB
above process, then the computation does not terminate. Finally by
the third condition, the following two processes Edges denotes dependency between channels and are used to pre-
vent vicious cycles between names. We compose two processes
Py def ala and P e, (alc) (6) typed byA andB whenA(a) @ B(a) is defined for alla € dom(A) N

. dom(B), and a composition creates no circularity between names.
are both untypable since two threads (outputs) are/would be run-gq, example, a composition &f T, — y: T, andy: T — X:T71 is
ning on parallel. But undefined. We writé < B if A® B is defined. By this condition,
def, _— P; (5) become untypable.

Ps ='ab[!bc|lec|a @ Finally the third condition is guaranteed by attachi@gmode
is typable thougtt appears twice. The resulting typed processes @€ {1,0}, to the typing judgement, which has the partial algebra:
seem very restricted but sufficient to embed the full control fully 1O@r=1andi®o=0G1=o0.
abstractly. These three conditions are guaranteed by a simple typ-

ing system which we shall introduce in the next two paragraphs. [N I0-modesy indicates a unique active output: thus o is unde-
fined, which means that we do not want more than one active thread

at the same time. Hend® andPs in (6) are untypable. We write

Types.First we introduce the syntax ehannel typesThey indi- o= 0 if ¢ O is defined.

cate possible usage of channels.
T o= (T)P pu=1!]7? Typing. The judgement takes the form of

1,7,.. (resp.p, p,..) range over types (resp. modes). ! and ? are FoP>A
calledservermode anctlientmode, respectively, and they ateal

to each other. We note that this is a subset of channel types in [30]
given by taking off the linear modes. As a simple example, a type

which is readP has typeA with mode@. We present the typing
system in Figure 1. The rules are obtained just by restricting the
typing system in [30] to the replicated fragment of the syntax we
(Tsz)! are now using. The resulting typed calculus is cali&d In the

) ) ) _following, we briefly illustrate each typing rule.
means a channel with this type should be used as a replicator which

inputs two channels typed by and 1y, respectively. Then the e In (Zero), we start in--mode with empty type since there is
dual of1 is defined as the result of dualising all modesiin For no active output.

example,(T1T2)” is a dual of the above typemd(t) denotes the
outermost mode of. To guarantee the uniqueness of the server,
we introduce the partial operationon types generated from:

e In (Par), “x<” controls composability, ensuring that at most
one thread is active in a given term (fpy < ¢) and unique-
ness of replicated inputs and non-circularity (y = Ap).

1OT=TOT=T and TGT=1 with (md(¥) =?) The resulting type is given by merging two types.

e In (Res), we do not allow ? to be restricted since this action
expects its dual server always exists in the environm&fi.
means the result of deleting typesydiom A.

This operation means that a server should be unique, but an arbi-
trary number of clients can request interactions. Note that other
composition is undefined. Hence by this la®y, in (3) becomes
untypable. Here we also assume |O-alternation on typeg; iie. e In (Weak), we can only weaken ?-moded channel since there
() has ?-mode and dually f¢t)”. is possibility of no output action. Similarly fomeak-io).



o (In') ensures non-circularity at (by x & fn(A)) and no free
input occurrence under input (byA®hich meansnd(A) =
{?}). Then it records the causality from input to free outputs.

e (Out?) essentially the rule composes the output prefix and
the body in parallel. In the conditio®y' means eacl; : T;
appears irA. It also changes the input mode from the output
one to indicate the active thread. Note that this rule does not
suppress the body by prefix since output is asynchronous.

The reader can check th@at in (4) andPs in (7) are typed as:

Fo Porbi()! —a:()?ci() —a()
Fo Ppa: () — c:()%b: () = c:(%e: () — i)

" —cC
The subject reduction af is an immediate consequence of that
in [30]. Following [30], we define an extended notion of reduction,
calledthe extended reductior,, which we shall use extensively in
the present studyy, is given as the least compatible relation over
processes, taken modutg which includes:

CEPIX®)-Q r ClvII(PIQ]I'X(Y).Q
(V)IX([¥).Q N\g O

Note that\ calculatesinderprefixes, which is unusual in process
calculi. For example, we have

P, — !balal!cb \,!balal!ca

Since this is the image of extended reduction in [30] onto the
subcalculus, we immediately know:

?

5

PROPOSITION 2.1.
1. (Subject Reduction)f -¢ P>A and P\ Q theni-, Qi A.

2. (CR) If Pistypable and P\, Q; (i = 1,2) with Q; # Qp, we
have Q\," R (i= 1,2) for some R.

3. (SN) If Pis typable then P does not have infinitereductions.

We also note that, together with the standard congruent rules pre-
cisely generate the weak bisimilarity, because (again) the tran-
sition relation is the faithful image of that for the pure lingar
calculus in [30].

Contextual Congruencerhe above proposition suggests non-
deterministic state change (which plays a basic role in e.g. bisim-
ilarity and testing/failure equivalence) may safely be ignored in
typed equality, so that a Morris-like contextual equivalence suffices
as a basic equality over processes. Let us define:

P |lx iff P —— X(¥)Q for someQ

We can now define a typed equality. Below, a relation over typed
processes itypedif it relates only processes with identical action
type and 10-mode. A relatiorD= is atyped congruencehen it

is a typed equivalence closed under typed contexts.

DEFINITION 2.2. 2 is the maximum typed congruence satis-
fying: if o P2 Qo x: ()7, then Plly iff Q {x.

By a simple operational reasoning, we can shewis maximally
consistent [9], i.e. adding any additional equation to it leads to
inconsistency.

12_actions are not considered as observables in [30, 2] since, in-
tuitively, they do not affect the environment. But it we take

3. ENCODING

In this section we present a type-preserving embedding of the call-
by-value Ap-calculus by Ong and Stewart [23] . Ong and
Stewart showed various control primitives of call-by-value languages
(such as call-cc in ML) can be encoded in this calculus and its ex-
tension with recursion [23].

Types €,B,...) are those of simply typedl-calculus with the
atomic typel (we can add other atomic types with appropriate in-
habitants and operations on them). We use variabigs.(.) as
well as control variables, or names ), . ..). We use the sequent of
the forml" - M : a; A wherel is a finite map from variables to types
andA is a finite map from names to nah-types. We note the se-
quentin [23] has the formi; A+ M : a, which is natural from a log-
ical viewpoint. We choose the present notation because it is close
to its process representation, as we shall see soon. The typing rules
are given in Figure 2. In the rules, we assume newly introduced
names/variables in the conclusion are always fresh. The notation
I -x: T indicatesx is not in the domain of . M{z/xy} denotes the
result of substitutingin M for bothx andy, similarly forM{c/ab}.

The reduction rules for the calculus (takikgabstraction and vari-
ables as values) is given in Appendix B. In the rules we include the
nv-reduction, unlike [23]. Their inclusion or non-inclusion does
not affect the following technical development.

The encoding of types is given by two map$,anda® for a #

L, defined by the following mutual recursion. Below tet4 L.

cdef oo Jdef [ (@B (B£L)

woen @ ‘{ @' B=1
Jdef [ (B (B#L)

(=B _{ 0F B=1)

The environments for names and variables are mapped as follows,
starting from@*® %79 andee o

xX:a°-re
rO

o def

(a# 1)

(a:a-4) (a=1)

a:a®-A* (x:a-M° d:ef{
The treatment ofL reflects its special role in classical natural de-
duction. The encoding of terms, which closely follows that of
types, is given in Figure 3. The encoding actually takes a typed
term = M:a;A as its source, though in the rules we omit en-
vironments for brevity. Here and in later encodings, we assume
newly introduced names are always freshin (M:a)), is called
its principal port We also use the following expressions.

X(Z)n [Zj — y,}

)7
2. PIx(¥) =R} ' (vx)(P|x(¥).R).

o

fo

1. T with eachrj having an output mode,

Above in (1),[x — y|' is a copy-cat agent (cf. [2]), defined as:
! def,

x — X]V" Ehx(@) X ()N, — y]T

Note that the notation in (2) already appeared in the context of CPS
calculus [7, Remark 15]. The encoding is standard except for the
treatment if L-types, named terms andabstraction. Intuitively,
[a]M jumps toainstead of to its principal port, whilga.M redirects

all jumps toato its principal port. We observe:

PROPOSITION 3.1. (type-preservation)
IEM:a;Aimpliesto (M:a))y> (u:a-A)®, T,

PROOF By rule induction on the rules in Figure 2. The two

?-actions as observables since non-existence/existence of ?-actioniteresting casegc-var) and(C-name), are both proved by the fol-

is the only sensible way to induce non-triviality in typed equality.

lowing claim: If k¢, P> A such that Ax) = A(y) and, moreover,



The introduction of the constant, together with the conditions on
name occurrences, are given so that there is a one-to-one corre-
spondence between CNFs akg\-processes, as will be clarified
Note both the type of the term and names (control variables) in the in the proof of Lemma 4.3 later. Using these preterms, the set of
Ap-calculus are mapped with)®, indicating the naturalness of the  CNFs are generated by the typing rules in Figure 2 (except the rule
shape of the sequent M : o;A in the present context. From a  for application) together with the new rules in Figure 4. Note, in
logical viewpoint, a control variable may as well be regarded as a (1-const) in Figure 4¢, which witnesses absurdity, is introduced
“negative assumption” which is waiting to become the conclusion only when.L is assumed in the environment (logically this says that
of a deduction when the absurdity is reached [24, 28]. we can say an absurd thing only when the environment is absurd:

Itis instructive to see how the (call-by-value) call-cc is translated the converse is not true by the way so we are not totally excused).
into a process. CNFs correspond tap-terms as follows. In the first rule we as-

sumex is chosen arbitrarily from variables assigned.to
EXAMPLE 3.2. Letk 2 Ay(@=B1=a o 1] (y(Ax®. k. [a]x) ). def

md(A(x)) = ?, thentk- P{z/xy} > A{z/xy} for fresh z. The claim
itself is by an easy induction on the rules in Figure 1]

Then we have (F-x:LFc:iL;A)* Fx:LEx:L1:A
— 3 ; “\t def A
[KJu = T(c)'c(y2).y(e0) ('e(xw).z(x)*" |1c(X).z(X')%") (M- letx® =yUinNiy; A Z0 T EN{yU*/x}y;A
def K. .
which first signals itself am, then, when invoked with an argument (MHlet =yu:L;0) € THyU LA

yand areturn poir, asks ay with an argumen¢and a return point
¢. Then whichever is invoked, it would return with the received
value to the initial return poirt.

For other forms we assume the congruent mapping( Yiave can
encode CNFs to processes. CNFs can also be directly encoded into
processes by the rules in Figure 5 combined with those for abstrac-
tion, naming andr-abstraction in Figure 3. By easy calculation we

Next we establish the correspondence in dynamics. Belg obtain:

is the reduction relation oky-terms presented in [23}ize(M) is

the size oM, which is inductively defined as: PROPOSITION 4.1. Letl - N:ot; A. Then((N*))y \.* (N)y ..

size(X) =1 . -
size(AXM) = size(M)+1 4.2 Deflnablllty . ) )
size(MN) = size(M)+size(N) The decoding is performed or.-normal forms, using an inductive
size([AM) = 1+4size(N) generation of the setiFe of \,-normal forms modulc= by the
size(paM) = 1+size(M) following rules (implicitly assuming typability):
PROPOSITION 3.3. If M —,, M’ then we have either 1. 0eNFe
{(M:a)) = (M":a)) andsize(M) > size(M’) or (M:a))y\,* P 2. if P,Q € NFe andP andQ do not share a common free name
such that{(M’ o))y \* P. of different polarities, thei®|Q € NFe
PROOF See Appendix C. [J 3. P € NFe thenx(V).P € NFg, IX(¥).P € NFe
COROLLARY 3.4. —,, ONAp-terms is strongly normalising. 4. X(Y)P € NFe (wherex(¥)P is a prime output, i.e. the initiad

is the only free active occurrence in the term)

4. DECODING The decodingP]!, 4" translates® € NFe such that-p. P> with

. u ¢ dom(l") to a Ap-preterm, whose rules are given in Figure 6
4.1 Canonical Normal Forms (dom(") denotes the pre-image 6). In the second rule from the
A key observation towards definability is that we can translate back last, P indicatesP is a prime output with subjea, while Py )
processes having the translation)gf-types (which we hereafter  is the result of replacing the (unique) active occurrenceiafP
call A\pv-processesnto the original\p-terms. To study the decod- ~ With m. The map is well-defined by noting each rule decreases
ing, it is convenient to introduceanonical normal formgCNFs) the size of processes (which is indirect in the last two rules). We
which are essentially a subset Xji-terms which precisely corre- ~ observe, writingimage(I") for the image of
spond to their process representation. First, preterms for CNFs,

ranged over by N, are given by the following grammar. PROPOSITION 4.2. Let L ¢ inage(I'), u ¢ don() and Pe

NFe. Thenk Pr>T° - A® implies, with x fresh:

N = MIN|let x=yUinN|let =yU
| | e yinN[let =] 1. if A=Ng-u:a thenl -x: L+ [P]], 4" :a; Ag and
[aU | pa®.N

U = c|MN|pe.[aU, 2. ifug dom(A) thenl -x: L= [P),*4": 1; Ao.

wherec is a constant with type. and we assume:
1. In[aN, N does not have formbP.N’.
2. Inpa.N,

(a) if N=[a]U thena € fn(U) and

(b) if either N=let x=yU" in N or N= let _=yU’
thena e fn(U').

3. Inpa®.[a)U, the same condition as 2-(a) is assumed.

We can now prove:

LEMMA 4.3.If - P>T°-A® € NFe s.t. u¢ dom(IM) then
([PII,"4%), = P. Conversely, if - N:o;A s.t. ug don(I") then

[(NY]L 2" =4 N.

PROOF Let P>T°-A® € NFe with u ¢ dom(I").

We show

([PIT,*2%), = P by rule induction on rules in Figure 6. All rules

except the last two rules are immediate. In the foIIowng[,]—”> Q

Ou

means an application ¢fy to P results toQ. Similarly for —.



(ID)

(C-var)
M-xa-y:a-M:a;A

(C-name)

rN-M:a;A-a:a-b:a

(e M s a))y ET(M 1 L)m{u/al

r-x:akx:o;A M-z:akM{z/xy}:0;A I M{c/ab}:a;A-c:a
&-B)
=) r-=M:a=p;A (L-1) (L-E)
M-x:akFM:B;A MEN:a;A Fr’=M:a;A a#L Fr’EM:L;A-a:a
Fr=EAXM:a=B;A MEMN:B;A N-[@aMm:L;A-a:a M-pa®M:a;A
Figure 2: Typing Rules for Ap-Calculus
e:apa = { BT (@2
s o g
i def ] U(c)lc(2).(M:B)), (a=.L1,
(MM ta=B)u u(c)le(x).(M: L)), (a#L,B=1)
uole(M: L),  (a=L,B=1)
((M:a=B)m{m(c) = ((N:a)n{n(e)=c(ed™P 1)} (a#1,B41)

(MN - ), %) (M:a=B))m{m(c)=c(u)® - (a=1,B#1)
(M:a=B)m{m(c)=((N:a)na{nE)=c@T})}  (a#Lp=1)
(M:0o=B))m{m(c) =c} (a=p=1)

([aM : L) = (M : a))m{a/m}

Figure 3: Encoding of Ap-terms

(let) (let-1)

(L-const) rx:pr-U:y;A MN-y:a=1;A

— FrEyN:B;a (B#1L) r-u:a;A

Frx:Lkcil:A MElet X =yUin N:y;A MElet =yU:L;A

Figure 4: Typing Rules for CNFs
Ly %o
(let x=yU inNiy)y & { W2(PIIZ00-(N:y)u) (U ¢, (U)e Ee(w)P)
9(2)!2(x)-(N:¥)u (U=¢)
(ot —yU:l), % 1 VWP  (Uzc (U)EwP)
’ y U=9)

Figure 5: Encoding of CNFs




[O]FO;A' = c:l
[a(c)!c(x2). R]I' A-u(a=p)*  def }\Xa.[R]E“x:F;A'-z:B‘
[0(c)le(2). R}r AT (L=B)"  def )\XL.[R}P;A'J:B‘
[o(e) ex)-Rly 4T e R
(e)lc Ry ATl R
w2 (RIz0).QIL ™ €' 1et xB=yicw)RE % in [Q}(FWB A (ry)=a=p)
¥@1z0).QL % £ et xB=ycin [Q PP (F(y)=L=p)
YWRE Y L et = yow)PlL (Fy)=a=1)
wLa L e =ye (Fy)=L=1)

[Pl 47 =

We assumer, # L, u¢ fn(R) andu ¢ dom(A).

[a” m/a}r JAt-aat-ma®

[P}FO;A.'U:G- d:ef uua [P}E‘I JAC-ua®

(if no other rules apply

Figure 6: Decoding ofAp-typed processes

For the first of the last two rule, assumird®>T°-A*-a: a°:

Pay — = | al[P(m/a)]m AR ([Pimy/a)lm)m {a/m} = ( (m/a)){a/m} =P
For the second rule, we have:

A Pl 2 (i Pl & (Pl =

as required. For the other direction, assume M :a;A andu ¢
dom(I"). We show[(N),] 4" =4 N by induction on the rules in

(na®.let x=yU in N):a

Ou

—

Ju
—

((let x=yU in N): L){u/a}
B [{(1et X = YU in N): L){u/am
(pe®.let x=yU in N):a

=a

as required. The case whet §'1et _=yUwithae fn(U) is the

Figures 3 and 5. The only non-trivial cases are again named termssame. []

andp-abstraction. For the former, assuming [a]U : L;A:
(u

@ust % Uiaymla/my o @)U ahmla/m) ey

=q [gU:L
as required.

For p-abstraction, we first note the side condition “if no other
rules apply” in the last rule of Figure 6 meaRsin [P]{, 4",
satisfies one of:

(i) P=0withu e dom(d);
(i) Py with ocqu,P) > 2 or

(iii) either P =y(wz)(Rjz(x).Q
w.

) or P =y(w)R, with ocqu,R) =

whereocdx, P) denotes the number of free occurrences of P,
which counts free occurrencesfn the standard way except we

setocqx,P) = w whenx occurs free under replication. LE&tH

pa®.N’:a;A. The cases N and N 2N, corresponding to

the conditions (i) and (ii) above, are immediate. Whén&l[a]u
with a € fn(U), notinga € fn(U) impliesoca(a, ([a]U)) > 2,
U (s 1) {u/a)

A W (U L) {u/alm
pa.[au:a

pa.[au:a

=a

as required. If N et x = yU in N’ anda € fn(U), we have,
notinga € fn(U) impliesocqa, let x=yU in N) = w

Letus sayr - M:a; Awith u¢ dom(I") defines- P>I°-A® € NFe at
uiff (M:a)y \* P. A Ap-term isclosedif it contains neither free
names nor free variables. We can now establish the definability.

THEOREM 4.4. (definability) Let- P > I°-A®-u:a® € NFe
such that L ¢ image(l'). Then I -x: L+ [P]y:a ;A defines P.
Further if T = A = 0 and P# 0, then there is a closedu-term
which defines P.

PrROOF The first half is immediate from Proposition 4.1 and
Lemma 4.3. The latter half is by inspecting by induction that the
given condition implies all occurrences of control constants can be
replaced by (bound) variables[]

4.3 Full Abstraction

To prove the full abstraction, the first task is to define a suitable
observational congruence in thgv-calculus. There can be differ-
ent notions of observational congruences for the calculus; here we
choose a large, but consistent congruence, which is motivated by
the equality induced bg2y. It is notable that the induced congru-
ence is closely related with (and possibly coincide with some of)
the notions of equality over full controls, as studied by Laird [15,
16], Selinger [27] and others.

We first define the set of observables, which are an infinite series
of closed terms of the typé = | = 1. To define them, we start



from the following set of terms.
W ' Azt etttz
Wi Az putet WAz put 2
Wo B0 Az pute WAz put e Wz ez

def

Wn+1 }\ZLHULéL[W}Wn .
Lety=1 = 1 = L. We then define:

Obs® (Wo} U {uw!. [wiWh, 1, n € N}

where we take terms up to tleeequality. All terms inObsare
closed—-normal forms of typgy (Wp can also be writtepw [w]Wp,

but is treated separately since the latter is not a normal form). To
illustrate the choice 0Obs we show below thet-calculus repre-
sentations oW\, pw W)Wy, pw[wWs, .. ..

def

Py w(c)!c(u).0

P def w(c)!c(u).w(c)!c(u).0

P, %" w(c)lc(u).w(c)!c(u).w(c) c(u).0
Prr 2" w(c)ic(u).p.

By the standard argument using Lemma 4.6 and Proposition 4.7,
we obtain:

COROLLARY 4.8. (soundness)(M))y 2 ((N))y implies
M 2%, N.

Now supposeM; =, Mz, but (M1))y %r (M2))u. Then the lat-
ter's difference is detectable byracalculus typed conte| - | of

the shape similar to the one given above, with additional abstrac-
tion for variables and names (cf. Lemma 5.1 in [30]), which can
send((My 2))y to any two semantically distinct points. By Theo-
rem 4.4, we can consider this detector as an interpretatiohg-of
terms so that we can safely set, via Lemma 4@[M1])u | {L)u

and ((C[Mz]))u |} ((L))u such thal. € ObsandL’ ¢ Obs But this
means, by Proposition 4.€]M;] || L € ObsandC[M>] |} L’ ¢ Obs
that isM %, M2, contradicting our assumption. We have now
reached the main result of the paper.

THEOREM 4.9. (full abstraction)((M))y = ((N))y if and only
if M =4, N.

5. FURTHER NOTES

This extended abstract presents the typechlculus for the full
control, which arises in a simplest possible way as the calculus,
i.e. as a subcalculus of the linemicalculus in [30] that only uses
replicated inputs. As far as we know, the connection between the
control and thetcalculus is first pointed out by Thielecke in his

By the standard context lemma for typed processes [25, 9, 2], we thesis [32]. The main contribution of the present work in this con-
can restrict the differentiating contexts for these processes to thetext is the use of duality-based type structure inthealculus, by

shape of(vw)(R| [ - ]) such that- Rew:y* — a:()?. Using
these contexts, we can easily ché@k=y Py = P, &y ..., i.€.
all these terms are contextually equivalentrin. On the other

hand, a process in the same type but with a differephormal

form is immediately distinct modulézn. For example, tak€ def

W(c)!c(u)t(e)!e0. Then, WithRdﬁf!W(c).é(u)!u.a in the context
above, we can easily s&€Q] outputs ata, butC[R] does not for
anyi. Itis notable that all terms i@bsare equated in the call-by-
value, total version of Laird’s games for control [16] (cf. [10]) and
in the call-by-value part of Selinger’s dual universe [27].

These observations motivate the following definition. Below
Cl- ]E;U;A is a typed context whose hole takes a term typed;as

under the basE and which returns a closed term of type

DEFINITION 4.5. We writel =M ZHuN:a ;A when, for each

typed context Cj-52 =, we have:

C[M]§ LcObs iff ON]{ L cObs

Note we treat all values i®bsas an identical observable. The
following result is proved by inspecting the shape of normal forms
in the Apv-terms which are typed asM : y;w:y and which do not
own a named subterm exceptva{the latter point corresponds to
eachP never outputting except af), using induction on the length
of terms.

LEMMA 4.6. Letk-L: 1= 1= 1 be anormal form such that
((LY)w =rW(c)!c(u).0. Then Le Obs.

Further, the same routine as in [30, Section 5] gives us, via Propo-
sition 3.3:

PROPOSITION 4.7. (computational adequackgtM: L = | =
1 be closed. Then M L € Obs iff (M), \,* {(L))y such that
L € Obs.

which the embedding of control constructs in processes becomes
semantically exact. Hoping the present work can serve as a starting
point of a fruitful dialogue between the studies on control opera-
tors and those on theories of typed processes, we list a few further
topics and related works in the following.

There are a few studies (for example [27]) on conjunction and
disjunction in theAp-calculus. By moving to classical logics, not
only negation but also these connectives (especially disjunction)
bear a new significance. The encoding can be extended to these
connectives keeping the syntaxmf as in Section 2 (i.e. without
introducing branching and selections constructs [30]). One inter-
esting observation is that a natural encoding of the disjunction type
gives rise to an encoding of terms in processes which is directly
based on the standard idiom for representing the choice in unary
communication. In another vein, the call-by-nakpecalculus also
enjoys a concise encoding int&, regarding which we are cur-
rently working on the proof of full abstraction.

The proof techniques used for definability in Section 4 are closely
related to those used in game semantics. While we cannot discuss
in this abstract for the space sake, the induced interaction structure
(labelled transition) corresponds to those in games studied by Laird
[15]. The characterisation in terms of interaction structure of typed
processes becomes particularly useful when we consider the affine
version of® (whose typing rules are identical except we do not
record causality), where, due to nontermination, we can no longer
rely on a direct syntactic argument. We would be able to use such
transition-based characterisation for verifying the fully abstract em-
bedding of such languages as R@Rd its call-by-value version.

The type structures for the linear/affimecalculi are based on
duality, here arising in a simplest possible way, as mutually dual
input and output modes of channel types. This duality has a di-
rect applicability for analysis of processes and programs, as can
be seen in the new flow analysis we have recently developed for
typedrecalculi [12]. This duality allows a clean decomposition of



typed behaviours in programming languages into name passing in-
teraction, and is in close correspondence with polarity in Polarised

Linear Logic by Laurent [18, 19]. We believe the understanding
of the connection between the linear/affimealculi and Polarised
Linear Logic can be further deepened usittg In a different con-

text, Curien and Herbelin [5] presents a calculus for control based

on Gentzen'’s LK, in which a strong notion of duality elucidates the

2002. The full version: a DOC technical report, Imperial
College London, revised August 2003, available at:
www.doc.ic.ac.uk/ yoshdia.

[12] Honda, K. and Yoshida, N., Noninterference through Flow
Analysis, a DOC technical report, Imperial College London,
revised September 2003, available at:
www.doc.ic.ac.uk/ yoshdia.

distinction between the call-by-name and call-by-value evaluations [13] Honda, K. and Yoshida, N. Game-theoretic analysis of

in the context of full control. The operational structure of their cal-

call-by-value computation.CS 221 (1999), 393-456.

culus suggests an intriguing connection between their calculus andj14] Hyland, M. and Ong, L., Full Abstraction for PCF: I, Il and

typed name passing processes, for whi€hwould offer a useful
starting point of study. Another question immediately arising from

the result of this paper would be a relationship between existing
CPS transformations/inversions [6, 7, 29], on the one hand, and the

encoding/decoding in Sections 3 and 4 in this paper on the other.

Finally the technical development in the present paper may sug-

gest how the typedt-calculus can be used as a tool for analysing

fine-grained computational behaviours of controls via embedding.

Ill. Info. & Comp.163 (2000), 285-408.

[15] Laird, J., Full abstraction for functional languages with
controls, LICS'97, IEEE, 1997.

[16] Laird, J.A semantic analysis of controPhd thesis,
University of Edinburgh, 1998.

[17] Laird, J., A game semantics for linearly used continuations,
FoSSaCs’03LNCS 2620, 313-327, Springer, 2003.

This would allow us to position various findings on syntax and se- [18] Laurent, O., Polarized proof-nets akgcalculus,TCS

mantics of diverse notions of control (cf. [17, 4, 32]) in a broad uni-

290(1):161-188, Dec, 2002.

verse of typed name passing processes, which may lead to furthed19] Laurent, O., Polarized gamedCS’02, 265-274, IEEE,

development and applications of these findings in both theoretical

2002

and practical settings. Another interesting topic from a different [20] Milner, R., Functions as Processt45CS2(2):119-141,

viewpoint is the study of categorical structures which can cleanly

articulater® (and other linear/affine calculi), starting from the past
studies on semantics of controls.
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APPENDIX
A. REDUCTIONAND STRUCTURE RULES

The reduction and structure rules fidt is defined in Figure 7.



(Structural Rules)
(S0) P=Q ifP=4Q
(s3) PI(QIR) = (PIQ)IR
(86) (vX)(PIQ) = ((v¥)P)IQ (x¢(Q))
(S8) (VIX(Y)P=X(Y)(vDP (z¢ {xy})
(Reduction)

(Comy) !X(Y).P|X(¥)Q —!x(¥)-Pl(v})(PIQ)

(Par) P—P = PIQ—P|Q

(s1) Pl0=P (s2) PIQ=QJP
(84) (vX)0=

(S7) X(¥)z(W)P
(9) X(¥ )( IQ)

0 (S5 (VX)(VY)P = (vy)(vX)P
ZWX(Y)P (x,z¢& {Wy})
X®P)IQ ({y}nin(Q) =10)

)

(Res) P—Q = (VX)P — (VX)Q
(Ou) P—Q = X(Y)P —X(H)Q
(Cong) P=P —Q=Q = P—Q

Figure 7: Reduction and Structural Rules

def

In the last four rules, we I&¥l = CJ[a]L;]ici wherel enumerates ali-named subterms (with possible nesting) 8nd L.

B XMV — M{V/x}
(B) palb]M — M{b/a}
@) (HEP.M)N — pbC[b)(LiN)];
(Carg VOP(paf'.M) — pbC[[b] (VL))

(v Ax(VX) —V

(un) pafaM — M (if ag¢ (M)
@un1)  (MEZHM)N — C[(LiN)];
(Carg) V= (pe'.M) — C{(VLi)];

Figure 8: Reduction Rules for theApv

B. REDUCTION FORTHE MV-CALCULUS

The reduction rules for theuv-calculus is given in Figure 8.

C. PROOF FOR PROPOSITION 3

In the following proof we often omit principal ports af-typed
terms, observing ¢ ((M: L)), for eachl" - M: L;A. Throughout
we assume newly introduced names are fresh.

(By-reduction), (ny-reduction) Omitted.
(p-reductions) Note p-reductions strictly decrease a term size.

(WB) (blhaM: L)y = ((M:L){u/a)){b/u)

= (M:L){b/a} = (M{b/a}:L)).
(n) mmmMm».ff«<<de&xww

= (M

)
1)y

(C-reduction) Let M d:efc[[a]Li]i@ wherel enumerates ali-named
subterms (with possible nesting) and (@ : L)) defC’[((Li»a]i ac-

cordingly. Note all free occurrences afin (M: L)) are exhaus-

tively mentioned in this way. Give@[[a]Li]i, we write C[[b]L;N];

(say) to indicate the result of filling each hole with a new subterm

(because of possible nesting of holes, ifj occurs inL; then the

corresponding subterm should also be replaced), similarly we write

C'[{(Li)a{a(x) =R'}]. We show one case oi{,) [23]. The re-
maining cases are similar. Below we assupng | and we let

eitherR%" (N {(N»n{n(e)=ct(eu } (if a # L) or Rdefc( uy (if a=_1).

Further we lePy \+,/ P, denoteP, \,* P’ (i = 1,2) for someP’.

@Qrun)  ((REPZBMINYG £ (M2 L) {myal{m(c)=R}
= (M:L){ac)=R}
= C[(L)ai{alc)=R}
N/ L {li(e)=Ry]i{u/b}
€ (ubC(LiN)])u.

def

def cle)} if B#L, orRE"cif p= L.

LetR= ((N))n{n(e)=

@un.)  (MEEMNYG T (M2 L) {m/a} {m(c)=R}
= C(Li)ali{a(c)=R}
N C(L){li(e)=RYi
T (CILN) .
Next we consider{arg) rules in [23]. Leta # L. First letp # L
def__ def

and((V:a=B))m = m(c)!c(€V).RandR = R{eu/¢u’}. Noting
m¢ fn(R) by V being a value, we have, witti,” denoting the
inverse of\,*:

Qarg) (VLM N (M:L){ae)=R}
\y’dw>>ww—wm
*/ (Clb(VL)]i - L)){u/b}
€ (b (V L))
def def

Finally with (V:a = 1))m = m(c)!c(¢').RandR = R{e/€},

N C(Li)a{a(e) =R}l

(Carg, 1)
T/ (Clvmlis L),

((V (uef'.M)))

as required.



